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LARGE DEFLECTION OF ANNULAR SANDWICH PLATES

Ren-huai Liu*

ABSTRACT

In this paper, alarge deflection problem of an annular sandwich platewith a nondeformablerigid body at the center
under uniform pressure g issolved by Yeh Kai-yuan and Liu Ren-huai’ smodified iteration method. Analytic solutions
of the problem obtained may be applied directly to engineering design.
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1. INTRODUCTION

It is common knowledge that the sandwich plate is applied widely in aeronantical and astronautical engineering
because of its essential feature of high rigidity and light weight. Thereforeit is of great importanceboth theoretically
and practically to study nonlinear bending problems for the plate. At first, Reissuer*! established a nonlinear
bending theory of arectangular sandwich plate with a soft core and two very thin faces. Scholars? of the Chinese
Research Institute of Mechanics solved a large deflection problem for the circular sandwich plate with a soft
core and two very thin faces under the action of uniform lateral load by the perturbation method. The auther(®!
solved yet a nonlinear bending problem of the plate under uniform edge moment and a more accurate third
approximation solution was obtained using the modified iteration method. This method was suggested by Yeh
Kai-yuan and Liu Ren-huai®9 in 1965. The method incorporates advantages of Chien Wei-zang's perturbation
method™ and usual successive approximations, and it isan effective, simple, accurate method for solving nonlinear
differential equations.

After that, the author!® presented a more accurate nonlinear bending theory of a circular sandwich plate with a
soft core taking into account the bending rigidity of the faces, and also gave a smplified theory of the plate in the
case of neglecting the bending rigidity of the faces. In the case of including the bending rigidity of the faces, the
author™ has first discussed the nonlinear bending problem for the plate by the author’s modified power series
method. Unfortunatdy, such studies are few yet because of quite complication of the problem.

So far as we know, nonlinear problems of bending and vibration for circular and annular sandwich plates with
very thin faces behaving as membranes were studied by Liu Ren-huai(®1%-1%, Du Guojun(*¢-2%, Yang Jingning?-?3, Ho
Chaosheng®-24, Zhang Xiuli®®® and Kirichok!?®l, et al.

This paper is a further work of the author’s previous paperg*?3. A large deflection problem of an annular
sandwich plate with a nondeformable rigid body at the center under uniform pressure is studied. We still use the
modified iteration method to solve this problem. Analysic solutions presented here may be applied directly to the
engineering design.

2. FUNDAMENTAL EQUATIONS

Now consider an annular sandwich plate with a nondeformable rigid body at the center under the action of uniform
pressure g as shown in Fig.1. The outer edge of the plateis rigidly clamped and the inner edge is fixed on the non-
deformable rigid body which can be moved up down. Here a is the outer radius, b is the inner radius, r is the radial
coordinate.
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Using the same system of notation and the simplified equations of Ref.[8], we can easily obtain the fundamental
equations of large deflection of the plate as follows.

prdid dw ,f, D ,did rcsmd—w —lq(rz—bz)zo
drrdr dr G,h, drrar d ) 2 ’

did,, E(dw)’
r———{r +—| — | =0
(o) z(dr] (1)

where w is the deflection of the middle plane of the plate, ¢ is the radial stress of the middle plane of the plate, D
istheflexural rigidity of the plate, E is Young's modulus of the face, v is Poisson’s ratio of the face, G, is the shear
modulus of the core, t is the thickness of the face, h is the distance from middle of thickness of the lower face to
middle of thickness of the upper face,

_ Eth?
2(1— v2) (2
Equations (1) will be solved under the following boundary conditions:
w=0,y=0,u=0at 3
y=0,u=0ar=>b

where vy istherotation of anormal to the middle plane of the plate in the diametral plane, u istheradial displacement
of the middle plane of the plate,

d
u=é[a(rcro)—wro} 4)

In order to simplify the calculations, let us introduce the following nondimensional variables
r b w dw 2ta’
=—,a=—, W=/2(1-V?*)—, p=—,S =—o0,
P a a ( ) h, 0 dp D '° )

2(1-v?
Pzga“q, k=D .
2h,D G,ha

Using these nondimensional variables, the fundamental equations (1) and boundary conditions (3) become

L(pd)=(1-KL)(pS9) + P(p? a2,
L(pzsr)=—¢2 (6ab)
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W=0,¢= —k[Srq)— P(az —1)]dip(psr)—v8r =0 atp=1 (7a,b,c)

¢=—kS+¢”dip(pS)—vSr=0 a p=a (8a,b)

where L is a differential operator

d1ld

Thus Equations (6) and boundary conditions (7) and (8) constitute a nondimensional nonlinear boundary value
problem for ¢ and S of the annular sandwich plate with a nondeformable rigid body at the center under uniform
pressure.

