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1.

Abstract: L(h,K) -labeling problem is a well studied problem due to its wide applications, specially in frequency
assignment in (mobile) communication system, coding theory, X-ray crystallography, radar, astronomy, circuit design
etc. An extension of L(h, k) -labeling problem, i.e., L(h,h,,...,N ) -labeling problem is now becomes a well

studied problem due to its application. Motivated from this point of view, we consider L(hl, hz, ceey hm) -labeling
problem for interval graph, where interval graph is a very important subclass of intersection graph.

An L(h,h,,...,h ) -labeling of a graph G = (V, E) is defined as the function f :\V/ — Z", the set of non-
negative integers such that | f (X)— f(Y) B h,if d(x,y) =i.fori =1,2,...,m, where d(X, y) represents the
distance (minimum number of edges) between the vertices X and Y . The L(hl, hz, e hm) -labeling numbers of a

graph G, is denoted by Zhl’hZ"“’hm (G) is the difference between the highest and lowest label used in
L(h,h,,...,h,) -labeling.

m
In this paper, we have proved that /lhl'hz""'hm G)<(A- 1)Zi:1hi +h, forinterval graph G, where A is the degree

of the graph and also we design an algorithm to label an interval graph by L(h,h,,...,h ) -labeling. The time

complexity of the algorithm is also computed.

Keywords: L(hl, hz, ooy hm) -labeling, frequency assignment, interval graphs, network.
Mathematics subject classification: 05C85, 68R10.

INTRODUCTION

To find an efficient way, safe transmissions are needed in areas such as Wi-Fi, Cellular telephony, Security
systems and many more. It is unpleasant being on the phone and getting someone else on the same line. This
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inconvenience is given by interferences caused by unconstrained simultaneous transmissions. Two close enough
channels can interfere or resonate thereby damaging communications. The interference can be avoided by means
of a suitable channel assignment. The channel assignment problem (CAP) is a problem where the task is to
assign a channel (non-negative integer) to a given group of televisions or radio transmitters such that there is no
interference between channels and the span of assign channel is minimize. A channel assignment problem is
motivated from the distance labeling problem of graph where the vertices are the radio transmitters and adjacency
indicate possible interference.

Hale [12] introduced a graph theory model of channel assignment problem which is known as vertex
coloring problem of graph. The notion of L (h, k) -labeling was introduced by Griggs and Yeh [11] in the special

case where h = 2 and k =1 in connection with the problem of assigning frequencies in a multihop radio network.

The formal definition of the general graph labeling problem i.e., L(h,h,,...,h ) -labeling is given as follows.

Defination 1 L(h,h,,...,h ) -labeling: Forh >1 for i =1,2,...,m, an L(h,h,,...,h ) -labeling of a
graph G = (V, E) is an assignment f from the vertex set\/ to the set of non-negative integers{0,1,..., A} such
that | f(X)— f(y)2 h,if d(x,y) =i, for i =1,2,...,m, where d(X, y) represents the distance (minimum
number of edges) between the vertices X and Y . The minimum value of 4 for whichG has L(h,h,,...,h) -

labeling is denoted by /%,hz,...,hm (G).

The notion of L(h,h,,..., ) -labeling has attracted a lot of attention both for its motivation by channel

assignment problem, and also for its interesting graph theoretic properties. In the past, there are many papers that
study the problem of graph labeling for several classes of graphs [1, 2, 6, 7, 11, 12, 13, 18, 19]. If the reader is

