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APPROXIMATION OF COMMON FIXED 
POINT OF FINITE FAMILY OF NONSELF AND 

NONEXPANSIVE MAPPINGS IN HILBERT 
SPACE 
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Abstract 

Let 1 2 NT ,T ,...T : K H  be finite family of nonself, nonexpansive and inward 
mappings on a non empty,closed and strictly convex subset K of a real Hilbert 

space H with 
N

k
k 1

F F(T )�  is non empty. Let n n( ModN )T T , kh : K be 

defined by k kh ( x ) inf 0 : x ( 1 )T x K . Then for each 1x K ,

1 1 1max ,h ( x ) , 0 , we define the Krasnoselskii-Mann type 

algorithm by n 1 n n n n nx x ( 1 )T x , where n 1 n n 1 n 1max ,h ( x ) ,  

n 1,2,...  and we prove weak and strong convergence of the sequence nx

to a common fixed point of the family, 1 2 NT ,T ,....,T  .We also extend our 
main result to the class of quasi-nonexpansive, fixed point closed and inward 
mappings. 

Keywords and Phrases: Fixed points; nonexpansive; nonself mapping; 
uniformly convex Banach space; uniformly smooth Banach space. 

2000 Subject Classification: 47H09;47H10 ;47J25 

1. INTRODUCTION 

In various areas of mathematical problems, finding a solution of the mathematical 
model for the real problem is equivalent to finding a fixed point for a certain map 
or family of mappings. Finding a fixed point has been therefore, very important 
for role in several areas of Mathematics and other sciences. 
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Let K be a nonempty subset of a real normed linear space E and KKT �:
be a map. Then a point Kx� is said to be a fixed point ofT if 

 xTx � . (1.1) 

For example, we consider the differential equation or systems of differential 
equations, 

 0)( �� tAu
dt

du
 (1.2) 

which describes an evolution system where A is called an accretive or monotone 
operator from a Hilbert space H in to itself if it satisfies 

 HHA �: Satisfies 0, ��� yxAyAx  for all Hyx �,  (1.3) 

At the equilibrium state 0�
dt

du
, so a solution of 0�Au  describes the 

equilibrium or stable state of the system. This is applicable in many areas, for 
example, in dynamical system, Economics, Physics, Optimization to mention a 
few, consequently, considerable research efforts have been devoted to methods of 
solving the equation 0�Au when A is accretive or monotone. Since generally 
A is nonlinear, there is no closed-form solution of this equation. The standard 

technique is to introduce an operator T defined by AIT �� where I is the 
identity map on H. Such a T is called a pseudo contraction (or is called pseudo-
contractive) where KKT �:  on a non empty subset of a real Hilbert space H, 
satisfies 

 
222

)()( yTIxTIyxTyTx �������  for all Kyx �, . (1.4). 

It is then clear that any zero of A is a fixed point of T and vice versa, as a 
result of this, the study of fixed point theory for pseudo contractive maps has 
attracted the interest of numerous researchers and has become an interesting area 
of research, especially within the last 40 years for numerous mathematicians. An 
important subclass of the class of pseudo contractive mappings is that of the class 
of nonexpansive mappings, where KKT �: is called nonexpansive if  

 yxTyTx ��� for arbitrary Kyx �, . (1.5) 

If we want to consider another class of pseudo contractive mappings, the so 
called strictly pseudo contractive mappings, where KKT �: is calledα-strictly 

pseudo contractive if and only if there exists � �1,0��  such that 
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)()( yTIxTIyxTyTx ������� � Kyx �, . (1.6) 

Thus, it can be shown that every non expansive mapping is an α-strictly 
pseudo contractive mapping, and every α-strictly pseudo contractive mapping is a 
pseudo contractive mapping, and hence a class of pseudo contractive mappings is 
a more general class of mappings. 

A number of research efforts have been made for finding fixed point of such 
a mapping (see, for example [3, 13,16-17,19-20,23-24 &27] and their references). 

Family of nonself and nonexpansive mappings arises when the mappings are 
defined on K  which is a proper subset of H; that is, family of mappings appear 
from a proper subset K of H in to H. Thus, it is the purpose of this paper to find 
approximation method fora common fixed point (if it exists) for family of non self 
and nonexpansive mappings in a real Hilbert space with the assumption that the 
mappings to be inward; 

Definition 1.1: A mapping :T K H is said to be inward (or to satisfy the inward 

condition) if for any x K , ( ) ( ) : 1&Tx IK x x c u x c u K and T is said 

to satisfy weakly inward condition if ( ) (the closure of ( ))Tx IK x IK x . 

