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SOME GENERALIZATIONS OF WAVELET FRAMES

M. K. Ahmad & Javid Igbal

Abstract: The essential problem in signal analysis is to find a numerically stable algorithm
for reconstruction of a signal from its atomic decomposition [4]. This leads to the notion
of frames [6, 10] which is a main ingredient in the analysis and synthesis of signals. In this
paper, we have obtained the frame bounds for wavelet packet frames which are more
general than that of wavelet frames.
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1. INTRODUCTION AND PRELIMINARIES

Introduced by Duffin and Schaeffer [9] in the context of non-harmonic Fourier series, the
theory of frames has been developed for Gabor and Wavelet transforms by many authors,
see especially the papers by Daubechies [6], Heil and Walnut [10], Christensen [1], Sun
and Zhou [13] and Shang and Zhou [12].

A system of elements {f, }, . 5 in a Hilbert space H is called a frame for H if there exists
two +ve numbers A and B such that for any f € H,

<8/

AT =Z[(r.5)

The numbers A and B are called frame bounds. If A = B, the frame is said to be tight.
The frame is called exact if it ceases to be a frame whenever any single element is deleted
from the frame.

The continuous wavelet transformation of a L*-function fwith respect to the wavelet 1,
which satisfies admissibility condition, is defined as:

(T"f)(a, b)=|a["? J'Zf(z)mp(ﬂ), a,beR;a=0.
a

t—b
a

The term wavelet denotes a family of functions of the form lba, > |Cl|71/2 P ( ) , obtained

from a single function 1 by the operation of dilation and translation.
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Wavelet Packets: We have the following sequence of functions due to Wickerhauser
[14]. Forl=0,1, 2, ...,

Uy () =2y ab@x—k and by, ®=~2Y b,x-k, (@)

keZ keZ

where a= {q;} is the filter such that X, _ ,a,_».a,_2 =0 2, c 70, = V2 and b= (—l)kal_k.
For /=01n (i), we get
V) = V(20 + gl 2x — 1), 1y () = p(2x) — V2 — 1),

where 1), is a scaling function and may be taken as a characteristic function. If we increase
I, we get the following

Py() = V1(2x) + Vy(2x = 1), Y3(x) = Yy (2x) — P (2x = 1)
Py() = V1 (4x) + Vy(dx = 1) + Py (4x = 2) + Py (4x - 3)

and so on.

Here 1);’s have a fixed scale but different frequencies. They are Walsh functions in [0, 1].
The functions ,(z — k), for integers &, [ with [ > 0, form an orthonormal basis of LZ(R).

Theorem 1.1: For every partition P of the non negative integers into the sets of the
form I; = {2/, ..., 2/(I + 1) — 1}, the collection of functions . ; , = 2//211)1 (2'x—k), I; e P,
k € Z, is an orthonormal basis of LZ(R).

We have used the inner product of functions f, g € LZ(R) as(f, g) = LDO f (x)@dx ,

the Fourier transform of f LZ(R) as fA (w) = LDO e_iw)‘]‘(x) dx and the relationship between

functions and their Fourier transform as 27 (f, g) = ¢ fA ,8).Forfe L'(R) n LZ(R), the
Fourier transform f of fis in L*(R) and satisfies the Parseval identity || £ || = 27t || f]l5-

For a function 1 € LX(R), we define the following operators as follows:
Translation: T, V(x)=Vv(x-a),xeR,a>0.
Modulation:  E,{ (x) = ™ (x), x € R, a > 0.

Dilation: D, U (x) = |a["*(x/a), for all x € R, a > 0.

Definition 1.2: A Sobolev space of order s > 0, denoted by H’(R), is a subspace of
LA(R), given by

H'R) = {fe ’R): /&) |1 +|gPH" e LXR)).
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Lemma 1.3: Suppose that the scaling function ¢ satisfies

gug Z|$(§+2kn)|276<+00, 1)

keZ.

for some o > 0, and

sup (1+[])°| ()| <+o0 | @)
EeR

Then there exists a constant ¢ such that, for all f € LZ(R),

2 2 ‘<f’w/,jk>‘zﬁc||f”§‘ 3)

l j,keZ

Proof: Kindly see [3].

2. MAIN RESULTS
Theorem 2.1: Suppose that,

A= inf [ZZW,(zfr)f— > ZZW,(?r)fb,@"Hm)}o

IrlellL2]| | jeZ mz0 | jeZ

AR A A
B sup [Z S|henf+X 2y \w,(zfr)w,@fwm)}oo.