interested in this field, please see the update surveys[4]. Different bounds for Z*h'hzwhm (G) were obtained for
various type of graphs. The upper bound of /'lpyl (G) of any graph G is A2 — (p—1)A—2 [4], where A is the
degree of the graph. In [9], Clipperton et al. showed that A3, ,(G) < A’ + A? +3A for any graph. Later Chai ez al.
[8] improved this upper bound and showed that 4;,,(G) < A’ + 2A for any graph. In [14], Lui and Shao studied
the L(3,2,1)-labeling of planer graph and showed that A;,,(G) < 15(A* — A +1) . Later Calamoneri studied
L(51,52,1) -labeling of eight grids [5]. Again, Clipperton [10] shown that 4, ,, (G) < A*+2A% + 6A for any
graph G. In [17], Paul et al. showed that 4,,(G) <A+W for interval graph and they also shown
that /'Lzyl(G) < A+3W for circular-arc graph, where W represents the size of the maximum clique, also in [16]
they have shown that the value of A can be computed for interval graph using polynomial time. In [3], Calamoneri
et al. have been studied a lot of result about L(h,k) -labeling of co-comparability graphs, interval graphs and
circular-arc graphs. They have shown that4,,(G)<max(h,2k)2A+K for co-comparability
graphs, 4, (G) < max(h,2k)A for interval graphs. Also they have proved 4, (G) < max(h,2k)A + hw for

circular-arc graphs. Also in [20], Amanathulla and Pal shown that 4,,(G) <A and 4;,(G) < 2A for circular-
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arc graphs and they also shown that A3,,(G) <9A -6 and 4,3,,(G) <16A —~12 for circular-arc graphs [21],

they also studied L(3,2,1)- and L(4,3,2,1) -labeling problems of interval graph [22]. In the present paper we
focus on a very important subclass of intersection graph namely interval graph. Although, Bertossi et al. have
been studied approximate L(51,52,...,0t) -labeling of interval graphs [1], but our proposed algorithm is the
first upper bound in terms of A, which is essential to labeling of graph.

The remaining part of the paper is organized as follows. Some notations and definitions are presented in
Section 2. In Section 3, some lemmas related to our work and an algorithm to L(h,h,,...,h,) -label an

interval graph are presented. In Section 4, a conclusion is made.

2. PRELIMINARIESAND NOTATIONS

All graphs considered in this paper will be finite, connected, simple, having no self loop or multiple edges and
undirected. A graph G = (V, E) is said to be an intersection graph for a finite family F of a non-empty set if there
exists a one-to-one correspondence between F and V such that two sets in the family F have non-empty intersection
if and only if there corresponding vertices in V are adjacent to each other. The set F is called an intersection
model of the graph G. Depends on the nature of the set F' one gets different intersection graphs. If any one is
interested about intersection graph he can see the survey on intersection graph [15]. Interval graph is a very
important subclass of intersection graph.

Defination 2 (Interval Graph) An undirected graph G = (V, E) is an interval graph if the vertex set\/
can be put into one to one correspondence with a set of intervals | on the real line R such that two vertices are
adjacent in G iff their corresponding intervals have non empty intersection.

Let | ={1,1,,...,1.},where |, =[a;,b;], j =1,2,...n be a set of intervals on a real line, a, and b, are
respectively the left and right end points of the interval /. We draw a vertex v, for the interval I, j=12,...,n.
Two vertices v, and v, are connected by an edge if and only if there corresponding intervals have non-empty

intersection. Thus, an undirected graph G = (V, E) is said to be an interval graph if the vertex set V can be put
into one-to-one correspondence with a set I of intervals on the real line such that two vertices are adjacent in G
if and only if there corresponding intervals have non empty intersection, i.e. there is a bijection f :V — | . The

set I is called an interval representation of G and G is referred to as the interval graph of 1. Also, it is observed
that an interval I of I and a vertex v, of V are one and same thing. An interval graph and its corresponding interval
representation are shown in Figure 1.

L I5 _ s
I; [0 Iu
1, I, I.
Usy Uy (o
‘U_l U3 Us Ug l"b‘ Ug

Figure 1: An interval representation and its corresponding interval graph
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Notations: For any interval graph G and its interval representation I, we define the following objects:

1. L(l,):thesetofused L(h,h,,...,h ) -labels before labeling the interval |, , forany I, €1 .

2. L'( )« the set of used labels at distancei (i =1,2,...,m) from the interval |, , before labeling the

interval |, , forany I, €l .

3. LY(i,1,): the setof all valid labels to label the interval |, before labeling I, , satisfying the condition

of distance 1,2,...,k, fork =1,2,...,m of L(h,h,,...,h,) -labeling, forany |, €1 .
4. f,:thelabel of the interval |, forany I €l .