Definition 1.2: A uniformly convex space is a normed space E for which, for every

0 2  there is a 0 such that for all , : 1x y S x E x , if  

 ( )x y x y ,then 1
2

x y
. (1.7) 

Let E be a normed space with dimension, 2dim �E .The modulus of 

convexity of E is a function : 0, 2 0,1E  defined by 

( ) inf 1 , 1& , 0 2
2E

x y
t x y x y t for all t t  (1.8) 

Hilbert spaces, the Lebesgue pL , the sequence pl and the Sobolev m
pW

spaces, for (1, )p are examples of uniformly convex Banach spaces. 

A Banach Space E is said to be uniformly convex if ( ) 0E t for all 0 2t . 

Definition 1.3: A uniformly smooth space E is a normed space in which for every
0 there is 0 such that for all 
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 , , 1,x y E x y , 2x y x y y . (1.9) 

Let E be a normed space with 2dim �E . The modulus smoothness of E is a 

function � � � ���� ,0,0:E� defined by, 

 
�
�
�

�
�
�

���
���

� tyx
yxyx

SuptE ,1,1
2

)(� for 0�t  (1.10) 

and E is uniformly smooth if and only if 
0

( )
lim 0x

t

t

t
. (1.11) 

Let 1, �qp  be real numbers. Then E is said to be p-uniformly convex 

(respectively q-uniformly smooth) if there is a constant 0�c  such that 

 p
E ctt �)(� (respectively q

E ctt �)(� ). (1.12) 

Hilbert spaces, the Lebesgue Lp, the sequence lp and the Sobolev Wp
m spaces, 

for p � (1, �) are examples of uniformly smooth Banach spaces. (see, for example 
in[3]) 

Definition 1.4: A subset K of E is said to be strictly convex if for any

10,,, ����� tyxKyx , )int()1( Kyttx ��� , that is, no line segment 

joining any two points of K totally lies on the boundary of K. 

Definition 1.5: Let E be a real Banach space. Then 

(a) a subset K of E is said to be a retract of E if there exists a continuous map 
KEP �: such that xxP �)( for all Kx� . 

(b) a map KEP �:  is said to be a retraction if PP �2 , It follows that if a map 
P is a retraction, then yyP �)(  for all y in the range of P. 

(c) a map KEP �:  is said to be sunny if PxPxxtPxP ��� ))((  for all 

Ex� and 0�t . 

(d) a subset K of E is said to be a sunny nonexpansive retract of E if there exists 
a sunny nonexpansive retraction of E onto K and it is said to be a 
nonexpansive retract of E if there exists a nonexpansive retraction of E onto 
K. 

For example in a Hilbert space H, the metric projection KP is a sunny 
nonexpansive retraction from H to any closed convex subset K of H (see, for 
example, in [3,8]) 
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We denote the set of all fixed points of the mapping T by F(T) and the set of 

all common fixed points of the family � �NTTT ,..., 21  by � ��
N

i
iTFF

1�

�  . 

A number of research efforts have been made to find iterative methods for 
approximating a fixed point or common fixed point (when it exists) for 
nonexpansive and pseudo contractive mapping or a family of nonexpansive and 
Pseudo contractive mappings respectively. 

First, Bauschke in [2] introduced Halpern typeiterative method (see, e.g., 
[13]) for approximating a common fixed point for a finite family of nonexpansive 
and self mappings and he proved the following theorem; 

Theorem 1.1: BSK Let K be a nonempty, closed and convex subset of a Hilbert 
space H, NiTi ,...3,2,1, � be a finite family of nonexpansive mappings of K  into 

itself with � � ��
�
�
N

i
iTFF

1

∅ and 1 2 1 1( .... ) ( .... )N N NF F TT T F T T T  

1 2 1( ,.... )N N NF T T T T  where )(TF  is the set of all fixed points of T . Let

Kxu �0,  be given. Let � �nx  be generated by nnnnn xTux 1111 )1( ���� ��� �� ,

0�n . Let )(mod NTT nn � , � �1,0�n� satisfies ����
�

�
1n

nrn �� .Then � �nx  

converges strongly to uPF , where FHP �:  is the metric projection. 

