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LIEB-THIRRING BOUND FOR SCHRODINGER OPERATORS
WITH BERNSTEIN FUNCTIONS OF THE LAPLACIAN

FUMIO HIROSHIMA AND JOZSEF LORINCZI

ABSTRACT. A Lieb-Thirring bound for Schrédinger operators with Bernstein
functions of the Laplacian is shown by functional integration techniques. Sev-
eral specific cases are discussed in detail.

1. Introduction

In mathematical physics there is much interest in an inequality due originally
to Lieb and Thirring giving an upper bound on the number of bound states for
a Schrodinger operator —%A + V. With Ny denoting the number of non-positive
eigenvalues of the Schrodinger operator, in a semi-classical description it is ex-
pected that

1
NoV) =Gy L) dpda. 1.1
o) (2m)d /]Rded {(p,2): |p|>+V (x)<0}APAT (1.1)
The right hand side above is computed as
1 1 O'(Sd_l)/ d/2
St de = V- d 1.2
(27T)d /]Rd . R4 {‘f‘S\/Vf(m)} 5 (27T)d d Rd| (LL')| T, ( )

where 0(S4—1) = lg(ﬂd—d//;) and V_ is the negative part of V. The Lieb-Thirring

inequality then says that
No(V) < cd/ [V_(2)|%?dz, (1.3)
Rd

see [9, 10], where Cy is a constant dependent on d alone. Various extensions have
been further studied by many authors, see [12] and references therein.

Following our work [5] in which we defined generalized Schrédinger operators
of the form

H=1U (—%A) +V, (1.4)

where ¥ denotes a Bernstein function (see below), it is a natural question if a
similar Lieb-Thirring bound can be established and how does this depend on the
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choice of the Bernstein function. We will actually derive under some conditions
that for a negative potential V'

No(V) < 4 / (@ (V@)

Rd

2 4 (1.5)

(Theorem 3.23 and Corollary 3.9) by making use of estimates of the diagonal part
of the heat kernel of subordinate Brownian motion generated by ¥ (—%A). This
extension includes beside usual Schrodinger operators —%A + V also fractional
Schrédinger operators of the form (—A)®/2 + V' and relativistic Schrodinger op-
erators (—A 4+ m?)/2 —m 4 V. General Bernstein functions receive increasing
attention in the study of stochastic processes with jump discontinuities and their
potential theory [14].

A Lieb-Thirring bound for generalized kinetic energy terms was first obtained
in [3]. Although the author mentions that similar bounds can be derived for
generalizations using (1.4), the focus of that paper is primarily on the relativis-
tic Schrodinger operators above with or without mass. Lieb-Thirring inequalities
for fractional Schrodinger operators compensated by the Hardy weight have been
obtained more recently in [4] by using methods of Sobolev inequalities. A refer-
ence considering the same problem for relativistic Schrodinger operators including
magnetic fields is [7].

The remainder of this paper is organized as follows. In Section 2 we recall the
definition of the class of Schrédinger operators we consider and briefly describe
the stochastic processes related to them. In the main Section 3 we state and prove
the Lieb-Thirring inequality for these operators, and obtain some more explicit
variants. In Section 4 we discuss some cases of special interest.

2. Schrodinger Operators with Bernstein Bunctions of the Laplacian

Consider the function space
d"w

dxm™

B= {\If € C¥(RT): ¥(x) >0, (-1)" ( ) () <0,z €R", n=1,2, } :
An element of B is called a Bernstein function. We also define the subclass By =
{¥ € B: lim;_,0+ ¥(z) = 0}.

Bernstein functions in By have the following integral representation. Let £ be
the set of Borel measures A on R\ {0} with the properties that A((—00,0)) = 0 and

/ (yA1)A(dy) < oo. Note that every A € £ is a Lévy measure. Then it can be
R\ {0}

shown [14] that for every Bernstein function ¥ € By there exists (b, A) € [0, 00) x L
such that

U(z) =bx+ /000(1 — e "A\(dy). (2.1)

Conversely, the right hand side of (2.1) is in By for each pair (b, A) € [0,00) x L.
It is known that the map By — [0,00) x £, ¥ +— (b, \) is bijective.

