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Multi-Switching Synchronization of Non-
Identical Chaotic Systems
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ABSTRACT

In thismanuscript, combinati on-combination synchronization isachieved among different switches of four chaotic
systems where Li system and Newton Leipnik system are considered as master systems and Wang system and
Bhalekar Gejji system are considered as d ave systems. Controllersaredesigned by using non linear control method
and Lyapunov stability theory for combination-combination synchronization among different switches of four
chagtic systems. Numerical simulationsare performed by using ode45 in MATLAB software. Computational results
and theoretical resultsarein excellent agreement.

Keywords: Multi-switching synchronization, chaotic systems, combinati on-combination synchronization, nonlinear
control, Lyapunov stability theory.

1. INTRODUCTION

Chaos has been an integral part of nonlinear sciences since Lorenz discovered first time the phenomenon of
sengitivity to initial conditionsfor anonlinear dynamical systemwhichwaslater known as*Lorenz System”.
I mportance of any subject can be seen by its applicationsand chaositsalf hasrich variety of applicationsinthefield
of secure communications, physicschemistry, medicine etc. Synchronization isamain branch of chaoswhich
started to fascinate the researchersafter theinspirational and excellent work of Pecoraand Carroll [1] in 1990.
Beforethiswork, it wasredly difficult to assume that two chaotic sysemswhether identical or non-identical can
follow the sametrajectory on applying some suitable control functions because of unpredictability of chaotic
systems.

Following theinitia work of Pecoraand Carroll researchershave suggested different types of synchronization
like antisynchronization [2], phase synchronization [ 3], lag synchronization [4], projective synchronization [5], Q-
Ssynchronization, [6] etc and recently hybrid function projective synchronization [ 7], compound synchronization
[8]-[9], combination synchronization[ 10], combination-combination synchronization [ 11], etc have also been
suggested. These synchronization phenomenon have been developed by various methodslike active control[12],
adaptive control [13], diding modecontrol [14], timedeay control [15], impulsvecontrol[ 16], active backstepping
[17], fuzzy control [18], predictive control, [19] etc.

Ucar [20] introduced the concept of multi-switching synchronization in 2008. Heachieved the multi-switching
synchronization by active control method. I n recent years, multi-switching synchronization has been ahot topic
among the researchersbecause it providesliberty to synchronize arbitrary pairs of sate variableswhichisvery
useful in secure communications, sinceit isdifficult to predict that which state variableswill be synchronized.
Except integer order chaotic systems, work on multi-switching synchronizationisalso being doneinthefield of
fractiond order chaotic systems[21].

Inrecent years, Sgnificant workshave been done on multi-switching synchronizetion like complete synchronization
between identicd systems[22], combination synchronizationvianon linear control [ 23], combination synchronization
by active backstepping [ 24], synchronization between nonidentical chaotic systemswith fully unknown parameters
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[25], etc. Multi-switching synchronization may be defined as a phenomenon where any state variable of slave
system can be synchronized to arbitrary sate variable of master system. We can form many switchesin thisway
and incase of combination- combination synchronization there may be so many combinations of state variables of
mester systemsand dave sysemsbut we have considered only four switchesfor theoretica anayss, whilenumerical
resultsare presented just for two switches. Inthis paper, multi-switching combination-combination synchronization
has been achieved among four nonidentica chaotic systemswhereLi system[26] and Newton Leipnik system
[27] are consdered asmaster systems and Wang system [ 28] and Bhalekar Ggji system[29] are consdered as
davesysenms.

Therest of the paper isorganized as follows, In section (2), methodology for combination-combination
synchronization is given. Section (3) contains description of master and Slave systems and in the section (4)
multiswitching combination-combination synchronizationis described for considered master and dave systems.
Numerica smulationsaregivenin section (5) and section (6) containsconclusion.