5. L:the label set, i.e. the set of labels used after completion of L(h,h,,...,h,) -labeling of the interval
graph G.

3. L(h,h, ... h)-LABELING OF INTERVAL GRAPHS

In this section, we present some lemmas related to our work and upper bound of L(h;,h,,...,h ) -labeling of

interval graph. Also, we designed an algorithm to L(h,,h,,...,h ) -labeling of interval graph. The time complexity

of the algorithm is also calculated.
—Ik 42 I kay I ka2

- -k ]k-ll IAI‘ [.g 10 1 k _
Ly Tk, L Ly

Figure 2: An interval graph

Lemma 1: For any interval graph G, | L' (I JIEA-Li=23,...,m for any interval |, €| of G.

Proof. Let G be an interval graph with n vertices. we label the graph starting from the leftmost interval.

Let the vertex V, be corresponds to the interval |, of the interval graph G. We consider a stage in which the

intervals |, I,,...,1,_; (for k =2.3,...,n) are already labeled by L(h;,h,,...,h ) -labeling and the remanning

intervals are not label. In this stage we consider the following cases:
Case1l:i =2

Let |L*(1,)|= p. This means that the number of distinct L(h,,h,,...,h, ) -labels are used to label the

intervals at distance two from the interval /,, before labeling the interval I, is p.

Since, A is the degree of the interval graph G, so there exists an interval /_(in Figure 2 ) which are adjacent

to at most A intervals of G . InFigure 3,1  isadjacent to Iy, B | Koy * | k,, - Among the intervals, some intervals
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( | B | Kyy ? | k,, in Figure 2) are of distance two from |, and among these intervals at least one interval (|, in
Figure 2) is not distance two from |, . Therefore, p<A—1,i.e. |L*(1,)KA-1.

Case2:i=3

Let | L*(1,) |= q. This implies that g distinct labels are used to label the intervals at distance three from the
interval |, , before labeling the interval |, by L(h,,h,,...,h ) -labeling. Since, G is an interval graph, so among

the intervals at distance two from |, , there exists an interval | s (in Figure 2) which is adjacent to at most A

in Figure 2)

) |y) of G. Among these intervals some intervals ( |y, | ke ? | ke

intervals ( |a1|k21,|k22,|k31,|k32

are of distance three from the interval |, . Also among the intervals which are adjacent to | ; there exists at least
one interval (|, in Figure 2) which is not at distance three from |, . So, q <A —1. Hence, | L*(l,) K A-1.
Case3:i=4
Let |[L*(1,) |= r . This means thatr distinct labels are used to L(h;, h,,...,h,) -label the intervals at distance

four from the interval |, , before labeling the interval |, . Since, G is an interval graph with maximum degree A,

so among the intervals at distance three from 7, there exists an interval 1, (in Figure 2) which is adjacent to at

|k41’|"42’|k43) of the graph G. Among these intervals some intervals

most A intervals (|ﬁ7|k31’|k32’

Ik41’ I o' I ,; (in Figure 2) are of distance four from the interval |, . Also among the intervals which are

adjacent to |7 , there exists at least one interval (IB in Figure 2) which is not at distance three from |, . Hence,
r <A—1.Hence, |[L*(I,)KA-1.

Case4:i =56,...,m

Proceeding with similar manner we can prove that|L'(l,)KA-1 for i=56,...,m.
Hence | Li(lk) KA-1fori=23,...,m.

Lemma 2 For any interval graph G, L'(1,) c L(1,), for any interval 1, €1, i=12,...,m.

Proof. According to the definition, L(I,) is the set of used L(h;,h,,...,h,) -labels before labeling the

interval |, . So any labell € L'(l,) implies | € L(I, ), for i =1,2,...,m. Hence L'(l,) c L(l,).

Theorem 1 For any interval graph G, ﬂ“r&,hz,...,hm (G)<(A —1)Zinllhi + hl, where A is the degree of the
graph G.
Proof. Let G be an interval graph withn vertices and let | ={I,,1,,...,1.}, wherel, is the interval

corresponding to the vertex V|, of the graph G. We shall label the intervals by L(h,h,,...,h) -labeling in

ascending order of the subscripts of the intervals.
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Let L(Ik)={0,1,...,(A—1)zin;1h +h}, where |, €1 .