IMell,2] I JjeZ m=0 | jeZ
Then{D,; Ty, (X); yc 7,1=1,2, ., x} is @ wavelet packet frame for L*(R) with bounds A, B.
Proof: For a function f € LZ(R), we have

;Z};‘(ﬂ%%%) =z Z <.];’D24E—k{bl>r

I j.keZ

= Z Z <JAC’ E,sz Dz—j qf\)/>

l j,kelZ

r

2

2

=2 2| FOVE D,y (r)dr

I j.keZ

SDIDILED)

I jeZ k

WEAN

| jeZ

o 2
J 70 i@ r) e ar,

A R P
D fr=2"m)y b, 27 r —=m) | dr

m
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=3y L)ZfZJA‘(r—ﬂh) B @ 7 r=m) Y for =27 m) b, 27 —mdr

I jeZ h

2DIDIDI Lfff”("—fh) O, r =Y Fr =2/ m) 0,27 r —m)dr

I jeZ h

=22 IRf(r) {b/(zij”)ZJAc(”—zjm) ﬁ,(zfjr—m)dr

| jeZ m

= Z z ZIRf(r) ]Ac(r—ij) 11)[(2,]%) 1&[(27]‘1’—711)@’

| jeZ m

= [lio T ben " ar
je

+ Y XY [ F@) Fe =2 m) 27 ) b2 —mdr

m#0 | jeZ
= ().
Applying the Cauchy-Schwarz inequality twice, we have

® < [ Fo) |2; Z‘z\fp,(zfr) [ ar
je

LYY Lol (b || heir-m))

m#0 | jeZ

A~ . ~ . ~ X 1/2
JFe=2m| (|62 7n [ r—m)) dr

< LR|jf(r)|2 Z[‘, Z}Z\ﬂ;,(zfr) \2 dr
J€
) - . . . 1/2
+ 22 Z (Lol [ nllie s -m|a)

(Ll Fe-2m [ n| |3t —m|ar)

<[ Jiof X [h@nf d+ @@,
je

The terms (a’) and (a'’) are actually identical (use the change of variable r — r + 2min
(a'")), so by changing the summation index j — —j, m — —m, we have
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@< Lol ZEhenfa
je
+ 25 Lol [b@nl[ e« mld
m# je

<[ljof @é\ﬂmz%)f +m§0;§z\ﬂ),<zfr)m,<zfr+m)\jdr.
Thus,

> (0,10 <B| .

I .k

A similar conclusion shows
@z [ |fof (Z > b - X T T [h@n||beirm Udr.
| jeZ m#0 | jeZ

Thus result follows.

Theorem 2.2: Assume that the sequence (a.,),, is given by ¢(x) = z:‘ =n, o, (2x—n)
is finite and satisfies the condition

Z Oy 0k Oy oy =8y, “4)

n

and assume that for some ¢ > 0, we have

[ be|<c(i+]ef) . 5)

where ﬁ) denotes the Fourier transform of the mother wavelet 1. Finally, assume that the
scaling function ¢ € H*(R) for some positive number s. Then there exist two positive
constants ¢,(s) and c,(s) such that

I jke

Viel’®), ¢6)|fi<Y ¥ \(f,w/,jkﬂzScz(s)||f||§~ 6)
keZ

Proof: To prove the upper bound of (6), it suffices to check that if ¢ € H'(R) for
some s > 0, then conditions (1) and (2) of Lemma 1.3 are satisfied. To get (1) we first prove
that there exists 0 < a < 1 such that

[lo@| " de<ton. )
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Since

Jlo@f ™ ae = [[(1+]e)” [o[ ] (+le)™ " a,

and by using Holder’s inequality, one gets

Jlo@[ ™ ae < [[(1+]e) [p@fae] " [J+[) " a]
< (el ]

Hence, if 0 < o < 1/(1 + 1/2s), then (7) holds. To get (1) it suffices to use the following
inequalities which can be found in [3].

~ 2-a d A 12-a
2 |oe+ 2um) Sf‘d—éw (é))‘dé
<@-o) Z—Z |43(g)|1ﬂ dg
i {f : dé] b ] ®

Since (a,), is a finite, it follows that the associated scaling function ¢ is compactly
supported. Moreover, ¢ € H*(R) for some s > 0 implies that ¢ € LA(R). It becomes clear
that the first factor of the last inequality is proportional to the L*-norm of x¢ (x) which is
finite, and the second factor is finite whenever 0 < a < 1/(1 + 1/(2s)). To prove (2), we
consider a point & such that | §| e [2"~ ', 2"n], n> 1. Then the techniques used to get (8)
give us

1/2
@[ < | [ prlb@®f €| ©)
lg]

Since,

b de

J Ll ool || oy |
2 rglg|<2"n 5+|é| ‘¢(§)‘ (1/2+|é|)2s >

J‘z"*‘ns\g\sz”n
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therefore,

—2s
+2"1n)

—2s
el
2

—2s

t0|~

(%) \2 dé < Cl(s)(

Cl(s)(

oy (s)(1+]€])

Consequently, there exists a constant c;(s) depending only on s such that

J‘z"*‘ns\g\sz”n

IN
N | =

IA

6@ < i) (1+]]) ", veer.