3. ANALYTICAL SOLUTION

The nondimensional nonlinear boundary value problem (6), (7) and (8) will be solved by the modified iteration
method. At first, we introduce a notation Wm of the nondimensional inner edge deflection as an iteration parameter

Wm :W|p:u (10)
Using the fourth equation of expressions (5) and the boundary condition (7a), we obtain
1
W, =~ odp (1)

For the first approximation, neglecting the nonlinear term S¢ in Eq.(6a) and conditions (7b) and (8a) leads to
the linear boundary value problem as follows

L(pd:)=P(p* —a’),

L(p?S,) =0/ (12ab)
W, =0, ¢1=kP(a2—l),dip(psrl)—vsfo ap=a (13a,b,)
¢1=0,dip(p$1)—vsl=0 atp=a (14a,b)

Eg. (12a) can be solved easily by direct integration in conjunction with the corresponding boundary conditions
(13b) and (14a).Then we obtain

¢, =P(ap’+a,pinp+ap+a,p*) (15)
where
1
a = g’
%=—%a€

4OL4|nOL—OL4+1—8k(OL2—1):|, 16)

OL—[40L2 Ina,—o® +1- 8k((x2 —1)]
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Substituting the solution (15) into (11), the linear characteristic relation is obtained as

P=aW_ a7
where
a, = 4o, (a*-1) +a, (20® Ina—o®+1) + 2a, (a*—1) + 43, Ino] ™ (18)
Using relation (17), the solution (15) may be written as
0, =o,W (ap°+apinp+ap+a,p? (19)

Using the solution (19) and integrating Eq.(12b) twice under conditions (13c) and (14b), the solution of Eq. (12b)

S1 =0, W, (Bp° +b,p* Inp + byp* + b, In* p+ byp® Inp
+hyp? +b, I p+byInp+h, +bp?Inp+b,p?) (20)

1
b, = &(7%2 +8a,” +16a,a, —12a2a3)

b7= a,a,,

1
2
a, _
:?(Zas a,),
1 8 6 6 6

bgz—m{blﬁ—v)(a ~1)+b,[ (5-Vv)a’Ino+a® —1]+b,(5-v)(a® -1)

+b4cx4Ina[(B—v)Inoc+2:|+b5[(3—v)oc4lnoc+oc4—1]+b6(3—v)(cx4—1)

+b,0 Ina (A Ina +2) + by (2,0 Ina+ o — 1) - &by Inad},

1

blO :_5342’

by =~ ){qa2(7—v)(a6 ~1)+bo’[ (5-Vv)a'Ina+o’-1]

Ay (0 -1

+b3a2(5—v)(a4 —1)+b4cx4|not[(3—v)|n(x+ 2:|+b50L2 [(B—V)oc2 Ino+ o —1]
+bya® (3—V)(0c2 —1)+b7ot2 Inoc(kllnoc+2)+X1b8a2|na—blo(a2 +A, In(x—l) 5

A, =1+v (21)
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For the second approximation, from the problem (6)-(8) the following linear boundary value problem for ¢ is

obtained

L(p¢2) = (1_ kL)(pSrl¢1) + P(p2 - az)

W, =0, ¢, = _k|:Srl¢l - P(az _1)] ap=1

¢2=—kSrl¢laIp=oc
Using solutions (19) and (20),the solution of this problem is

¢, = P(ap’ +apInp+asp+ap)+a, W, (cp™ +cp° Inp+cp’ +¢,p” Inp
+Gp" INp+Cep” +C,p°IN*p+cyp°In*p+ gp° Inp + Gop” +C1yp° IN°p
+Cpp° IN* p+Cp° INp + Cup® + CepIN° p + GepIN® p + CypINp + Ggp
g IN* P+ Coop " INP+Cp ™ +Cpp ™ +Cpp INP +Ciyp°)