Next consider a probability space (€, F,,v) and a stochastic process (T})¢>0
on it. Recall that (T%):>0 is called a subordinator whenever it is a Lévy process
starting at 0, and ¢t — T} is almost surely a non-decreasing function. Let S
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denote the set of subordinators on (92, F,,v). Also, let ¥ € By or, equivalently,
a pair (b,\) € [0,00) x L be given. Then by the above bijection there is a unique
(T3)t>0 € S such that

EO[e~Tt] = et (W), (2.2)

Conversely, for every (T3)i>0 € S there exists a unique ¥ € By, i.e., a pair (b, A) €
[0,00) x £ such that (2.2) is satisfied. In particular, (2.1) coincides with the Lévy-
Khintchine formula for Laplace exponents of subordinators. Using the bijection
between By and S, we denote by (7}Y);>0 the subordinator uniquely associated
with ¥ € By.

It is known that the composition of a Brownian motion and a subordinator
yields a Lévy process. This process is X; : QpxQ, 3 (w1, w2) + Bry(w,)(w1) € R,
called d-dimensional subordinate Brownian motion with respect to the subordi-
nator (T})¢>o. Its properties are determined by E).  [e%X] = ¢=t%(&€°/2) The
function

1 ; 2
PY(z) = L /R ) e etV IE/2) q¢ (2.3)
gives the distribution of X; in R

Let h = —A be the Laplacian in L?(R%). We assume throughout this paper that
d > 3. Define the operator ¥(h/2) on L?(R%) with Bernstein function ¥ € By. Let
V =V, —V_, where V; = max{V,0}, V_ = min{—V, 0}, and assume that V_ is
form-bounded with respect to ¥(h/2) with a relative bound strictly smaller than
1, and V € L{ _(RY). Then we define the Schrédinger operator with Bernstein

loc

function VU of the Laplacian by
HY =W(h/2) + Vi ~ V_. (2.4)

(The dots indicate quadratic form sum.) In what follows we simply write HY =
W(h/2) 4+ V instead of (2.4).

Proposition 2.1. With f,g € L>(R?), we have the functional integral represen-

tHY

tation for the semigroup e=** |t >0, given by

(f.e " g) = / Ak, [FKoa(Xp)e 3 Vx) (2.5)
Rd

Proof. This is obtained by subordination and an application of the Trotter product
formula combined with a limiting argument. For a detailed proof we refer to
[5, 13]. O

In view of applications (quantum theory, anomalous transport theory, financial
mathematics etc) some particular choices of Bernstein functions are of special
interest involving the following stochastic processes:

1) symmetric a-stable processes: ¥(u) = (2u 0‘/2, O<a<?2
) p
(2) sums of independent symmetric stable processes of different index: W (u) =
(2u)*/? + (2u)/?, 0 <@, <2, a # 8
3) jump-diffusion processes: V(u) = au + bu®/?, with a,b € R
J
(4) relativistic a-stable processes: W(u) = (2u +m?/*)*/2 with m > 0.
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3. Lieb-Thirring Bound

The following are standing assumptions throughout the paper.

Assumption 3.1.
(1) V is a continuous and non-positive function
(2) there exists \* > 0 such that ||(¥(h/2) + \)"1/2|V|V/2|| < 1 for all A > \*
(3) the operator (¥(h/2) + \)~1/2|V|'/2 is compact for all A > 0
(4) there exists ng > 0 such that Tr(|V|'/2(¥(h/2) + \) 7LV |V/?)" < oo for
all n > ng and A > 0.

Part (2) of Assumption 3.1 implies that V is relatively form bounded with respect
to WU(h/2) with relative bound strictly smaller than 1. Part (3) ensures that the
Birman-Schwinger principle (3.3) holds, and (4) is used in the proof of Lemma 3.6.