Then | L(I,) F (A —1)zirzlh +h +1.Ifwecan L(h,h,,...,h ) -label all the vertices of the graph G by

using only the label of the set L(I,), then we can say that ﬂrh'hz""'hm G)=<(A —1)Zinllhi +h, . At the time of
labeling we consider a circumstances in which the intervals 1, 1,,...,l, ;,fork =2,3...,n are already labeled
by L(h,h,,...,h ) -labelingand I, 1,.,,..., |, arenot labeled. In this case, we want to label the interval |, by
L(h,h,,...,h,) -labeling. We know that|L'(l,) [<A and |L(I,)|<A-1 fori =2,3,...,m (By Lemma 7).
So, in the extreme unfavorable case [(A — 1)22 1hi +h +1]-hA- zzzh (A—1) =1 label is available, which

satisfies L(h;,h,,...,h,) -labeling condition. Since |, is arbitrary so we can label any vertex corresponding to

the interval of the interval graph G by L(h,h,,...,h ) -labeling by using only the label of the set L(I,).
m
Hence, Ay n, 1 G)<(A _1)Zi:1hi +h,.

3.1. Algorithm for L(h , h,, ..., h_)-labeling

In this section, we design an algorithm to compute the set LY (k, 1) for j=23,...,nandk=12,...,m and
also we design an algorithm to L(h,h,,..., ) -label an interval graph. We consider a situation in which some
intervals (the intervals |, ’s with index k < j ) are labeled by L(h,h,,...,h.) -labeling and some intervals (the
intervals |, ’s with index k > j ) are not labeled.

Algorithm V|G

Input: |, j=23,...,n.

Output: L" (k,1,) for k=1,2,...,m, j=23,...,n.

Step 1: Compute Li(l j) and L(|j) fori=1,2,...,m
forj =0 to r, where I =max{L(l;)}+h
fork =1 to |Ll(|j)|

if [i =1, > hy, thenito L' (1, 1) //where |, € (1) 7/

end for;
end for;

Step 2: fork =1 tom-1
forp=1to |L'(k,I)]
forg=1to a( D

International Journal of Control Theory and Applications
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if [I, =S, > N, thenlp to L' (k + L 1)

/iwhere |, € L' (K, 1) sand s, € L“*(1,)//

end for;
end for;
end for;

end VLIG.

Lemma 3: The set L"(k,1.) is correctly computed by Algorithm VLIG, for j=23,...,n
andk =1,2,...,m and the time complexity for this algorithm is O(mA?) .

Proof. According to this algorithm for each |, € L*(1,.), every elementi € L (1,1 ) is differ from | o by
at least h,. So,|i =, P h for alli e LY (1,1,) and for all l, € L'(1,) . So the algorithm correctly computes
L' (1,1.).

Again, from the above algorithm we see thatl, e L"(k+1,1,) fork=1,2,...,m-1 implies
that[l, =1, 2, forall |, € L(I ;) - Hence the algorithm correctly computes L' (k1) for k=1,2,...m.

Since| L | be the cardinality of the label set | , so,|L'(l DIEIL] fori=1,2,...,mand|i c| and also
r< (A—l)zirzlh +2h, where r=maxq{L(l;,)}+h. So LY(1,1.) is computed by using at
most| L | ((A—l)zirzlh +2h,) times, i.e. using O(A|L|) times. Also, | LY (k1) K (A—l)zirzlh +h +1, for
k=1,2,....m. So for eachk=12,...mL"(k+1,1) can be computed using at
most| L | ((A —1)Z:ir:lhi +h, +1) times, i.e. usingO(A | L |) times. Since k runs for1 to m—1, so the total time
required for this algorithm is O(mA | L |) i.e. O(mA?®), since | L [< (A —1)z:zlh +h +1.

