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CAUCHY PROBLEM AND INTEGRAL REPRESENTATION
ASSOCIATED TO THE POWER OF THE QwN-EULER
OPERATOR

AYMEN ETTAIEB, HABIB OUERDIANE, AND HAFEDH RGUIGUI

ABSTRACT. In this paper we give the integral representation of the power of
the quantum white noise (QWN) Euler operator (Ag)p, for p € N, in terms of
the QWN-derivatives {D, , Dj; t € R} as a kind of functional integral acting
on nuclear algebra of white noise operators. The solution of the Cauchy
problem associated to (A%)p is worked out in the basis of the QWN coordinate
system.

1. Introduction

As an infinite dimensional analogue of the Euler operator defined on R?¢ by
22:1 xka;gk, the operator

o0
Ap:=A0c+N=> (,ex)0e,, (1.1)
k=1
was investigated in [4, 5], where Ag and N are the infinite dimensional Laplacians
initiated by Gross [8] and Piech [25], respectively, {e,; n > 0} is an arbitrary or-
thonormal basis for L?(R), J., denotes the holomorphic derivative in the direction
ey acting on the test function space Fy(Sk(R?)). For details see [20].

In our previous paper [2], the existence of a solution of the Cauchy problem
associated with the Euler operator Ag in the basis of nuclear algebra of entire
functions is investigated. More precisely, for two linear continuous operators K
and K> from the complexification of some nuclear space into its topological dual
space, the (infinite dimensional) Euler operator is defined as follows

Ap(K1, K2) = Ag(K1) + N(K>). (1.2)

It is shown that under some appropriate conditions, Ag (K1, K2) is the generator
of a one-parameter group transformation. Furthermore, by using the Gg, k,-
transform studied in [10, 4], the solution of the Euler Cauchy Problem was worked
out.
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Using the Hermite functions one can easily show that

m=0 j=0

and the solution of the Cauchy problem %ut = (:vd%)”ut with up € S(R) is given
by

m!
m=0 j=0 J

D K m Dieti” | gm( 4 ym 1.4

w(®) =y S () e |t 0

As a generalization of (1.3), the operator (a«Ag + BN)?, o, € C, p € N is

studied in [6] in the space of test and generalized white noise functionals. For each

positive integer p, the explicitly one-parameter semigroup and cosine family of

operators is given on an appropriate test space of which infinitesimal generator is

(aAg + BN)P. As an application, the existence and uniqueness of solutions of the

Cauchy problems for the first and second order differential equations associated
with the operator (aAg + SN)? are studied.

In [3], by using the new idea of QWN-derivatives pointed out by Ji-Obata in
[15, 14], the quantum analogous A% of (1.2) is defined as the sum Ag + N€@,
where Ag and N@ stand for appropriate quantum counterparts of the Laplace
operators. The functional integral representations of A(’E? in terms of the QWN-
derivatives {D; , D;"; t € R} on the class of white noise operators is given by

Q+ + Q- -
J= 7=

Ag(Klv K2)

/ T, (5, )M\ Df dsdt + / Ti, (s, )My Dy dsdt
R2 R2

where, for z € N’,

MP =07 (M oy ® Do, MZE =o' (I8 M )0,
M. .y is the classical multiplication operator by the distribution (-, z) and o is the
Wick symbol defined in (2.5).

In the present paper, by using the QWN-derivatives and their adjoints, the power
of the QWN-Euler operator (A%)P , for p € N, is studied. The first main result
is the functional integral representation of (A%)p in terms of the QWN-derivatives
{D;, D;; t € R} on the class of white noise operators. The second remarkable
feature is to solve the Cauchy problem associated to (A(’E?)P.