Example 3.2. Let L=°(R?) be the set of functions f € L*°(R?) such that
lim|, o0 | f(z)| = 0. It is well known that if P,Q € L>°(R%), then P(—iV)Q(z)
is a compact operator [15]. Thus (¥ (h/2)+\)~/2|V|*/? is compact for V € L0,
since W is increasing. Moreover, if W(h/2) = —A and V € L¥2(R%), (4) of As-
sumption 3.1 is satisfied with ng = d/2.
Consider the number
Np(V) = diml_ o g (HY). (3.1)
In the original context of quantum theory this expression has the relevance of
counting the number of bound states of energy up to —E < 0. Recall [16] that the
Birman-Schwinger kernel is defined by
Kp =|V['2(¥(h/2)+ E)~' V|2 (3:2)
and the Birman-Schwinger principle says that
3.3
No(V) < dimll ) (Ko), E=0.
Example 3.3. Let V =V, —V_ be such that V_ € L*°(R%). Since ¥(h/2)-V_ <
HY, the number of negative eigenvalues of HY is smaller than that of HY =
W(h/2) — V_. Therefore instead of HY we may consider HY. Since |V_| € L,
we have that the operator (¥(h/2) + \)~'/2|V_|'/2 is compact, thus the Birman-
Schwinger principle applies to HY.
Let Fi(z) = o(1 + Az)™! = z [T e ¥(+2)dy and gi(z) = e **. The two
functions are related by

Fy(z) = 3:/ e Yga(xy)dy. (3.4)
0
By a direct computation we obtain
Fx(Kp) = [VI'2(U(h/2) + AV| + E)HV['/? (3.5)

and by Laplace transform

(Er(ER)f) (@) = V()] < / " dte-tEe-““h/”“'V>|V|1/2f> @),  (36)
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f € L%(R?), follows. By (3.3) we have
Ng(V) = #{Fx()|Fx(p) is an eigenvalue of Fy(Kg) and p > 1}, E >0,
No(V) < #{Fx(p)|Fa(p) is an eigenvalue of F\(Kp) and p > 1}, E =0.

Since F) is monotone increasing, it follows that

Ne() S Y B (37)

() nESpec(Kg),pu>1

Using this we will estimate the trace of F)\(Kg). From Proposition 2.1 we obtain

(PKe)) (@) = V()2 [ dte PR, [ MO0y 012 (x,)].
’ (3.8)
In order to express the kernel of e +AVD in terms of a conditional expec-
tation we use the following notation. Let E%.  [V|X:] be conditional expectation
with respect to the o-field o(Xy), i.e., E%.  [Y|X;] is measurable with respect to
o(X¢). Generally, a function f measurable with respect to o(X;) can be written as
f = g(X;) with a suitable function g. We write E%.  [Y|X:] = g(Xt), and use the
notation g(z) = E% [V|X: = ], i.e., ES, VX = [ES, [V |X: = 2] PY (z)d.
In these terms we then have
et R/DHRAVD () — Y, [e—A JEIV(Xa+a)|ds

—t((h/2)

Xoto=y| Pz -y). (39)
where P} is the distribution of X; given by (2.3).

Lemma 3.4. The map (x,y) — e~ YR/2DHIVD (1 ) is continuous.

Proof. Let P[0 7]
ending in y at ¢ = T. Then by the Feynman-Kac-like formula (2.5) and using that

X, = Br, we see that for f,g € L}(R%),

denote Brownian bridge measure starting from z at t = 0 and

(f, e—t(\Il(h/2)+|V\)g) (3.10)
= [ F@WE, [ln,(@ — y)Epry [e= o VBRI dady,
Rd xRA ! [0.T¢]

where IT;(z) is the Gaussian heat kernel. Note that the measure P[o )= P[”(”J"?Ft(wz)]
is defined for every wo € €1,,. For every ws € (1, we also define the Brownian bridge

(Zt)i>0 by
t t
Zy=|1—- = B B
t ( Tt) T+ = Tt Tt Ty + ts
where T} depends on wy. Thus (3.10) is equal to
(e @2 Mg) = [ Fa)glu)B [T (o — BS54 dndy,

dwRd
(3.11)
Hence the integral kernel is given by

VRV (1, g) = B, [Ty, (o — ) Ele i1V 210

and implies joint continuity with respect to (x,y). O
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From Lemma 3.4 it follows that the kernel of F)(Kg),