Lemma 4: For any | i € | of an interval graph G, L (k,1.) is the maximal non empty set satisfying the
condition of distance1,2,...,k fork =1,2,...,mof L(h,h,,...,h ) -labeling, where| <y foralll € LY (k,1.)
and U= max{ L(l J-)}+hl, foranyl; €l and k=1,2,...,m.

Proof. Since, L' (I ) L(I)) fori =1,2,...,m (by Lemma 2) and U=max{L(l )} +h,, solu-I;Eh
for any |q c Li(l j),i =1,2,...,m. Therefore, U € L (k,1,) for k=1,2,...,m. Hence, LV (k, 1) is non empty
set of labels forany k=1,2,...,m.

Again, let p be an arbitrary set of labels which satisfies the condition of distance 1,2, ...,k fork =1,2,...,m

of L(h,h,,...,h) -labeling, where| <y forall | € P. Also, let pe P. Then| p—I, B h foralll, e L' (I )

_ International Journal of Control Theory and Applications I
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and for i =1,2,...,m. Thus, for each k=1.2,....m, peL'(k,1.). So, pe P implies pe LY (k, 1), for

k=1,2,...,m.So, Pc L (k,l.),for k=1,2,...,m. Since p isarbitrary, so forany k =1,2,...,m,L" (k, 1)
is the maximal non-empty set of labels satisfying the condition of distancel,2,...,k fork =1,2,...,m of

L(h,h,,...,h ) -labeling, where| <y and for all | € L (k,1;).

Algorithm LIG
Input: |; and LY (k, | ;) forj=12,...,nandk =1,2,...,m

Output: f;, the L(h,h,,...,h,)-labelof |, j=1,2,...,n.

Step 1: (Initialization)

f,=0;
L(1;) ={0}:

Step 2: for | =2 to n—-1
f,=min{L"(m1))}:
L(I j+1) =L(l J)U{ fj} >
end for;

Step3: f =min{L"(m,1)};

Step4: L=L(I,) K f.}:
2= maxL.
end LIG.

Theorem 2: An interval graph G is correctly labeled by Algorithm | |G satisfying L(h,h,,...,h ) -
labeling condition.

Proof. Let G be an interval graph with n vertices. Let | ={I,,1,,...,1 } andalsolet f, =0, L(l,) ={0}.
IfG is a graph with single vertex then the graph can be completely label by using the label 0 only. So,

Ay (G) =0,

If the graph has more than one vertex, then we can not label the graph completely by L(h,h,,...,h ) -

labeling, by using the label of the set L(1,) only, because in this case more than one label is required and L(1,)
contain only one label.

We consider a situation in which the intervals I, 1 ,,...,1;_; of the interval graph G are already labeled by
i
L(h,h,...,h,) -labeling for j=23,...,n. In this situation we want to label the intervall; by

L(h,h,,...,h ) -labeling. By Lemma 4, we know that LY (k, 1) is the maximal non-empty set satisfying the

I International Journal of Control Theory and Applications m
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condition of distancel,2, ...,k for k =1,2,...,mof L(h,h,,...,h ) -labeling, where | <y forall | LY (k,1.)
and U=max{L(l;)} +h foranyl; €l and k=1,2,...,m. Again,nolabel | <y and | ¢ LY (m, 1) satisfying
L(h,h,,...,h ) -labeling. So the labels on the set L (M, | ;) is the only valid label for | i » which is less than or
equal tou and satisfying L(h,h,,...,h,) -labeling. So, f; = p, where p=min{ LY (m, 1 )}. Then P is the
least label for |, since no label less than P satisfies L(h,h,,..., ) -labeling condition. Since, | ; is arbitrary

so by Algorithm |G, the graph G can be labeled using minimum number of labels satisfying L(h,h,,...,h.) -
labeling condition and /lhl,hz,,_,,hm (G) = max{ L(l n)LJ{ fil=41.

Theorem 3: The running time for Algorithm L|G is O(mnA®), where n is the number of vertices of the
graph and A is the degree of the graph and m is the number of conditions of the labeling.