2. COMBINATION-COMBINATION SYNCHRONIZATIONMETHODOLOGY [11]

First, we explain the methodology of combination-combination synchronization with two master systemsand two
dave systems. Supposethe master sysemsare

{Vl = Xl(vl)
. 1
V,= Xz(Vz) @
and corresponding dave sysemsare

W, =h;(w,)+U

W, =h,(w,)+ U &

where v, = (Vy;, Vo, Vi) Vo = (Vips Vg s Vi ) s Wy = (W , Wy, W)

W, = (Wy,, W,,,...,W,,)" arethevectorsof statevariablesof all four sysemsgiven above. X, X,,h,,h, :R" - R"

are continuousvector functions. Our aimisto design appropriatecontrollers U, U* sothat combination-combination
synchronization will be achieved among different switches of four chaotic systems.

Definition 1[11] If thereexist four constant matricesP, Q, R, Se R™», whereR, Snot both zero suchthat

Itim||Pw2 +Qw, —Rv, -Sv,|=0
where||.||ismatrix norm, then slave systems (2) will bein the state of combination-combination synchronization
withmaster sysems(1).

Remark 1 Suppose scaling matricesP, Q, R, Sarechosenasdiag(p,, p,,.--.p,), diag(d,, 42, ..., q),diag(r,, r,,
. T, diag(s, s,,...,S), respectively. If error components aredefined as

PW,, + QWi — TV, — SV

suchthat at least one of theindicesa, b, ¢, d isdifferent from others, then master and slave systems (1), (2) will
achieve multi-switching combination synchronization.

Remark 2. If any of Por Qis0, then wewill achieve multi-switching combination synchronization. If P =S=0,
Q=lorP=R=0,Q=10rQ=S=0,P=10rQ=R=0, P=1, thenmulti-switching projective synchronization
will be achieved for one master and one dave system.
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3. MASTERAND SLAVE SYSTEMS
Li systemisconddered asfirst master systemgiven by

V11 = Cl (V21 - Vll)’
V21 =—Vy + ViV, (3)

Vg =My — V3V — 0,V

which shows chaotic behavior for theparameter valuesC, =5, n, =16, 0, = 1, Second master systemisconsidered
asNewton Lepnik sysemwhich given by

Vlz = C2V21 —Vyp +1OV22V32
V,, ==V, —0.4v,, +5v,,V,,,

, (4
Vg, =M,yVa = Vi,V
which exhibits chaotic behavior for parameter valuesC,=0,4,1,=0,175.
Firg dave systemistaken asWang system given by following equations
Wll = Cs(Wu - W21) —Wy Wy,
Wy = =MWy + Wy Wy, (5)

WSl = W11W3212 - eW31 + 83Wll'

Wang systemis chaotic for {,=1,n,=5.7, 6, = 5, 83 = 0,06. Second slave system is Bhalekar-Geiji system
which shows chaotic behavior for {, =27.3,n4=1, 0,=-2,667, n,= 10 given by

: 2
Wy, = e4W12 — Wy,

sz = 84(W32 + sz)’ (6)

Wy = W,W,, —C Wy + MW,

4. MULTI-SWITCHING SYNCHRONIZATION OF FOUR DIFFERENT CHAOTIC SYSTEMS

Inthissection, wewill design gppropriate controllersfor the sysems consdered insection 3. Thefirst davesystem
with controller is

Wll = Cs(Wn - WZl) —WyWg + Ul’
Wy = =MWy + W Wy + U,

(7)
WSl = W11W3212 - eWSl + 83\Nll + U3
The second dave syssem Bhaekar Ggjji systemwith controller is
le = e4W12 - Wgz + U;
W,, :84(W32 _sz)"' U*z (8)

WSZ = W12W22 + C.J4W22 _T]4W32 + U3'
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where U, U,,U,, U;, U;, U, represent different controllersin any switch . Our aimisto design effective
controllersso that synchronizationwill be achieved between master and slave systems.