F(Kg)(z,y) = V()2 ()2 (3.12)
></O dte "PEY, [g)\ (/0 [V (X, +x)|ds) Xi+z= y] PY(z —y)
Az

is also jointly continuous in (z,y). Here we used that g(z) = e **. By setting
@ =y in (3.12) it is seen that Tr Fx(Kg) = [p. FA(KEg)(z, z)dz. This gives the
expression

Tr F)\(KE) (3.13)
= [ dz|V(2)] b dte "PEY, _g>\ t |V(X, +x)|ds || X, = 0| PY(0).
fave ] (] )|

Lemma 3.5. [t follows that

[e%s} r t
TrFX(KE):/ dx/ %e—fEE%X,, e (/ |V(Xs+x)|ds)
R4 0 L 0

X; = 0} P} (0),

(3.14)
where G () = xgx(r) = ze T,
Proof. 1t suffices to show that
1 — [t z)|ds !
7 /Rd dzE%, [e Jo IV(Xs+a)ld /0 V(X +x)|dr| X; = O} PY(0) (3.15)

= [ QalV @B}, [ VO] x, 0] PP (0),

Let U, = e "WR/2AHVD|y|e= =) (¥(R/2+IVD) for 0 < r < t. Note that U, is
compact and thus TrU, = TrUj. By the Markov property of (X;);>o it follows
that for f € L?(R%)
(U) (@) = Epy, [em B VMY () B, [ 7 VD £(x, )] |
= By, [e BV (X, £(X0)] .
Thus the right hand side above is expressed as

— [ PHo - B, [ HVEV (X, 40| X o =] f0)dy.
R

This furthermore gives

t
T U, / oy, (3.16)
0

t

1 " ¢
= ;/ dzPY (0)EY, {ejo ‘V<Xs+z>‘d5/ V(X +z)|dr
R4 0

Xt_0:|a

where we interchanged dr and dP°. Equality fot % TrU, = TrUp together with

(3.16) yield (3.15). Hence the lemma follows. O
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We may vary F) and g, while keeping relationship (3.4) unchanged. Let F :
[0,00) — [0,00) be a strictly increasing function such that

F(z) = :C/ e Yg(zy)dy, (3.17)
0
where ¢ is a non-negative function on R. Write
G(z) = zg(x). (3.18)

Lemma 3.6. Let Assumption 3.1 hold and take any F', G and g satisfying (3.17).
Suppose that G is non—negatz've and lower semi-continuous. Then it follows that

Tr F(Kp) = /R d:c/ B, [G (/Otw(xs +:c)|ds)

Proof. The proof is obtained by a slight modification of [15, Theorem 8.2] and [13,
Lemma 3.51]. O

X; = 0} P} (0).
(3.19)

Theorem 3.7. (Lieb-Thirring bound) Let Assumption 3.1 hold, F, G be any
functions satisfying (3.17) and (3.18), and G furthermore be convex. Then

1  ds .
No(V) < m/o ?G(S) /Rd P vy 01y @) >0pde, (3.20)

where

— —s 2 T
PY) 1y () (0) = (2m) /R e/ Ege,

We note that the right hand side of (3.20) may not be finite, this depends on
the choice of the convex function G.

Proof. Since F' is a monotone increasing function, we have
1

No(V) < WT(F(Ko))

- / dt/Rddprw[ (/ HV (X, +$|—)’Xt—0:|P\I,()

Then by the Jensen inequality
dt d
/ / 2B, [/ —SG(t|V(XS+x)|)‘Xt _0] PY (0).
R4

Using that ft ds — 1 and swapping dz and dP° x dv, we obtain

1 e dt
NW) < g [ PROT [ GV

When V(z) = 0, also G(tV(z)) = 0. This implies that the right hand side above
equals

1, dt
m/o P (0)4 y GtV (@)) gy (@) >0pde.
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Changing the variable from ¢|V(z)| to s and integrating with respect to s, we
obtain (3.20). O

Next we are interested to see how the Lieb-Thirring bound (3.20) in fact depends
on the Bernstein function . To make this expression more explicit we note that
the diagonal part of the heat kernel has the representation [8]

PY(0) = (27r)—d/0 e—r( g ﬂ{\/W<\/r_/t}d€) dr. (3.21)