The paper is organized as follows. In Section 2, we briefly recall well-known
results on nuclear algebra of entire holomorphic functions, then we recall the cre-
ation derivative and annihilation derivative as well as their adjoints. In Section
3, we give an integral representation of the power of the QWN-Euler operator. In
Section 4, we solve the Cauchy problem associated to the power of the QWN-Euler
operator and we give an integral representation of the solution.
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2. Preliminaries

Let H be the real Hilbert space of square integrable functions on R with norm
| ]o, £ = S(R) and E' = S'(R) be the Schwartz space consisting of rapidly
decreasing C*°-functions and the space of the tempered distributions, respectively.
Then the Gel’'fand triple

ECHCEF (2.1)

can be reconstructed in a standard way (see Ref. [20]) by the harmonic oscillator
A =1+1t%2—d?/dt?> and H. The eigenvalues of A are 2n+ 2, n =0,1,2,---, the
corresponding eigenfunctions {e,; n > 0} form an orthonormal basis for L?(R)
and each e, is an element of F. In fact F is a nuclear space equipped with the
Hilbertian norms
€lp =A%€lo,  §€E, peR
and we have
E= projpli_}rr;o E,, E' =indlim E_,,

p—o0
where, for p > 0, E, is the completion of E with respect to the norm |-|, and E_,
is the topological dual space of E,. We denote by N = E+iE and N, = E,+iE),
p € Z, the complexifications of £ and E,, respectively.

2.1. Spaces of holomorphic functions. Throughout the paper, we fix a Young
function 6, i.e. a continuous, convex and increasing function defined on R} and
satisfies the two conditions: 6(0) = 0 and lim,_, . 6(z)/x = +oo. The polar
function 6* of 0, defined by
0% (z) = sup(tz — 6(t)), x>0,
t>0

is also a Young function (see Refs. [7] and [21]). For a complex Banach space
(B, ]| - |I), let H(B) denotes the space of all entire functions on B, i.e. of all
continuous C-valued functions on B whose restrictions to all affine lines of B are
entire on C. For each m > 0 we denote by Exp(B, 6, m) the space of all entire
functions on B with #—exponential growth of finite type m, i.e.

Exp(B,0,m) = {f € H(B); |Ifll.m = sup |f(z)]e "I < oo}

The projective system {Exp(N_p,0,m); p € N, m > 0} gives the space
Fo(N') = projlim 0 Exp(N_p,0,m) . (2.2)

It is noteworthy that, for each £ € N, the exponential function e¢(z) = el8)
where z € N’, belongs to Fyp(N') and the set of such test functions spans a
dense subspace of Fp(N’). In the remainder of this paper we use the natation
Fo to denote Fy(N’). We are interested in continuous operators from Fy into its
topological dual space Fj;. The space of such operators is denoted by L(Fg, Fy)
and assumed to carry the bounded convergence topology. For z € N’ and ¢(z)
with Taylor expansions Y- (z®", f,) in Fy, the holomorphic derivative of ¢ at
2 € N’ in the direction z is defined by

(2.3)
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We can check that the limit always exists, a(z) € L(Fy, Fp) and a*(z) € L(F;, Fy),
where a*(z) is the adjoint of a(z), i.e., for ® € F§ and ¢ € Fy, (a*(2)®,¢)) =
(®,a(z)p). If z =06, € E' we simply write a; instead of a(d;). By a straightfor-
ward computation we have

aree =&(t)es, £ € N. (2.4)
Similarly as above, for ¢ € Gy-(N) with Taylor expansion ¢(£) = Y, (1, £%™)
where 1, € N'®" we use the common notation a(z)y for the derivative (2.3).

The Wick symbol of E € L(Fy, F;) is by definition [20] a C-valued function on
N x N defined by

o(E)(€1) = (Beg,enhe” M, £ neN. (2.5)

By a density argument, every operator in £(Fy, Fy) is uniquely determined by its
Wick symbol.