In case of combination combination multi-switching, suppose error isdefined as

Eabod = paW + qubl dedl’ (9)
Hence, the components of state variables of master systemsm theform PW ., P W, PW,,, QW ., W, , O W,
and components of state variablesof dave systemsasr v, 1.V, V., slvll, szvﬂ, S,v,,, Will becombinedinan
arbitrary manner in each switchfor different valuesof p,, pz, [OJNe o I T o S, S, S, Thenthefour systems
aresad to beinthe state of multi-switching if at least one of theindicesa,b,c,d isdifferent fromremaining threeand
a b, ¢, d cantakeanyinteger valueof 1, 2, 3. Wewill say that thefour sysemsare in multiswitching sateif errors
will takethefollowing forms,

Forazb=c=d,wehaveE, ,E,  ,E . E . E . E_,.
Forb#a=c=d,wehaveE, ,E ., E .. E . E . E, .
Forcxb=d=a wehaveE ,,E ., E . E o E 0 E b
Ford=b=a=c,wehaveE, ., E .. E ., E.n E e E
Fora=b#c=d,wehaveE_ ,E. E._.E  E E

22117 33117 T3322' T1122' T1133' T 2233°

Fora=c # b=d, wehave E E E E E E

21217 T3232' T1212' T2323" T3131' T 1313°

Fora=d #b=c, wehave E E E E

21127 3223 T1331' —3113' 21127 E2332'

m

Fora=b=c=d wehaveE

1123 —2213' T1132' T2231' 3312’ —3321°

Fora=c=#b=d, wehaveE

2123" T2321' T1312' T1213' T3132' T 3231°

Fora=d=b=c, wehaveE

21327 T2312' T3123" —3213' 12317 —1321°

Forb=c#a=d, wehaveE

2113" T3112' T1223" T3221' 1332 T 2332°

E
E
E
E
E

m m m m m

E .. E
E. .E
E .E
E_.E
E..E

Jim m m m

For b = d #a*C, We haVe E1232’ 3212' 1323’ T2313" 2131’ T 3121°

Forc=d=b=a wehaveE E E E E E

2133 1233’ 1322' 3122 2133’ 1233°
There may be several possibilitiesfor choice of switchesbut we havejust discussed four switchesdefined inthe
following way,

Switchone
E1332 =PWy, QW3 =13V, =S,V
E2121 =PWo, + Wy =1V, —§Vyy (10)
E3213 = pswsz + Q2W21 - r1V12 - S3V31

Switchtwo
E1221 P Wy, + QoW =LV, =SV
E2332 pzwzz + qs r3V32 _52V21 (11)
E3113 pswsz + Q1 r1V12 - 53V31

Switch Three
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E1123 P Wy, + Wy =V, =S5V
E2231 pzwzz + qz r3V32 _Slvll (12)
E3312 =PsWy, + QW35 — IV, =S,V

Switch Four
E1112 = p1W12 + q1W11 - r1V12 - S2V21
Ezszs = pzwzz + q3W31 - r2V22 - s3\/31 (12)
E3231 = p3W32 + q2W21 - r3V32 - s1V11

4.1 Switchone

Now, wedesignthe controllersfor switch one. For thisswitch by equation (10), the error dynamica systemcanbe
writtenas

E1332 plW12 + q3 r3\./32 o S2\./21
E2121 p2W22 + ql 11 r2\./22 - Sl\./ll (14)

E3213 = p3W32 + %W 21 rlvlz - 53\731

By using the equations of master and slave systemsthe error dynamical system can bewrittenas

Eseo = PL(O,Wy, = W3, + Uy )+ (Wi, Wy, — 0wy + 9wy, + Uy)
—I5(NyVay = 5Vi,V50) =S, =V + ViyVy )]
Epizr = P, (84 (W —Wpp) + U3) + 0y (G5 (Wyy — W) —WpWy + Uy)
-1 (sz - 0-4V22 + 5V12V32) - 51(@1 (V21 - Vll)) (15)
Eapis = Ps(WioW o, + G W =1, Wop) + U5) + 0, (—115W o, + Wy Wy + U,)
—1(=CoVap + Vo +10V,,V5,) =S5 (M — Vi3V, — 0,Vy).