where

C_I.Z_Ealbl

G Z__(a1b2 + azbl)1

9

C = 3200(a1b2 azbl)——(aibs +ab )+ kaby,

C, Z_E(aim + a2b2)1

cs=%(aib4+a2bz)—i(a1bs+a2b3+asbz)+k(a1bz+a2b1)1

ce=—133;3724( aza)+@(a1b +a2bs+asbz)——(aib +a5h; +ayhy ) +k(ab; +ah ),
__ 1oy

¢ ==z 3bs,

5 1
G =—a2b4 ——(aiby +a,h, +ab,)+k(ab, +a,h,),

G = a24 (b7+a2b5+a3b) (a1b8+a2b6+a3b5+a4bz)+k(a1b5+a2b3+a3b2),
clo=%a“ 1728(a1b7 a2b5+a3b)+—(a1bs+a2b raf +ab,)--(ah +ab +ab,)
+k(ah, +ahb, +ah),

1
Cu =_§a2b7 + ka2b41
9 1
o =—azb7 ——(a2b8+asb7 +a,b,)+k(ab, +ab; +ab,),

Cy =——a2b7 +—( b, +a;b, +a,b, )——(aiblo+a2bg+a3tg+a4b5)
+ng+%Q+%Q+@@L

(22)
(23ab)

(24)

(25)
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Cu Zﬁ%b?__(azbs"'asb? +a,h,)+ (aibm+azbg+a3bs+a4bs)

_%(aibu radhy +ah)+k(ab, +ah +ab),

Cs = —%(azbm +a,b,)+kab,,

Cis 2%(%Qo -a,b, —ahb, +ab, —ah)+k(ah +ab +ab,),

1
Cy = _Z(azblo -ab, —ab, +2ab, +ab —ab, +2ab,)+k(ab, +a,h, +ab+a,h),
d,-od
C_I.S :dl_ ;2 _141

Cpo Z%aﬂblo + k(aZblO + a4b7)1

o =584 (b0 + 2,) + k(b + by +a,)

o(ad;—d,)

c,=d,+
21 2 (12—1

Cp = ka4b101
Cyp = ka4bu1

d, = (a0~ by -, + 2, +ab, —a, + 228 + k(@b + b + 4y

dz = k(a3b11+a4b:))1
=—(C+C+G+Co+Cy +Cu+ O+, )+ k(8 +ay +3, ) (b + by + by +by +hy,),

d, =—ca —c,a’Ino+(kab —¢;)a’ —c,a’ I o —[ ¢, —k(ab, +ab ) o’ Ina

~[cs—k(ab,+ah) o’ —co’in®a—[c —k(ab, +ab,)|a’In’a
—[cg—k(aibs+a2b3+a3b2)}a5lna—[qo—k(a1b6+a3b$+a4bl):|oc5
—(cy —kayh, )a®In® o —[ ¢, —k(ab, +ah, +ahb,)]a’In’a

—[ e —k(ab, +a,by +a +ab,) [a’Ina - ¢, —k(ab, +abs +a,b;) o’
—(cs —kayb, )aln® o —[ ¢ — k(b +asb, +a,b,) jaln’a

[ ¢y —k(aby +ahy +ah, +a,b) Jaina—[ d, —k(ahy, + ah, +a,h) |

1 1
—Za4b100€_l|n2a—234(b10 +2b,)a Ina (26)

Substituting the solution (25) into (11), we obtain the nonlinear characteristic relation of the annular sandwich
plate

P=aW, +aW,’ (27)

where
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@, =—a ﬁ‘l—z(o&2 —1)+%(1oal° Ino— o +1)+;—8(a10 -1

Cy (32a8|n2a—8a8|noc+a8—1)
56
+— no—-o +1)j+—{o — na nOL-l—(X no— 0L+
C5(8a8| °+1) Cﬁ( °_1)+ & 7 (360°1 180°1 60.° | 1)
64 8 216
CB 6 2 6 6 C9 C_LO
+—(18OL InN“a—6a°Ino+0o° — ) (6(1 Ino—a +1) ( 1)
108
+— o InNTo— o 1IN~ o+ o Ino — + +—=loo INTo—40 INaA+a —
01 (3204 In° .- 240 In® 0 +120* Ina — 30 + 3) + 22 (8a.* In” o — 4ot )
128 32