Let Hg(N @ N) denotes the restriction of the space Fg(N’' @ N') over N, i.e.,

Ho(NoN)= (] Exp(N, x Np,0,71,%2),
p20,71,72>0
where Exp(N, @ Np, 6, 71,72) denotes the space of all entire functions on N, x N,
such that

sup |g(x17xQ)|e*9(71\11\p)*9(’72|902\p) < oo,
(z1,22)€(Np X Np)

In other words, all holomorphic functions g in Hg(N & N) admit the Taylor
expansions ¢(r1,z) = lem<gz,m,x§l ® x?m> for x1,22 € N, where g;n €
(N®'®@ N®™) 0 m(i,m) such that for all p € N and 71, 72 > 0

oo

,—3 —2 ] —
||U(‘:‘ ||3,p,('yl,'yg) = Z (elem) 2’71 Y2 mlgl7m|[2J < o0,
l,m=0
where 0, = inf,+q ei#, for n € N. Then using the kernel theorem and the

reflexivity of the space Fy, we obtain the following characterization Theorem.

Theorem 2.1. [3] The Wick symbol map realizes a topological isomorphism be-
tween the space L(Fg,Fg) and the space Ho(N & N).

2.2. QWN-Derivatives. It is a fundamental fact in QWN theory [20] (see, also Ref.
[16]) that every white noise operator = € L(Fy, F;) admits a unique Fock expan-

sion
oo

= > Eim(fim), (2.6)

l,m=0
where, for each pairing I,m > 0, k;m € (N®(l+m))/sym(l,m) and Zy ., (kim) is the
integral kernel operator characterized via the Wick symbol transform by

[1]

U(Elym(’%lﬁm))(ga 77) = <Hl,ma 77®l ® §®m>7 57 n € N. (27)
It is noteworthy that {Z*%; a, b € N} spans a dense subspace of L(F, Fy), where

— 1 m £3
= :Lm(Wa@l ® b®™) € L(Fy, Fo).
l,m=0 o
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From Refs. [13] and [14], (see also Refs. [15] and [1]), we summarize the novel
formalism of QWN-derivatives. For ¢ € N, then a(¢) extends to a continuous linear
operator from Fj into itself (denoted by the same symbol) and a*({) (restricted
to Fp) is a continuous linear operator from Fy into itself. Thus for any white noise
operator Z € L(Fp, Fy), the commutators

[a(¢),E] = a(Q)E - Ea((), [a"(¢),E] =a™ ()= —Ea’((),
are well defined white noise operators in £(Fy, F;). The @WN-derivatives are de-
fined by
DZFE = [a(¢), ], D E= —[a*(¢), E]. (2.8)

These are called the creation derivative and annihilation derivative of =, respec-
tively.

The QWN-derivatives DT are natural QWN counterparts of the holomorphic partial
derivatives 07 = 8%1 and 0y = 8%2 on the space of entire functions with two
variables Ho(N @ N), for more details see [3].

Proposition 2.2. [3] Let be given z € N. The creation derivative and annihilation
derivative of = € L(Fy,Fy) are given by

D;E=0"10,.,0(2) and DE=0"10:.0(Z).
Moreover, their dual adjoints are given by

(D;)'E=07'97 ,0(2) and (DI)'E=0""0;_0(2).

z

3. Power of the QWN-Euler Operator

Recall from [3] that the QWN-Euler operator AL (K1, Ky) € L(L(Fy,Fo)) is
defined by

ALK, Ks) = AZ(K1, Ko) + N2, g, K1, Ky € L(N',N),

where Ag (K1, K») and N}%,KQ stand for the QWN-(K7, K2)—Gross Laplacian and
the QWN-conservation operator, respectively, given by

N K) = 3 D3 D, + 302 D
j=1 j=1
Q _ * LNk v —
Nig ok, = Z(D;) (DKfej)Jr + Z(Dej) DKE‘GJ"
Jj=1 j=1

Throughout, for a; and a2 non-zero complex numbers, we denote

A%(O&l,OZQ) = ACEQ(OQI, O[QI), NQ

@1,002 = NOQI,O[QI'
Lemma 3.1. For any E € L(Fy, Fo) with Z =327 _ Et.m(ki,m), we have

o0

NO%,OQE = Z (all + O‘Qm)El,m(’il,m)- (31)
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Proof. For z € N, by direct computation, the partial derivatives of the identity
(2.7) in the direction z are given by