Denote by BY(z,7) a ball of radius r centered in 2 in the topology of the metric

¥ (&,m) = V¥ (In - €[2/2).
Notice that d¥(£,m) = 0 if and only if & = 5, since ¥ is concave and a C>-
function. Then the integral [p, ]l{\/m<\/r—#} d¢ is the volume of BY (0, +/r/t)

in this metric. If d¥ satisfies the condition
/ ]l]B‘I’(ac,2r)dy < C/ ]l]B‘I’(m,r)dya T € Rd, r>0
R R

with a constant ¢ > 0 independent of  and r, then d¥ is said to have the volume
doubling property. When d¥ has this property, then furthermore it follows that

<PY0) < :

with some constants ¢; and ¢o. A necessary and sufficient condition for ¥ € By to
give rise to a volume doubling d¥ is

lim inf ¥(Cu) >1 and liminf ¥(Cu)

—>1

for some C' > 1. In particular, this implies that ¥ increases at infinity as a
(possibly fractional) power. For details, we refer to [8].

Theorem 3.8. Suppose that ¥ € By is strictly monotone increasing. Then under
the assumptions of Theorem 3.7 we have

i< 2 [ [ (o (H) "

(3.23)
Furthermore, if d¥ has the volume doubling property, then

No(V) SQ%/{) CLSG( )/Rd (\111 (@))dmdx. (3.24)

Proof. Since under the assumption the function ¥ € By is invertible and its inverse
is increasing, the proof is straightforward using Ker ¥ = {0}, (3.21) and (3.22). O

In the case when ¥ € By has a scaling property, we can derive a more explicit
formula.
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Corollary 3.9. Suppose that ¥ € By is strictly monotone increasing and the
assumptions of Theorem 3.7 hold. In addition, assume that there exists v > 0
such that U(au) = a?V(u) for all a,u > 0. Then

No(V) €A | (U7 (V@) da, (3.25)
]Rd
/00 G(s)s_l_%ds.
0

2FHET(L +1)

h A=
where dF(%)F(l)

Proof. The inverse function ¥~ has the scaling property ¥~ *(av) = a'/ 7T~ (v).
Thus the corollary follows. O

Instead of the scaling property suppose now that there exists A > 0 such that
WU (u) > Cu? with a constant C' > 0. This inequality holds for at least large enough
u if d¥ has the volume doubling property. Then we have a similar formula to that
in Corollary 3.9.

Corollary 3.10. Suppose that W € By is strictly monotone increasing and the
assumptions of Theorem 3.7 hold. If ¥(u) > Cu>, then

No(V)< A | |V(x)|¥Pdz, (3.26)
Rd

9% +1 4 o—1/x oo
where A = %/ G(s)sil*ﬁds.
dr(5)F() Jo

Proof. ¥(u) > Cu? gives U~ (u) < C~Y/*y!/*. Then the corollary follows. [

In some special cases of Bernstein functions ¥ we can derive more explicit forms
of the Lieb-Thirring inequality.

4. Specific Cases

4.1. Fractional Schriédinger operators (symmetric a-stable processes).
Let ¥(u) = (2u)*/? and HY = (—A)*/2. Throughout this section we suppose that
0 < a < 2. For suitable f, g define the quadratic form

Q(f9) = (A4, (=0)*1g) — (VI 1, [V['2g). (4.1)
Boundedness from below of the cases & = 1 and « = 2 is proven in [11].
Lemma 4.1. Let V € L¥Y*(R%) + L>(R%). Then V is form bounded with respect

to (—A)*/2 with a relative bound strictly smaller than 1. In particular, we have
that inf Q(f, f) > —o0.

feED((=A)>/%)
Proof. Let I, = (—A)~®/2 be the operator of the Riesz potential. Recall the

d
Sobolev inequality [|Inf|ly < C||f|l, for ¢ = df

and d > ap. From this we

obtain
1fllq < ClI(=A)*"2£], (4.2)
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with some constant C'. Hence it follows that