Similarly, various researchers have studied iterative methods in more general 
Banach spaces, and they proved convergence of the iterative method using 
restrictions on the sequence � �n�  (see, for example, Colao et al in[10], Yao in 

[26], Takahashi and Takahashiin[25], Plubtieng and Punpaeng in [22], Ceng et al 
in[6] and their references). 

Many author shave also studied iterative methods for a family of � -strictly 
pseudo contractive mappings (see, e.g., [11, 21, 28-31, & 33-34] and their 
references). 

All the above results are for self mappings only. However the mapping in 
many practical cases can be nonself; 

For example, let )( 2
2 �� lH and

�
�
�

�
�
� ��

�
� 1,

2

1
),,( yxyxK , thus K is 

nonempty, closed and convex subset of H. Let HKT �:  be defined by 
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),(),( yxyxT ��  is nonself and nonexpansive mapping. Indeed, for

KyxXyxX ��� )','('),,( , we have 

 ')'()'()','(),(' 22 XXyyxxyxyxTXTX ���������  . 

Thus, T is nonexpansive and nonself mapping. 

We also see that T is inward mapping, since 

 Kyx �� ),( , ( , ) ( , ) ( , ) 4 , ( , )
2

x
T x y x y x y y x y  holds. 

As a result, in 2005, Chidume et al in [7] constructed an iterative method for 
common fixed point of family of nonself and nonexpansive mappings in reflexive 
Banach space with the assumption that, every nonempty, closed, bounded and 
convex subset of K has the fixed point property for nonexpansive mappings. They 
proved strong convergence of the following theorem. 

Theorem 1.5: CZS ([7]Let K be a nonempty, closed and convex subset of a 
reflexive real Banach space E, which has a uniformly Gateaux differentiable norm. 
Assume that K is a sunny nonexpansive retract of E with Q as the sunny 
nonexpansive retraction. Assume that every nonempty closed, bounded and 
convex subset of K has the fixed point property for nonexpansive mappings. Let 

EKTTT N �:,..., 21  be a finite family of nonexpansive and weakly inward 

mappings with �
N

k
kTFF

1

)(
�

� is nonempty, )(mod NTT nn � , 1 2( .... )NF F T T T  

1 1 1 2 1( .... ) ( , .... )N N N N NF T T T F T T T T .Given points Kxu �0, , let � �nx be the 

sequence generated by the algorithm, 0,)1( 1111 ���� ���� nxQTux nnnnn �� ,

� �na is a real sequence which satisfies the following conditions: 

(i) 0lim �
�� nn

a ; (ii) ����

�0n n�  and either (iii) ����
�

�
1n

nNn ��  or 

(iii) 0lim �
�

�

�

��
Nn

nNn

n a

aa
. Then � �nx converges strongly to a common fixed point of 

the family� �NTTT ,..., 21 . Further, if nn
xPu

��
� lim for each Ku� , then P is a sunny 

nonexpansive retraction of K onto F. 

Recently, in 2007, Hukmi et al[14] and in 2008,Kiziltunc and Yildirim [18] 
also constructed iterative methods by using metric projection, and they proved 
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convergence with the assumption of opial’s condition. However, the computation 
for the metric projection for sunny nonexpansive retractio n is expensive, even in 
Hilbert spaces, it requires another approximation. Thus, it is our purpose in this 
paper to introduce an iterative method without the computation for metric 
projection. 

More recently, In 2015, Colao and Marino in [9] introduced Krasnoselskii-
Mann iterative method for approximating a fixed point of nonself, nonexpansive 
and inward mapping, and they proved the following weak and strong convergence 
theorem; 

Theorem 1.6: CM [9]) Let K be a convex, closed and nonempty subset of a Hilbert 

space H and HKT �: be a non-self mapping and let for any given Kx� ,

� �KTxxxh ����� )1(:0inf)( ��� .Then the algorithm defined by 

 

� �� ��
�
�

�

��
�

�

�

�
���

�
�
�

�
�
��

�

��

�

11

1

00

0

,max

)1(

,)(,
2

1
max

nnn

nnnnn

xh

Txxx

xh

Kx

��
��

�
 

is well-defined and assume that; K is strictly convex set, T is nonexpansive, nonself 
and Inward mapping with F(T) is non empty, then � �nx converges weakly to 

)(TFFp �� . Moreover, if ����
�

)1(
1n

n� , then the convergence is strong. 