01,:0(Ztm(Kim))(§m) = o(MELm-1(kim @1 2))(§,n)
and
a2,z0'(5l,7n ("ﬂ,m))(gu 77) = U(lEl—l,m (Z ®1 "ﬂ,m))(gu 77)7

where, for z, € (N®P) and &, € N®UH™=P) < | 4 m, the contractions
Zp Qp Ki,m and Ky, QP 2z, are defined by

<Zp ®p Ri,m, gl—p+m> = <l€l,m7 Zp & gl—p+m>
</4:lﬁm ®p Zps §l+mfp> = <Hl,m7 §Z+M*P ® Z;D>'
Similarly, 07 , and 05 ,, the adjoint operators of 0; . and 02 . respectively, are
given by
01 .0 (Zm(K1m)) (€, m) = 0(ELm1(Km ® 2))(§,n) (32)
ag,zo(El,m(“l,m))(fa n) = U(El-l-l,m(z ® Kim)) (&, n)-
Then using Proposition 2.2, we get
T(NG 0, E"")(En) = (ar(a, a) + az(b,b))a(E**) (&, n).
On the other hand, we denote the right hand side of (3.1) by A%, then we get

=a a,m! (a, &)™ a,m (b, €)™
ISR L RS T

! m! m!
lm

(o {a,m) + (b, £))a(EP) (&, n).

Hence by a density argument we complete the proof. O

Motivated by Lemma 3.1, we get

o0

(NE ) E= D (aal+ a2m) i (i m) (34)
l,m=0
for all 2 = 3 _Zim(kim) and p € N. We observe that (N& ,,)? is a linear
continuous operator from L(Fy, Fp) into itself.
. Q .
Recall that, (see [11] and [3]), the QWN-Fourier-Gauss transform G, x, g, p, I8
defined by

o0

G(IQ(MKQ;BLBQE = ZEl)m(gl)m) (3'5)

L,m

where ¢; ,, is given by

— (2R (m+2))! [ Lor  emy ok w2k ®j
. -;0 Ttk (P @ B ) (72 & s @2 7).
fy

Note that G?ﬁ, K»:B,.B, 1S @ continuous linear operator from L(Fy, Fp) into itself.
In the following we use the notation G@ for

gQ = GQI

—31,-35;—il,—iI”
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Motivated by the classical case (see [19]), we can show that G% is a topological
isomorphism from L(}'g , Fp) into itself. Moreover,

(G E=GY, 4,05 VEELFSFo) (3.6)
Theorem 3.2. For any = € L(F;,Fy), we have
(AB(a1,02))'2 = (G9) 7 0 (N2 )" 0 GUE.

Proof. Tt suffices to prove the fact:

AZ(on,00) = (G9) 7 o (NE ) 0 GC. (3.7)

To prove (3.7) we need to prove the following identities
G9AG(a1,02)E) = —Ag (a1, a2)(GE), (3.8)
GUNE ,,Z) = (AZ(a1,a2) + N2 . )GUE. (3.9)

Let us start by the proof of (3.8). Let a, b € N, then we have

)-
(G2 (AZ (a1, a2)E"0)) (€, m)
1 , .
= (a1(a, a) + az(b, b)) exp{— < a) — —<b7 b) —ifa,n) —i(b, &)}
= (on{a, a) + as (b, b))e2(@a *%“’ Do (2T (g, n).
So that, we get
GRUAE (a1, a9)EY) = (a1 (a, a) + (b, b))e2ie0)—3 (b g—ia,—ib,
On the other hand,
o(—Ag (a1, a2)(GUE")) (€, n)
= —o(e 202N (AZ (a1, a2)Z 7)) (€, n)
— (o (—ia, —ia) + ag(—ib, —ib))e~ 3{0 =3 (B0 g(Zie—iby (g )
which is equivalent to
—Ag(al,ag)(gQEa’b) = (a1{a,a) + as(b, b))eié(dﬂ)f%<b’b>57m’7ib. (3.10)