Cl (4oc Ino—a +1) C“( —1)+$(40c2Insot—60t2|n20t+6a2|noc—3oc2+3)
16 4 8

+&(2a2|n2a—2a2|noc+ocz—) C”(Zoc Ina—a +1) Cls( 1)+%|n3a
4 4 2 3

C, C _ _ C -
+7°|n2a+021|n0c—722(2a ’Ina+a 2—1)—?((1 2 —1) ] (28)

4. RESULTSAND DISCUSSION

Now let us introduce the nondimensional variableS, for the tangential stresso,,, of the middle plane of the annular
sandwich plate

52, 29
where

Goo Z%(rcro) (30)
Using Eq.(30) and (5), expression (29) becomes

S = ( S) (31)

Substituting solution (20) into Eq.(31), we obtain the following formula of the nondimensional tangential stress
for thefirst approximation

S, = -0, W,’[ Thp® + byp* (5Inp +1) + by +byp? Inp(3Inp +2)
+hyp? (3Inp +1)+3bsp” + b, Inp(Inp + 2) + by (INp +1) +
~bop?(INp-1)-byp? | (32)

Finally, from formulas (20) and (32) we obtain the stresses at the inner and outer edges of the annular sandwich
plate

S@)=-a, W (b +b,+b,+h +h,),

S, =-0, W *(7Tb, +b,+5b,+h + 30, +b,+b,+b,-b) .

S (o) =—a,’'W. *(bo® + b,a’Ina +ba* +ba?In? a+ho?Ina+ba? + b, Ina
+hIno+ b, + b Ina+ba?),
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S, (@) = —a, "W, ’[7Tha® + b,a’ (5Ina +1) + Sb,a* + b,a’ Ina(3Ina +2) + ba?(3Ina +1)
+3b,0° +b, Inaina+2) + b,(Ino +1) + by —b o (Inat—1) —b,a7] (33)

According to the above formulae (27), (20), (32) and (33), the numerical results of nonlinear bending of the
annular sandwich plate for various nondimensional characteristic parameter k and nondimensional inner radius o
by assuming Poisson’'s ratio v = 0.3 are represented graphically in Figs. 2-8.

Figs. 2-3 indicate relations between the nondimensional uniform pressure P and the nondimensional inner edge
deflection W_for several values of k and o respectively. It is obvious that these curves rise monotonically. For the
same value of P, the nondimensional inner edge deflection W_ of a annular sandwich plate with small o is larger,
and W_of the plate with small k is low.

The distributions of the nondimensional radial and tangential stresses S and S, along the nondimensional
radius p in the case of oo = 0.2 and k = 0.05 are shown in Fig. 4a,b respectively. Obviously, the maximum stress of
the annular sandwich plate is the radial stress, and is located at the inner edge of the plate.

Fig. 5 shows the curves for the nondimensional inner edgeradial stress S(a). It can be seen from the figure that,
the curves rise monotonically, and for the same value of the inner edge deflection, the radial stress S(a) at the inner
edge induced in a plate with larger o is high.

Finally, the results of numerical calculation for the stresses S(1), S(a) and S/(1) of the annular sandwich plate
for the several values of a are given in Figs. 6-8 respectively.

Figure2: Variation of the Pressure P with the Inner edge Deflection W_for Several Values of a (v =0.3) . (a) k = 0,
(b) k =0.01, (c) k =0.05, (d) k =0.1
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Figure 3: Variation of the Pressure P with the Inner Edge Deflection W,_for Several Valuesof k (v = 0.3) . (a) a = 0.1,
(b)a=0.2,(c)aa =04, (d) a =0.6
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Figure 4: TheVariation of the Radial and Tangential Stress S, S, alonetheradius
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Figure5: The Radial Stress S (o) at the Inner Edge of the Annular Sandwich Plate for Several Values of
a(v=03)(@k=0,(b) k=001, (c) k=0.05, (d) k=0.1
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Figure 6: The Radial Stress S(1) at the Outer Edge of the Annular Sandwich Plate for Several Valuesof a (v = 0.3, k = 0.05)
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Figure 7: The Tangential Stress S (a) at the Inner Edge of the Annular Sandwich Plate for Several
Valuesof a(v = 0.3, k = 0.05)

(A4}

i
T
I

[13)
n
T

()
r

[A]
1
1

§o (1)
N

(3]
[4]

Figure 8: The Tangential Stress S(1) at the Outer Edge of the Annular Sandwich Plate for
Several Valuesof a (v = 0.3, k = 0.05)
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