Suppose

U13 = p:LU; + qSUS’
U21:p2U*2+q1U1’ (16)
U32 - p3U; + qzuz

Now, we havethefollowing results,

Theorem 1 Wang system (7) and Bhalekar Ggjji (8) sysemwill beinthe state of multi-switching combination—
combination synchronization with Li system (3) and Newton Leipnik system (4) for thefollowing controllers,

U13 = _(plWlZ + QWy — Vg, —S, 21) + C (p + QW — TV, =SV,

2
_(pswsz + QWy =1V, — SSVSl) - p1(94W12_ sz)
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- qs(W11W21 - e3W31 + 83W11) + rs(nzvsz - 5V12V22) + S2(_\/21 + V11V31)’
U21 = _(pzwzz T OW, — IV~ Slvll) - C1(plW12 Wy — TV — SV,
_p2(84(W32 - sz)) - ql(CS(Wll - W21) - W21W31)
+1(~v,—04v,+5v v ) +s(C(vV,,—V,)),
U32 = (plWlZ Wy — TV — 82V21) - (p3W32 T OWy — TV, — SSVSl)
- ps(lewzz + C4W22 - 1’]4W32) - qz(_nawm + W11W31)

+ rl(_CZVlZ + Vo + 10v Vsz) + SS(nl —VuVy— e1\/31 ’ (17)

22
Proof. Defining the Lyapunov function inthefollowing manner

K (E1332’ E2121’ E3213) = 05( EfoSZ + E;lZl + E§213 (18)

Then derivative of the Lyapunov functionis

K (E1332 ! E2121’ E3213)

= EaoFram + Eo1nEonon + EaprsEana
= E 0[P, (0,W,, —W32, + U)) + Qg(W, W, —O,W,, + 3w, +U,)
—1,(1N,Vay —5Vi,Va0) =S, (Vi + Vy Vi )]+ Epppn [0, (9, (Wo, —W,,) + U3)
+0, (Ea(Wyy — Wy ) =W, Wy + Uy) =1, (—V,, —0.4v,, +5v,,V,,)
~5,(G1(Vay = Vi1))] + Egpa Ps (Wi, W, +C W4 =1, Wa, + U3)
+0, (MW, + W, Wa, + U,) — 1 (—E,V,, + V., +10V,,V,,)
—5;(My = ViV =01Vl
= E [P, (0,Wy, —W3,) + Qg (W, W o, — Y Wy +8,W,,) —15(M,Vay —5V,,V,,)
= —S,(=V,, + V, Vo, ) + PU; + QU]+ E [P, (S, (Wa, —W,0,)
+0, (s (W =W, ) =W, W) — 1, (—V,, —0.4V,, +5V,Va,) —S (6, (V,, — Vi)
+p,U, + G U, ]+ Eopa[ Ps (WoW o, +E W o) —1,W,0,)
+0, (MW, + W, Wy, ) — 1 (—=E,V,, + Vo, +10V,,Va,) —S;(N; — Vi Vo, —6,Va)
+p,U; +0,U,]. (19)
Subgtituting (17) into (20), weobtain
K (Es+ E121 E o)
= EaoFram + Eo1nEonon + EaprsEana

= E1332[p1(94w12 - Wgz) +0; (W11W 21 e3W31 + 83W11) — I (nzvsz - 5V12V22)
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=S, (—Vyy + Vy Vo) H{HPW,, + QaW 4, — Vo, =S,V ) + &, (P,W,, + QW — 1LV,
—SVy,) = (PsWa, + QW oy — [V, =SV, ) — Py (0,W,, —W5,) — O (W, W, —O,Wo,
+3,W ;) + 1;(N,Vay —5V,V o0, ) + S, (Vo + Vo Vo ) + Bl [P, (84(Wa, —W,,))
+0, (Ea(Wyy =W,y ) =W, W, ) — 1, (—V,, —0.4V,, +5V,V o) —S (6, (V, — Vi)
H—p,W,, + QW —IL,V,, =S Vi) =&, (PWy, + QW oy — Vs, —S,V )

—P, (8, (Wa, =W,y ) =, (E5(Wyy —Woy) =W, W4 ) +T1,(—V,, —0.4V,, + 5V ,V,,)
+8, (G (Vo = Vi) + Egpia P (Wi W + CuW o, =MW ) + 0, (-M5W oy + Wy Wy )
—1,(—C,Vy, + Vo, +10V,,V,,) =S, (N, — ViV, — 0,V ) H{(PWy, + QW4 — Vo,
—S,V,,) — (PW o, + QW o — 1V, —SoVa ) —Ps(W,Wo, +E,W o, — N, W)

—0, (MW, + W W4, ) + 1 (—E,V,, + Vo, +10V,,V 0, ) +S5(N, — ViV —0,V4) )} ]

= E 33, (—E sy + §E10 — Eans) + By (FEpio = G Eras) + Eapps(—E s + Ejasy)
=-E,, —E>,, —E%.; (20)

which isnegative definite. Hencethe error dynamical systemwill be asymptoticadly stable and all the errorswill
convergeto zero. Thusdave syssemswill achieve combination-combination synchronization with master systems.