1 1

CAYe/A 2 s g2 2 vz 1/2 —1

I 73 > Sy = SaVIRE v vizh. @)
The estimate gives Q(f, f) > 0 when [[V][4/o < 1/C. Let V(z) = v(z) + w(x)
be such that v € LY*(R?) and w € L>(R?). Then there is a bounded function
A(z) such that h = v — X satisfies that ||| 4/ < 1/C. Thus V' = h + (w + X) and

w+ A € L%®(R?), and the lemma follows. O

Corollary 4.2. Let U(u) = (2u)*/? and let Assumption 3.1 hold. IfV € L¥/*(R?)
then there exists a constant Ly 4 independent of V' such that

No(V) < La,d/ [V(z)|¥*dz, 0<a<2. (4.4)
Rd
Proof. We have that
e C(a,d)
Tig) — t|¢ — 2\
Pt (0) (27T)d ‘/Rde d§ td/o‘ ) (45)

where C'(a,d) = %. Thus the corollary follows from Theorem 3.7 with
the constant prefactor

C(avd) /OO —1-d/
Log= s *G(s)ds. O
“FW o ®)

This proof was obtained by hand through direct heat kernel estimates, however,
the result also follows by either of Corollaries 3.9 or 3.10.

4.2. Relativistic Schrédinger operators (relativistic Cauchy processes).
Let U(u) = v2u +m2—m and HY = (~A+m?)"/2 —m. By using (4.3) we derive
that
1 1 _
[(=A+m) A fI3 = [[(=a) 4 f]5 = Gl %, > 5(|V|1/2f, VAV
(4.6)

Hence V € L¥?(R?) is relatively form bounded with respect to (—A+m?)/2 —m
with relative bound strictly smaller than 1.

Corollary 4.3. Let ¥(u) = vV2u +m?—m. Let Assumption 3.1 hold, and suppose
that V€ L4RY) if m =0, and V € LY?>(RY) N L4RY) if m # 0. Then there exist
Lft)i, Lfgl and Lgi)i independent of V' such that
No(V) <L) /Rd IV (2)|4d, m=0
(4.7)
No(v) <18 [ W@te+ T8 [ Vi@l Ran, m 2o

Proof. The proof for m = 0 can be reduced to Corollary 4.2 witaw = 1. Let m > 0.

We have
1 2 2
P\IJ 0) = —t(\/|&]2+m —m)d )
¢ (0) (2m)d /Rde ¢
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A computation (see Corollary 4.4 below) gives

C1(d) | Ca(d)

N
PY0) <~ + (4.8)
with some positive constants Ci(d), and C2(d). Hence we have
> ds
No( ) <Cl Ad dI/ 1+d (x)|d
/2
+Co(d /Rddx/ GV () )
for m # 0. Thus the corollary follows with
2d—1) 1 [ .
L) = / 1=4G(s)d
L G TR FO Sy S OO
2%4/2(q — 1)1 [
L = 7/ s7179G(s)ds
1,d F(l) 0 ( )
27134/ d/2D (4 /2) [ J
L) = / sT172G(s)ds.
1,d F(l) 0 ( )
O

4.3. Fractional relativistic Schrédinger operators (relativistic a-stable
processes). Let U(u) = (2u+m?/*)*/2 —m and HY = (=A +m?/*)*/2 —m
Using (4.3) we can also derive that

I=A+m ) G = 1(=8) 15 = Sl 122 = GUVIVE VI DIV o

(4.9)
Hence V € L% (R?) is relatively form bounded with respect to (—A +m?/*)*/2 —
m with relative bound strictly smaller than 1.

Corollary 4.4. Let U(u) = (2u + m?/*)*/? —m, o # 1,2. Let Assumption 3.1
hold, and suppose that V € LY*(R?) if m = 0, and V € LY¥*(R¥) N L¥2(R9) 4f
m # 0. Then there exist L&{)Cl, L(2)d and L((l )d, independent of V' such that

1 ey

<1l [ We)tea, m=0
(4.10)

No(v) <L, [ v@I¥ede+ L0, [ V@) ¥ras, m 2o

R R
Proof. For m = 0, we adopt the proof of Corollary 4.2. Let m > 0, then
O'(Sdfl) /Oo _ 2 2/aye/2 _
PY(0) = e H(rTHm™®) ) pd=1lqp, 4.11

t ( ) (27T)d 0 ( )