Proof. According to our proposed algorithm it is clear that if L (m,1 i ) is computed then f j 1s computed.
Now AlgorithmV/_|G can take O(mA?) time to compute LY (m,I.) (by Lemma 3). Since we need to find

L'(m,1,) for j=2,3,...,n, so the time complexity of Algorithm |G is O((n—1)mA?) , i.e. O(MNA?).

12 15 33 11 93 7 I
12 30 I g Tu o 1145 Lis [,1)9 Li 4 I'“~18
0B 1s T 55 o T0 g hey Ty By 13™0 46 oo
Iig I Y I I, Is I [)0 T Tp I Iso
I I

Figure 3: The interval graph G, the number above the interval represents the label of the corresponding vertices

To illustrate the above algorithm we consider an interval graph with 30 vertices (see Figure 3) and label
this graph by Algorithm ||G. For this graph,

| ={1,,1,,...,15} and A =4. Also leth =7—i for i=1,23,4,5,6, i.e. we label the graph by
L(6,5,4,3,2,1) -labeling, by using our proposed algorithm.

f,, the label of the interval |, for j=1,2,...,30.
First we label the interval graph G.

f, =0, L(I,)={0}.

Iteration 1: For j =2

L'(1,) ={0}., L'(1,) =¢.for i =2,3,4,56.

_ International Journal of Control Theory and Applications I
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LY(1,1,) ={6}. L (k,1,) ={6}.for k=23,456.

Therefore, f, = min{L"(6,1,)} =6 and L(l;) = L(l,){ f,} ={0} {6} ={0,6}.
Iteration 2: For j = 3.

L'(1,) ={0,6}, L'(1,) = ¢, for i =2,3,45,6.

LY(1,1,) ={12}, L (k,1,) ={12}, for k =2,3,4,5,6.

Therefore, f, = min{L"(6,1,)} =12 and L(I,) = L(I,) U{ f,} ={0,6} U{12} ={0,6,12}
Iteration 3: For j = 4.

L'(1,)={6,12}, L?(1,)={0}, L'(1,)=¢.for i =3,4,56.

L"(1,1,)={0,18}, L' (2,1,) ={18}, L"(k,1,) ={18}, for k=3,4,5,6.

Therefore,
f, =min{L"(6,1,)} =18 and L(I5)=L(l,)V{f,} ={0,6,12} {18} ={0,6,12,18 .
Iteration 4: For j =5.

L'(1) ={18}, L2(1;) ={6,12}, L°(I.) ={O}, L'(l;) = ¢, for i =4,56.

LY(1,1.) ={0,1,...,12,24} , L"(2,1,) ={0,1,24}, L (k,l ) ={ 24}, for k =3,4,5,6.
Therefore,

f. =min{L"(6,1,)} = 24and L(I;) = L(I;)U{ f.} ={0,6,12,18} L{24} ={0,6,12,18,24} .
Iteration 5: For j = 6.

L'(1,) ={18,24}, L2(1,) ={6,12}, L°(1;) ={O}, L'(l,) = ¢, for i =4,56.

L(1,1,) ={0,1,...,12,30}, L"(2,1,) ={0,1,30}, L" (k, ) ={30}, for k =3,4,5,6.

Therefore,
f, =min{L"(6,1,)} =30 and

L(1,) = L(I){ f;} ={0,6,12,18,24} U{ 30} ={0,6,12,18,24,30} .

Iteration 6: For j =7.

L'(1,) ={30}, L?(1,) ={18,24}, L®(1,) ={6,12},L*(1,) ={0}, L'(1,) = ¢, for i =5,6.
L¥(1,1,)={0,1,...,24,36}, L"(2,1,)={0,1,...,13,36}, L"(3,1,) ={0,1,2,36},

LY (k,1,) ={36} , for k = 4,5,6.

Therefore,
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f,=min{L"(6,1,)} =36

and L(15)=L(l,)U{f,}={0,6,12,1824,30} {36} ={0,6,12,1824,30,36}.
Iteration 7: For j =8.

L(1,) ={30,36}, L2(l,) ={18,24}, L*(I,) ={6,12} , L*(1,) ={C}, L' (1,) = ¢,

for i =5,6.