Hence by density argument we complete the proof of (3.8). To prove (3.9), let a,
b€ N. Then by Lemma 3.1 we get

oGO e = > (IR OB gy

1,m,5,k=0
a®l b m

x(— gl a)H(—5 (. )G © = @ £

{—za1< n) — za2<b &) —aj{a,a) — az(b,b)}
xe~2(0) =3 0b) g(g—ie—iby e py, (3.11)

On the other hand,
o(NZ .,(GIE“"))(&,n)
= {—ia1(a,n) —iaa (b, &) e~ 2@ T2 BN g (70 b) (¢ ).
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Therefore, using (3.10), we obtain
O((N p + DG, K2))GUZ) (6, 1)

1,02

= {—iai{a,n) —iaz(b,&) — ar{a,a) — az(b,b)}
Xef%(a,a>7%(b,b)0_(57111,71?))(57 77)'

Hence by a density argument we complete the proof. O

Theorem 3.3. The power of the QWN-Euler operator admits on L(Fj,Fy) the
following representation

(AZ (a1, 02))"
o (_1)l+m+j+k (

> Samam( XX 00 6w

J,k,l,m=0 0<r<1,0<s<m 0<i<;,0<n<k

STSELUSSS 1),V N>

(Z) (k)(—l)r+s+i+”(2a1r + 2098 + a1 + agn)p)

n
T(ul, Uz) e 'T(U21717U2l)7'(111,112) e 'T(U2m71702m)
R2(+i+k+m)
T(s1, Ui41) - - - T(85, U145 )T (1, Voms1) - - - T(tk, Vomtk)
(Dst)*(Dst)*(DtU*(Dt;)*DIl ...Dt+ D, ---D,,

U2l 45 ’ V2m+k
dSl e dedtl e dtkdul tee dU2[+jd1)1 tee d'U2m+k- (313)
Proof. Using (3.4) and (3.5), we can show that
o cab — (2B (m+20)! e m
(NG 'G220 = 3 e D)
7,k,l,m=0

% (ol + aom) Eym (158 @ Kiparm2; @2; 7).
Then by (3.6) and (3.5), we get
(G9) "N (NG .,)PGRE

Q1,02
B i (1 4 2k + 2i)!(m + 25)!
- FIEmiln!

0.5,k m,n=0

(_1)j+k
X——
o +k+l+m
XEy (T®(i+k) @20+k)

{041 (l + 22) + Oéz(m + 2”)}p

o0
Ri4-2i+2k,m+2j+2n ®2(j+n) % (]+n))-

By a change of variables i + k£ = r and j +n = s, we obtain

(A%(al, w))PE = Z (14 2r)(m + 2s)!(—1)"+s
,8,1,m=0

UImlrlsl2rts

% ( (:) (2) {a1(l 4 2i) + as(m + Zn)}p(_l)”‘n)

i <r,0<n<s
2

><El,7n (T®T ® " Ri4+2r,m+2s ®2s T®S)-

Type your text
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Then for a,b € N, the Wick symbol of (A%(al, a2))PE? is given by

o((AZ (a1, 02))PZ"?) (€, n)
= —1)"t5(a, a)" (b, b)*(a, ) (b, £)™
3 (=1)""*(a,a)" (b, b)*(a, n)" (b, )

UImlrlsl2rts

7,8,l,m=0
X ( Z () C){oal + 2000 + agm + 204211}”(—1)”").
0<i<r,0<n<s
Therefore, using the fact that
p_ d° tz
2P = @hzoe for z€C, (3.14)
we get the following equality

o((AF(an, 02)) 2" (€ ) =

d’ 1 21t 1 2aat aqt ast
%hzo exp{§(e Y —1){a,a) + 5(6 2 —1)(b,b) + e {a,n) + (b, &) }.
On the other hand, denoting the right hand side of (3.13) by I%, then we have

e j+k+14+m
Oat _ e
o(ISE™")(Em) = ) JUKNImI2tm

Jik,l,m=0

o) ()

STSLUSSS 1),V N>

(=1)" 5T (2001 + 2005 + @y + agn)”?
*{a,a)!(b,b)™ (a,n)’ (b, €)" o (2*) (&, 7).