Using the inequality u®/? —1 < Z(u—1), 0 < u < 1, for a € (0,2), and the
substitution u = m?/®/(r? 4+ m?/®) it follows that

a/2 (a/2)—1
(r2 + mz/o‘) —m > C; 2 (r2 + m2/o‘) . (4.12)
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Assuming that » < m'/® ie., 72 +m?/* < 2m?/* it follows from (4.12) that

a/2 2
(T2 + m2/a) —m Z g’rilw (413)
2 (2m2/)

If r > m!*, ie., 2r2 > r?2 + m?/®, then it follows that
o a/2 o o
(TQ +m2 ) —mz i (4.14)
Therefore, using (4.13) and (4.14) in (4.11), write

oo

(20 2/ aya/2 _
/ e t((re4+m='%) m),r,d 1d’f‘
0

2
_ ar ‘
2/ iI—a/2 . __ar® 4,
§/ e 2(2m?/?) r=ldr + e 2-arztpd=1qy,
r<ml/« r>ml/a

. QTZ .
For the first lntegral set u = Wt to obtain
_ ar? t d/2 oo
2(2m2/0) 7020 gy K, o, (dj2)-1,. _ C2(a,d)
/rgml/a e r i dr < 21072 |, e "u du = a2 (4.15)

d/2 —a
where Cy(a,d) = K L@ and Ky = 2 (2m2/e)' %/

we obtain similarly

o d 0
e arzipd=lqy < 1 Ky e (/)1 qy = 703(0[7 9) (4.16)
r>ml/a ~ atde [, td/a 7

. For the second integral

K§T(d/a) g2-a/2\ 1/
(0% «

where Cs(a,d) = , and Ky = ( . Thus, using the results of
(3.20) and (4.11) together with (4.15) and (4.16), we find the positive constants

d o0
Lf,)d Cy(a, d) / sil*d/QG(s)ds,
0

F(1)
Cs(a,d) [ _{_
L(3) _ 3\ / 1 d/aG d
S TR A
such that (4.10) holds for m # 0. Thus the corollary follows. O

4.4. Sums of different stable generators. Let W(u) = (2u)*/? 4+ (2u)?/2,
0<a,f <2 a#p,and HY = (=A)*2 + (=A)?/2 + V, acting in L*(R?).
Relative boundedness of V' follows similarly as in Lemma 4.1, whenever V €
LY *(R%) N LB (R%). This is an example in which Corollary 3.9 does not apply,
however, we have the following result.

Corollary 4.5. Suppose that Assumption 3.1 holds and V € LY *R4)NLYP(R?).
Then

NO(V)gLa/ |V(:z:)|d/°‘dx+L5/ |V ()|¥#da, (4.17)
R4 R4

where

L, = / s~=4aq(s)ds, L :L/ s~1=BG(s)ds.
7D Jo s Lo =51y, )
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Proof. Tt is known [2] that
Pf’(o)gc(—% At*%), t>0 (4.18)
with some constant ¢ > 0. Then by (3.20) we obtain the claim. (]

4.5. Jump-diffusion operators. Let ¥(u) = u+bu®/? a € (0,2),and b € (0, 1].
Then we have HY = —A + b(—A)*/2 + V. By (4.3) we see that when V €
LY2(RYNLY*(R?), V is relatively form bounded with respect to —A +b(—A)*/2
with relative bound strictly smaller than 1.

Corollary 4.6. If Assumption 3.1 holds and V € LY?(R?) N LY/*(RY), then
No(V) < L/ |V (2)|*/2dx + La/ [V (2)|*dx, (4.19)
R4 R4

where

c & c i
L= / s~1742Q(s)ds, Lo = —/ s~ G (s)ds.
71 Jy (&) 1) Jy )

Proof. In this case it is known [1] that with some ¢ > 0

b —d/2 —d/a —d)2 —|o—y|?/ct —d/a bt
pi(x—y) < (t A (bt) ) A (t e TVt (bt) A Ty )

and in the same way as in the previous examples the result follows. ([
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