L"(1,1,) ={0,1,...,24,42} , L"(2,1,) ={0,1,...,13,42} , L"(3,1,) ={0,1,2,42} »

LY (k, 1) ={42} , for k = 4,5,6.

Therefore,

fo =min{L"(6,1,)} = 42

and L(1,)=L(l3)U{f}={0,6,12,18,24,30,36} {42} ={0,6,12,18,24,30,36,42} .
Iteration 8: For j = 9.

L*(1,) ={42}, L2(1,) ={30,36} , L*(I,) ={18,24} , L*(l,) ={6,12}, L°(l,) ={0},
L°(lg) =¢.

L"(1,1,) ={0,1,...,36,48}, L"(2,1,) ={0,1,...,25,48}, L"(3,1,) ={0,1,...,14,48}
LY (4,1,) ={0,1,2,3,9,48}, L' (5,1,) ={2,3,9,48}, L' (6,1,) ={2,3,9,48}.

Therefore, f, = min{L" (6,1,)} = 2

and L(1,) = L(l,)U{ f,} ={0,6,12,18,24,30,36,42} {2} ={0,2,6,12,18,24,30,36,42} .
Iteration 9: For j =10.

L*(1,,) ={2,42}, L*(1,,) ={30,36}, L°(l,,) ={18,24},L*(1,,) ={6,12} , L°(I,,) ={0},
L'(1g) = ¢

LY(1,1,)={89,...,36,48}, L"(2,1,,) ={8,9,...,25,48}, L"(3,1,,) ={8,9,...,14,48}

LY (4,1,,) ={9,48}, L' (5,1,,) ={9,48}, L"(6,1,,) ={9,48} .

Therefore,

f, =min{L"(6,1,)} =9

And

L(l,,) = L(1,){ f,} ={0,2,6,12,18,24,30,36,42} {9} ={0,2,6,9,12,18,24,30,36,42} .
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Iteration 10: For j =11.
L'(1,) ={2,9}. L2(1,) ={42}. L®(1,,) ={30,36}. L*(I,,) ={18,24}, L°(l,,) ={6,12}.
L°(1,) ={0} .

L(1,1,)={15,16,...,48}, L"(2,1,,) ={15,16,...,37,47,48},

L"(3,1,,)) ={15,16,...,26,47,48}, " (4,1,,) ={15,21,47,48} ,

L' (5,1,) ={15,21,47,48} , L' (6,1,,) ={15,21,47,48} .

Therefore,
fll =min{ LV (6, |11)} =15
and

L(1,) = L(1) U1 f,} ={0,2,6,9,12,18,24,30,36,42} U{ 15} ={0,2,6,9,12,15,18,24,30,36,42} .
Proceeding in this way we have, f, =21, f,=27, f, =33, f3=39, f =5,

f,=44, f,=11, f,=0, f,,=17, f,, =23, f, =29, f,,=35, f, =7,

f,.=13, f,, =40, f, =2, f,, =46, f,, =18, f,; =32. S04 = maxL = 46 for the

interval graph in figure 3.

Hence, L(6,5,4,3,2,1) -labeling number for the circular-arc graph in figure 3 is 46.

4. CONCLUSION

Although, L(h,K)-labeling problem has been widely studied in the past, there are only a few classes of graphs
for which the result about L(h,k)-labeling is available. So,the generalization of L(h,k)-labeling i.e.

L(h,h,,...,h ) -labeling and the upper bound of L(h;,h,,...,h ) -labeling is clearly welcome. In this paper,

we determine the upper bounds forﬂhl,hz,,‘,,hm for interval graph and have shown that

/1h1vh2v~~vhm G)<(a _1)Zinllhi +h, for interval graph. Although, Bertossi et al. have been studied approximate

L(8,,3,,...,0,) -labeling of interval graphs [1], but our proposed algorithm is the first upper bound in terms of

A - Also, an efficient algorithms is designed to L(h,h,,...,h ) -label for interval graphs.

Since the upper bound is not tight, so there is a chance for new upper bound for the problem.