We havethefollowing corollariesfromthe above theorem and these can be proved similarly, thereforethe
proofsare omitted.

Corallary 1. If wetakep, = p,=p, =0, thenfor thefollowing control laws,
UlS = _(q3W31 — Vg, _Szvzl) + C1(Q1W11 —LVy _51V11)
_(q2W21 —Vy, — 53V31) +0; (W11W 21 QW3 + 83W11)

+1;(N,Va, —5V,V o) +S,(—V,, + Vi V)

Uy = ~(0Wyy =V —=SVi D) — Gy (QaW 5 — 13V —S5Vp1) — QG5 (Wyy —Wpy) =Wy W3y)
+1,(—v,, —0.4v,, +5V,,V,,) +S(E,(Vy — Vi),

U, = (QW4 — Vs, —S,V o) —(Q,W o — 1V, —S5Vay) — 0, (MW + W Woy))
+1,(—C,V,, + Vo, +10V,,V0,) +S,(N; =V Vo —QVa) (21)

Wang system (7) will bein state of multi-switching combination synchronizationwith Li system(3) and Newton
Leipnik system(4).

Corallary 2. If wetakeq, =q,=q, =0, then for thefollowing control laws:
U13 = _(plWlZ_rSVSZ_SZVZl) + Cl(pzwzz_rzvzz_slvn) - (pSWSZ_erlZ_SSVSl)
- pl(y4W12_W§2) - e3W31 + d3W11) + I‘3(T]2V32—5V12V22) + Sz(_V21+V11V31)
U21 = _(pzwzz_rzvzz_slvn) - Cl(plwlz_rSVSZ_SZVZl) - p2(94(W32—W22),
+r2(_V12_0'4V22+5V12V32)+Sl(zl(V21_V11))

U32 = (plWlZ_rSVSZ_SZVZl) - (pSWSZ_erlZ_SSVSl) - ps(W12W22+C4W22—n4W32)
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+r l(_C2V12+V22+ 1OV22V32) + SS (n l_vllVZl_qlVSl) (22)
Bhaekar Ggjji systems (6) will bein state of multi-switching combination synchronization with master sysemsLi
(3) and Newton Leipnik system (4).
Corollary 3. Ifwetakep, =p,=p,=0,andq,=q,=q,=1,andr, =r,=r,=0, thenfor thefollowing control
laws,
13~ _(W31 _52V21) + Cl(Wn _51\/11) - (W21 _53\/31) +S, (_V21 + V11V31)’
2= (W =SVyy) =G (W =S;Va) = (Ca(Wyy —Wp) =Wy Wyy) +8(Z(Voy — Vi) (23)
L7 (W31 _52V21) - (W21 _53\/31) - (_nswzl + W11W31) + Ss(nl — Vo — 91V31),

CcC C C

Wang system (7) will bein state of multi-switching projective synchronizationwith Li sysem (3) andif al Qs are
not equal to 1, then modified projective synchronizationwill be achieved.

Corollary 4. If wetakep, =p,=p,=0,andq, =q,=0d,=1,ands =s,=s,=0, thenfor thefollowing control
laws,

U13 = _(W31 - rsvsz) + Cl(Wn - rzvzz) - (W21 - rlvlz) - (W11W21 - e3W31 + 33W11)
+3(N,Va, — OV, o),
u 21~ _(Wll - rzvzz) - Csl(Wfil - rsvsz) - (Cs(Wn - W21) - W21W31)

+r (=Vy, —0.4v,, +5v,,V5,), (24)

Usz = (W31 - r3V32) - (W2l - r1V12) - (_T]3W21 + W11W31) + rl(_C.szlz +Vy, +10V22V32)’

Wang system (7) will be achieve multi-switching projective synchronization with Newton Leipnik sysem (4) and if
dl q.s arenot equd to 1, thisit will becomeacase of modified projective synchronization.