Therefore, using (3.14), we get
o192 (€, ) = L |ipexp{L(e®t — 1){a,a) + S(e22 — 1)(b,b)
’ dte "= 2 4T ’

+ (e =1)(a,n) + (e = 1)(b,£)}o(E*")(&,m).
Hence from the fact that

a(E*) (&, n) = exp{(a,n) + (b,6)}

we get the desired statement by a density argument. O

Remark 3.4. For p =1 we find the integral representation of A% appeared in [3].
The representation (3.13) is the QWN analogue of the following classical integral
representation on the nuclear space Fy

SR

der = 3 e 3 () (7 ) e

0<5<1,0<i<m

/ T(ur, ug) - T(ug—1, uo)T(S1, U2141) - - - T(Sm, U2i4-m)
R2(+m)

a* ...a*

o s, OQuy " Oy, dS1 - - dSppduy -+ - dugppm.-
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Which gives for p =1
Ap = / T(U1, U2) Ay, Gy, dug dus +/ T(sl,ul)azlauldsldul = Ag + N.
R2 R2
4. Cauchy Problem Associated to the Power of the QWN-Euler Operator

Motivated by the classical Cauchy problem associated to the power of the Euler
operator studied in [6], we fix two non-zero complex numbers a1 and oy such that
R(atah™) <0forall 1 <i<p. For ZE € L(F;,Fp) with E = Z?Omzo Eim(Kim),
let

oo
== q9 == t(aal+ =)
Xahaz;P;t“ - GO,O;e"‘“I,e"‘ﬁI“ - Z € (Gabtazm) ul,m("ﬂ,m)a t>0. (4-1)
Il,m=0
The Wick symbol of X, o, 2 is given by

oo

U(Xa17a27p;t5)(€7 77) _ Z et(a1l+o¢2m)" <,ﬂ)m7 77®l ® §®m>'

Il,m=0
Lemma 4.1. The following properties hold true:
(1) Xay,as,pt € L(F5,Fo) for any t > 0.
Q
(2) Xaiazpt = e'Nave2)” for any t > 0.
(3) {Xa1,an.pit ft>0 is a differentiable one-parameter semigroup of operators on
L(F;, Fo) with infinitesimal generator (N2 )P.

1,02

Proof. 1. For E € L(Fj,Fp) with = = Zzom:O Eim(Kim), any y1,v2 > 0 and any
q > 0, we have

oo

”3 -2 -1 - P
HU(XQl,OQ-,P;t:‘ ||3;q;('yl,'yg) = Z (elem) 2'71 l72 m|et(o¢1l+a2m) |2|I{l7m|§
l,m=0
oo
= (01) Pty e feltont o) gy 2
l,m=0

IN

t>0.

HUE;' g;‘];(’hﬁz)’
Hence Xo, a0,pt € LIL(Fy,Fp)).
2. For E € L(Fy, Fp) with E = 377 _ B (ki1,m), we have
o0 n o0
3 %(Nﬁﬂaz)p"E = ) eartteamym, (g,
n=0 l,m=0

. Q , . .
3. Obviously {et(Nal’%) }tZO is an one-parameter semigroup of operators on

L(Fy,Fp). By direct computation, we can easily show that

o (Vi) B) — o(2)

lim su —o((N% rE =0.
B0 e t ()5
= 0:¢;(v1,v2)
Thus {Xal,ag,p;t}tZO is a differentiable semigroup with infinitesimal generator
(N£7a2)p. O
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Let a; and az be two non-zero complex numbers with R(adab ﬂ-) < 0 for all
1<i<p. Fort>0,let Yo, a,,p¢ be given by