Meanwhile, they proposed the possibility to have an approximation for a 
common fixed point of a countable family of nonself and nonexpansive mappings. 

Motivated by the result of Colao and Marino and their open question for the 
convergence of approximation for a common fixed point of family of nonself 
mappings, our concern is that; can we construct iterative method for approximating 
a common fixed point of a finite family of nonself, nonexpansive and inward 
mappings in a real Hilbert space? 

Thus, our purpose in this paper is to define an algorithm which approximates 
a common fixed point of a finite family of nonself, nonexpansive and inward 
mappings and prove the weak and strong convergence results of the algorithm in 
Hilbert spaces which is a positive answer for our concern. 
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2. PRELIMINARY 

In this paper, we made the following assumptions which will be used in our main 
result: 

Definition 2.1: (See, for example, BAUSCHKE [1]) Let K be a non empty subset 
of a Hilbert space. Then, a sequence � �nx  in K is said to be Fejer monotone with 

respect to a subset F of K if nxxxxFx nn ������ � ,, 1 . 

Lemma 2.1: (see, for example, (Zegeye and Shahzad [32, lemma 1.1) Let H 

be a Hilbert space. Then, for all � �1,0�� , 2 2
(1 )x y x  

2 2
(1 ) (1 )y x y , for all Hyx �, . 

Definition 2.2: A Banach space E is said to satisfy opial’s condition. If *E  is the 

weak limit of a weakly convergent sequence� �nx , then *lim sup n
n

x x

lim sup n
n

x x  for all *xx � . 

Remark: Every Hilbert space satisfies opial’s condition. 

Definition 2.2: Let K be a closed subset of a Banach space E. Then a mapping 

EKT �: is said to be demi closed at v  if nx  is a sequence in K, which 

converges weakly to Ku� and if nTx  converges strongly to Ev� , then

vTu � . 

T is said to satisfy demi-Closedness principle (be demi closed) if I-T is demi 
closed at 0. 

Theorem 2.1: (See, for example, Browder[4]) Thedemi Closedness principle for 
nonexpansive mappings holds in a Banach space which is either uniformly convex 
or satisfy Opial’s condition. 

Lemma 2.2: (See, for example, Browder [5]). Let E be a uniformly convex Banach 

space, K a nonempty, closed and convex subset of E and EKT �:  a 
nonexpansive mapping. Then I − T is demi closed at zero. 

Lemma 2.3: (See, for example, Browder [4], Ferreira-Oliveira [12]). Let E be a 

complete metric space and K  is a nonempty subset of E. If nx in E is Fejer 
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monotone with respect to K , then nx is bounded. Furthermore, if a cluster point 

x of nx belongs to K then nx converges strongly to x . 

In particular, in Hilbert space, given the set of all weakly cluster points of 

nx ( ) : , weakely
kw n nx x x x , then nx converges weakly to a point 

Kx� if and only if .)( Kxnw ��  

Lemma 2.4: (see, for example, Reich [23 ] ) Let E be a uniformly convex 
Banach space, � � � �nn yx ,  in E be two sequences, if there exists a constant 0�r

such that rxn
n

�
��
suplim , ryn

n

�
��
suplim  and ryx nnnn

n

���
��

)1(lim �� , 

where� � )1,0(]1,[ ��� ���n  for some )1,0(�� , then 0�� nn yx . 

Definition 2.3: Let F, K be two closed and convex nonempty sets in a Hilbert space 
H and KF � . For any sequence� � Kxn � , if � �nx converges strongly to an 

element \ , nx K F x x , implies that � �nx is not Fejer-monotone with respect to 

the set KF � , we called that, the pair (F, K) satisfies S-condition. 

3. THE MAIN RESULT 

Let HCTTT N �:,..., 21 be family of nonself and nonexpansive mappings on a 

non-empty, closed and convex subset C of a Hilbert space H. It is the purpose of 
this paper to introduce an iterative method for common fixed point of the family 
(if it exists) and to prove the convergence of the iterative method. 