Corallary 5. If wetakep, =p,=p,=1,q9,=0d,=0,=0,andr, =r,=r,=0, then for thefollowing control laws,
UlS = _(le _52V21) + Cl(sz _51V11) - (Wsz _53V31) - (94W12 - Wsz) + S2(_\/21 + V11V31)’
U21 = _(sz - 51V11) - C.:l(le _SZV21) - 84(W32 - sz) + Sl(C.sl(V21 _V11)’
Usz = (le _52V21) - (Wsz _53V31) - (W12W22 + C4W22 _n4W32) + 53(111 —VVy — 91V31),

(25)

Bhaekar Ggji system(8) will beinthe state of multi-switching projective synchronization with Li system (3) and if
dl ps arenot equal to 1, thenthe systemswill bein the state of modified projective synchronization.

Corallary 6. If wetekep, =p,=p,=1,9,=0,=0,=0,and s =s,=s,=0, thenfor thefollowing control laws,
Uls = _(le - rsvsz) + Cl(sz - rzvzz) - (Wsz - erlZ) - (94W12 - Wgz) +1; (nzvsz _5V12V22)

U21 = _(sz - r2V22) - Cl(W12 - rsvsz) - 84 (Wsz _sz) +1, (_Vlz - 0-4V22 + 5V12V32)’
U32 = (le - rsvsz) - (Wsz - erlZ) - (W12W22 + C4W22 _n4W32) + rl(_CJZVlZ +Vy +1OV22V32)-

(26)

Bhalekar Geji (8) systemwill bein the state of multi-switching projective synchronization with Newton Leipnik
system (4) andif all p,s arenot equal to 1, thiswill be the case of modified projective synchronization.
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4.1. Switch 2, Switch 3, Switch 4

Theorem 2. Wang (7) and Bhalekar Gejji (8) systemswill bein the state of multi-switching combination—
combination synchronization with chaotic Li (3) and Newton Leipnik (4) systems, for the errorsdefined by (11)
if thecontrollers are defined inthefollowing manner,

12~ _(p1W12 TOQWo —Vy _51\/11) + (pzwzz TQsWy — 15V, _SZV21) - p1(64W12 _Wgz)
=0, (MW 1 + Wiy W3 ) + 1 (=Vy, = 0.4V, +5V3,V3) + (8, (Vo = Viy)),
Uzs = _(pzwzz TQWyy —3Vy — SZV21) + (p1Wl2 T Wy —Vy _51\/11)
+(p3W32 + Wy — IV, _53V31) — P, (84 (Wsz - sz) 27)
—Og (W W 5y —QgWay + 33Wy;) + 15(D,V5, =SV 1,V ) + S, (=Vy + VyyVay),

_ql(CJS(Wll —W, — W21W31) +h (_C-)2V12 TVt 1OV22V32) + 53(B1 ViV — 91\/31)’

Theorem 3 Wang (7) and Bhalekar Gejji (8) systems are in the state of multi-switching combination-
combination synchronization with the systems, Li (3) and Newton Leipnik (4) systemsfor theerrors defined
by (12) if the controllersare defined inthe following manner,

(pl 12T O Wy TV~ SSVS:L) + (ps T OWay =TV, SV21)
2
- p1(94W12—W22) _ql(ZS(Wll_WZl)_VVZlWSl) + r2(_\/12_0'4\/224_5\/12\/32)

+s,(N,~V,,V,,—0,V,)),
by = —(PW,,* W, —T Vo, =S V) + (PW,, QW —T V.,—S.V, ) — P,(3,(W,,~W,,))
0, (MW, tW, Wo )+ 1 (Ve 5V, V) + 8 (G (V)
U,, = —(p,w,,+q,w, ,—,V,,—S.V.)) — (P,W,,+0,W,,—,V,,—SV,.)
— (PgWgytQgWoy —1 v ,—S3V21) — Py(W W, +C W1, W)
- 0,(w,, W, —Q,W,, +8,wW, )+r (-0 Vv ,+v,+10v V. ) + S,(-V,,+V, V.), (28)