REFERENCES
[1]  A.A.Bertossiand C. M. Pinotti, Approximate L(3,, 5,, ..., 8 )-coloring of trees and interval graphs, Networks, 49(3) (2007)
204-216.

[2] T.Calamoneri, Emanuele G, Fusco , Richard B. Tan, Paola Vocca, L(h, 1, 1)-labeling of outerplanar graphs, Math Meth
Operation Research, 69 (2009) 307-321.

I International Journal of Control Theory and Applications m



(51
(6]
[7]

(8]

[91

(10]
(11]
(12]

(13]

[14]
(15]
(16]

(17]

(18]

(19]
(20]

(21]

[22]

L 5 Dy B m) ~labeling problems on interval graphs

T. Calamoneri, S. Caminiti, R. Petreschi: On the L(h, k)-labeling of co-comparability graphs and circular-arc graphs,
Networks 53(1), (2009) 27-34.

T. Calamoneri : The L(h, k)-labeling problem: an updated survey and annotated bibliography.Comput, J. 54(8), (2014),
1344-1371.

T. Calamoneri, L(51, 82, 1)-labeling of eight grids, Information Processing Letters, 113 (10), (2013), 361-364.
G.J. Chang and C. Lu, Distance two labelling of graphs, European Journal of Combinatorics, 24 (2003) 53-58.

S. H. Chiang and J. H. Yan, On L(d,1)-labeling of cartesian product of a path, Discrete Applied Mathematics, 156(15)
(2008) 2867-2881.

M. L. Chia, D. Qua, H. Liao, C. Yang and R. K. Yea, L(3, 2, 1)-labeling of graphs, Taiwanese Journal of Mathematics,
(2014), 15 (6) (2011), 2439-2457.

J. Clipperton, J. Gehrtz. Z. Szaniszlo and D. Torkornoo, L(3, 2, 1)-labeling of simple graphs, VERUM, Valparaiso University,
(2006).

J. Clipperton, L(4, 3, 2, 1)-labeling of simple graphs, Applied Mathematics Science, (2011), 1 (2), 95-112.

J. Griggs and R. K. Yeh, Labeling graphs with a condition at distance two, SIAM J. Discrete Math., 5 (1992) 586-595.
W. K. Hael, Frequency Assignment: Theory and Applications, Proc. IEEE, 68 (1980) 1497-1514.

N. Khan, M. Pal and A. Pal, (2,1) -total labelling of cactus graphs, International Journal of Information and Computing
Science, 5(4) (2010) 243-260.

J. Liu and Z. Shao, The L(3, 2, 1)-labeling problem on graphs, Mathematics Applicate, 17(4), (2004), 596-602.

M. Pal, Intersection graphs: An introduction, Annals of Pure and Applied Mathematics, (4), (2013), 41-93.

S. Paul, M. Pal and A. Pal, An Efficient Algorithm to solve L(0, 1)-Labeling problem on Interval Graphs, Advanced
Modelling and Optimization, 3 (1) (2013).

S. Paul, M. Pal and A. Pal, L(2, 1)-labeling of interval graph, Journal of Applied Mathematics and Computing, 49(1) (2015)
419-432.

S. Paul, M. Pal and A. Pal, L(2, 1)-labeling of Circular-arc graph, Annals of Pure and Applied Mathematics, 5(2) (2014)
208-219.

D. Sakai, Labeling chordal graphs with a condition at distance two, SIAM J. Discrete Math., 7 (1994) 133-140.

Sk. Amanathulla and M. Pal, L(0, 1)- and L(1, 1)-labeling problems on circular-arc graphs, International Journal of Soft
Computing, 11(6) (2016) 343-350.

Sk. Amanathulla and M. Pal, L(3, 2, 1)- and L(4, 3, 2, 1)-labeling problems on circular-arc graphs, International Journal of
Control Theory and Applications, 9(34) (2016) 869-884.

Sk. Amanathulla and M. Pal, L(3, 2, 1)- and L(4, 3, 2, 1)-labeling problems on interval graphs, AKCE International Journal
of Graphs and Combinatorics, DOI: 10.1016/j.akce;j.2017.03.002.

_ International Journal of Control Theory and Applications I