Yal,Otz;P;t = (gQ)—l © Xou,az#?;t o gQ'
It is obvious that Y, a0 € LIL(Fy, Fa))-

Theorem 4.2. Let a; and ag be two non-zero complex numbers with N(a’ ap_i) <
0 forall1 <i < p. ForE= 377 _Eim(kim) € L(Fg, Fg), the following Cauchy
problem

Bl -
5 Ut = (A% (a1, 2))°Uy, Uy=E (4.2)

has a unique solution in L(Fj,Fg) given by

Ut = Yal,ag,p;tE
B i": (l+2k)!(m+2j)!(_1)j+k+l+m
B JlkNm129+k

7.k, l,m=0

y k ) ( J )et{al(l+2r)+a2(m+25)}p(_1>T+s

r S

STER,USSS

XEp o (1% @2 Kitokmt2; @25 T27). (4.3)

Remark 4.3. Note that the solution (4.3) is the QWN analogue of the solution of
the classical Cauchy problem studied in [6].

Proof. From the continuity of G® and Lemma 4.1, we deduce that {Ya, a0t }t>0
is a differentiable one-parameter semigroup of operators on L(F;, Fy) with infin-
itesimal generator (G¥)~! o (NE ,,)? o G9 which is equal to (A%(ay, a9))? by
Theorem 4.2. Then we deduce that Yy, o, = is the unique solution of (4.2).

To prove (4.3), we use (3.5) to get

o= o~ UH2R)mA2)!
Xat,a0,0t(G¥E) = klz JkIm12i+k (=1)77%(=i)
7,k,l,m=0

t(asl [ ko 2k j
xetlnltaam)’s, (187 @2k g o maaj @25 7).

Then applying (G?)~! we obtain
B = (I + 2 + 2k)!(m + 25 + 2n)!
N Z i1k ImIn!2ititk+n

—
—

Yal,az,p;t
1,5,k,l,m,n=0
% (_1)j+ket{a1(l+2k)+o¢2(m+2j)}p

= @) g 2(k+i)

X Epm(T ®(tn)),

Kl4+2k+2i,m+2j+2n @2(j+n) T
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By a simple change of variables ¢« + k = r and j 4+ n = s, we get

- (I 4+ 2r)(m + 2s)! -
Yo ,a0,0t2 = Z Z ; (_1)J+k

||| 1(rr — (g — 197+
P ENIm! (r — k)!(s — g)12r+s

% et{oq (I4+2k)+az (m+25)}” =

T2
m(T® ® " Ril42r,m+2s ®25 T®S)

_ Z (l—|—2r)!(m+25)!(_1)r+s+l+m

rlsllim!2r+s
r,s,l,m

r S o as(m P
« Z ( ! ) ( ; ) t{a1 (I42k)+az(m+2j)} ( )J-‘rk

0<k<r,0<j<s
XZ1 . (TO7 @27 Kig okt 2ima2jton Das TOF).
Hence we get the desired statement. O
Theorem 4.4. The solution of the Cauchy problem (4.2) admits the following
representation

X (—1)Hmith

U= > Jelliml2tm
7,k,l,m=0

(0<r<l,zo:<s<m0<i<%:<n<k< i ) ( T: ) ( j’ ) ( f‘ >

) . o
(_ 1)r+s+1+net(2a1r+2a2 staritasn) )

T(ur,ug) - - T(ug—1, ug)T(v1,02) - - - T(V2m—1, Vam)
R2(1+j+k+m)

T(s1,u141) - - T(85, U145 )T (1, Vamt1) - - T(tk, Vamtk)
(D) (D) (D) -+ (Dy )" Dyt -+ Doy, Dy - Dy, E
d51 cee dedtl tee dtkdul e du2l+jdvl e dv2m+k. (44)

on L(F;,Fo).

Remark 4.5. Note that for p = 1, the solution in (4.4) coincides with the solution
of the Cauchy problem associated to the QWN-Euler operator studied in [3].

Proof. From Theorem 4.2 we get the desired statement using the same technic of
calculus used in Theorem 3.3. (]
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