-
|

Theorem 4. Wang system (7) and Bhalekar Gejji (8) system will achieve multi-switching combination-
combination synchronization with Li system 3 and Newton Leipnik (4) syssemfor the errors defined by (13) if
the controllersare defined in the following manner

U11 = (pl 12+q1W11_r1V12_S VZl) + (pz 22+q3W31 IV,—S VSl)

+ (PWa O W, VoS, V,) — Py (0,1, 35, ) — 0y (G (W, ~w,,)
W, W, ) + I (-C,V,,+V,,+10v,,V,)) + S,(-V,,+V, V, ),
b = —(PW, QW —T V.S V,.) — (P,W,,+Q,W,,—T,V,,~S,V,,)
- p,(8,(W,,—W,,)) — g,(w, W, 0w, +3.w, ) + r,(-v,,—0.4v,+5v V)
- s,(n,~Vv,v,,—0,V, ),
5 = —(PW, QW TV, —SV, ) — (P,W,,+Q,W,,~T.V,,—SV,,)
= Py(Wy Wit C W,,=1 Wap) — Gy(—M15Wo, T Wy, W)
+r, (M Ve, 5V,,V,,) + S /(6 (v, V) (29)

Proofs of the above theorems are not given here since these theorems can be proved in similar manner asthe
Theorem (1) has been proved. Also same corollaries can be obtained from these results by assigning some

-
|

-
|
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particular valuestop, d,, I, S,

5. NUMERICAL SSMULATION

For numerical smulation parametersvaluesarechosenas( =5,n,=16,0,=1,(,=0.4,1,=0.175, {, =1,
n3=5.7,0,=5,9,=0.06,(,=27.3,n,=1,6,=-2.667, §, = 10 initial conditions for Li system and
Newton Leipnik system are (12,8,20) and (0,349,0,—0,16) respectively, and initial conditions for Wang
systemand Bhaekar Ggjji systemsare (24,7,18) and (17,22,9) respectively which have been fixed throughout
thediscussion.

Initial conditions for the error systemin switchoneare (11.32, 10,-44.698) aswe have chosenp, =p,
=p,=1,09,=q9,=q9,=1,r,=r,=r,=2,s =s,=s,= 3. Inthisswitchw_, +w_, w,,+w,, W+ W, are
synchronized with 2v_, + 3v,,, 2v,, + 3v_,, 2v,, + 3v,,. Synchronization of combination of these variables and
errorsconverging to zero are showninfigures(1) and (2).

Initial conditionsfor the error systemin switch two are (36, 47.84, 53.349) aswe have chosenp, = p, =
p,=1,q,=0d,=q9,=1,r =r,=r,=-1,s =s,=s,=1. Inthisswitchwe cansay that w_, + w,,, w,, + W_,,
w,, +w_ areinanti-synchronized statewithv,, + v, v, +Vv,,, v , + V.. Anti-synchronization of combination

11' 32 21’
of these variablesand errors converging to zero are shown in figures (3) and (4).
BG | | | T I |
i =Wy 0 =Wy My |
60 _21;32+3w2 1 _2v22+3v”
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Figure 1. Synchronization between variables w,, + w,, 2v,, + 3v,, and w,, +w,,, 2v,, + 3v,;
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Figure 2. Synchronization between variables w,, + w,,, 2v,, + 3v, and errors converging to zero for switch one
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6. CONCLUSION

Inthis paper, we haveinvestigated multi switching combination-combination synchronization between master
system Li and Newton-Leipnik systems and slave systemsWang and Bhaekar Gejji system by using non linear

control. A useful and simple approach is described to construct suitable controllersand fruitful results are
obtained.

Boththeoretica and numerical resultsarein agreement. There are o many other waysto extend thiswork, like
combination-combination synchronizationwith unknown parameter canaso beinvestigated or thissynchronization

methodology can be applied on hyperchaotic systems so that more states of switching may be considered which
will be morebeneficia for secure communication.
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