Collecting everything together, one concludes that for any arbitrary real number o
satisfying

O<o<min|s,—— |,
[ 1+1/(2s)j

the scaling function ¢ satisfies condition (1) and (2). Consequently, the upper bound of (6)
is proven. To prove the lower bound of (6), we first mention that under condition (4) and
(6), the wavelet expansion of an L? function fconverges in the L*-sense, that is,

Ve PR F@) =Y D (fotby ) 4 (), (10)

I jkeZ

where the equality holds in the L*-sense. For the proof of this result we refer to [5]. From
(4) and (10), one concludes that, for all f € LZ(R),

1A= im > 3 5[]

j=-NkeZ 1
2
<Y X [{fobu)|
I jkeZ

< \/Cz(s) Il 1L, {Z[:]_kzglzuf’whjkﬂz:l .

Hence,

1

¢y (s)

B ——<X 3 [(frbs)] -
I j kel

which proves the lower bound of (6) and concludes the proof of the theorem.
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Theorem 2.3: Let {1 ; ;= =21 4,(2x — k) }ikezi=12, . 1 i a wavelet packet frame of
L’ (R) with frame bounds A and B, i.e.,

AlFIF< Y X [(fo0] <8 £

I jkeZ

Then ﬁ) satisfies

A<ZZ‘ 1,27 ‘SB a.e.,,

JEZL
for the same constants A and B.

Proof: Since V. ; , =2, (2x~k),j, k € Z,1=1,2, ..., kand forany f € L*(R), we have

(fo b0 =2 [ F0) 0,27 x = k) dx

1 g A i
— 2" (2 o) (o) e do.
TE —00
Now, by setting

T=2n, (11)

we have,

S 3 (i) = ST 2 D[ e b o]

1 jkeZ T AT (T

2

_yy 2y

| jeZ 475 keZ

o {Z j@ @iy wl<w+hr)} e

helZ

2

=Y Y Y[ Y F@ @+ D) b+ )| do. (12)

| jeZ hel
Now, by the definition of wavelet packet frame and equation (12), we have
2

Al s S E 2 [ ZI@ @ o i) dossl ] a3

heZ

If forany M >0, M € Z, and ®, € (-, ©), we have

Z z J-z o +1 Zf(zf((,o—i—hT))W d(,0<B||f||

e ]0)077 heZ
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Now, consider f =( \/;_E)X[wo 0y +c € > 0. Then for sufficiently small ¢, the above

inequality becomes

M Y Mg +¢
S Y e e do<s.
T jIom 2e (@ =€)
and thus, by taking e - 0 and M — o, we have
Mo. 2
> > H)[(z/w)‘ <B a.e., (14)
I j=-M
On the other hand, for any @y, n > 0, a positive integer M may be chosen so that
0 A~ 2
[t o D@ <. (15)
Also, for
O<e<min{&,z},
32

the function f =(J;—€) Xiwy—c, 0, + Satisties

fQiw+hT) =0

forall h € Z with |h|> (sz)+1 and all we[2’j ®, —%,Z*j ®, +§J . Hence, for thisz, we have

A . ~ 2
5| S QU@+ hT) b0+ AT | do
helZ

XA 27
>y

[ j=-o 2

-M Aj
S [Z [ D) a0 |1
[ j=—u &€ 07 2’T

M iy +o)
< CZ/: >,
j=—»

7( @y —€)

2 } a6y

Since ¢ <22, the intervals,
[27(@) - €), 27 (o + ©)], jeZ

are mutually disjoint, and hence by equation (15), we have

S 7(0)0*‘)
DR
Jj=

7(000 €)

ﬂf)/((’))‘ 2"“1 @ sz((ﬂ)‘ do<n,
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Now by equation (16), we have

>3 Y[ feeeh) o
| jeZ heZ
M o n e
<y Y [ | T iC@riTyd, do
I j=—M+1 hel
+ C +2_€ij EZ z ‘wl(z ](,0)‘ do. (17)

Therefore, by the definition of wavelet packet frame and equation (17), we have

R=Y 3 o[ T i@w+hr i, o
[ j=—M+1 helZ
> A- C +_L(;%+:))Z z ‘wl(z ](1))‘ do. (18)

On the other hand, for all sufficient small € > 0, it is clear that

X : ’fm0+e ~ . ~ 2
R=Y > [ ™ f(2/(o))1p,(03)‘ de

J
[ j=-M+1 (@ =)

= — “’““Z Z ‘fp,(ffo))‘zd(o,

I j=—M

where, f (T) Xfw, —c, 0, + - Hence, in view of the boundedness property in equation (14),
we may take € — 0 in equation (18) to arrive at

) ZMIWMO)\ 24-C,-CX. 3 3,2 o) (19)
j=—M+ j=—o

for almost all @, > 0. Since n > 0 is arbitrary, so from equations (14) and (19), we get

DI KN RES 20)

I jek

for almost all ®, > 0. Hence, by equations (14) and (20), we get the desired result.
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