In lowering the requirement of metric projection calculation, we impose the 
condition that mappings in the family to be inward, and in line with the proof of 
lemma 2.1 in [9] we prove the following lemma which will be used to prove our 
main result: 

Lemma 3.1: Let HCTTT N �:,..., 21  be non self, non-expansive and inward 

mappings. If each � �Nk ,...,2,1�  we define ��Chk :  by ( ) infkh x  

[0,1]: (1 ) kx T x C . Then 

(a) for any , ( ) 0,1kx C h x  and ( ) 0kh x  if and only if ( )kT x C ; 

(b) for any x C  and ( ),1k kh x , (1 ) ( )k k kx T x C ; 

(c) If kT  is inward mapping, then ( ) 1kh x for any x C ; 

(d) If kT x C , then ( ) (1 ( ))k k kh x x h x T x C  



186 
 

Mollalgn Haile Takele and B. Krishna Reddy 

Proof: (a) clearly 0)( �xhk , since 0��  and,if 1�� ,we have Cx�  is trivial. 

 Thus � � � �1,0)1(:0inf)( ������ CxTxxh kk ���  and if 0)( �xhk for

0�� , then CxTk �)( . 

 Suppose CxTk �)( , then for 0�� CxTx k ��� )01(0 hence, 0)( �xhk . 

 Therefore 0)( �xhk  if and only if CxTk �)( . 

(b) Let Cx� , � �1),(xhkk �� . 

 Then � � 1)1(:0inf)( ������� kkk CxTxxh ���� . 

 Thus, CxTx kkk ��� )()1( �� . 

(c) Suppose kT  is inward mapping. Then for all Cx�  we have

� �CucxucxxICxTk ������ &1:)()(  which is equivalent to the 

following Cux
cc

xT
xucxxT k

k ���
�
�

�
�
� ������

1
1

)(
)()( . 

 Thus by definition of in fimum, 1
1

1)( ���
c

xhk which gives 1)( �xhk . 

(d) Suppose CxTk � . Then 0)( �xhk . Let ))(,0( xhkkn
��  be a sequence of 

real numbers such that )(xhkkn
�� . Then CxTx knknk ��� )()1( �� , since 

)(xhkkn
��  and hence, 

[ (1 ) ] [ ( ) (1 ( )) ] ( ) ( ) 0
n n nk k k k k k k k kx T x h x x h x T x h x x T x  

Thus the limit point of the sequence which is in the complement of C must be 
on the boundary of C. Thus if CxTk � , then CxTxhxxh kkk ���� ))(1()( . 

Using the lemma, we will prove the main theorem; 

Theorem 3.2: Let HCTTT N �:,..., 21 be a family of nonself, nonexpansive and 

inward mappings on a non empty, closed and strictly convex subset C of a Hilbert 

space H with �
N

k
kTFF

1

)(
�

�  is non empty. Let )( NModkk TT � ,
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� �CxTxxh kk ����� )1(:0inf)( ��� . )1,0(��  be fixed. Then the sequence 

� �nx  defined by; 

� �

� �� ��
�
�

�
�
�

�

�
���

�
�

���

�

111

1

111

1

,max

)1(

)(,max

nnnn

nnnnnn

xh

xTxx

xh

Cx

��
��

��
 

is well-defined and if � � )1,0(]1,[ ��� ��� n  for some )1,0(�� , then� �nx

converges weakly to some element p of �
N

k
kTFF

1

)(
�

� . 

Proof: By the lemma 3.1� �nx  is well-defined and in C. 

Let Fp� .Then for � �nx  in C we have the following; 

 

1 (1 )

(1 )

(1 ) .

n n n n n n

n n n n n n

n n n n n

x p x T x p

x p T x T p

x p x p x p

 (3.1) 

Thus, � �nx  is fejer monotone with respect to F. 

Hence, � �pxn �  is decreasing and bounded below, and hence it converges. 

Furthermore, the following inequalities; 

   n n nx x p p x p p M  (3.2) 

 n n n n n n nT x T x p p T x p p x p p M  (3.3) 

hold for some 0�M . 

Thus � �nx  and � �nTx  are bounded, hence, since any Hilbert space is reflexive 

Banach space in which the bounded sequence � �nx  has a weakly convergent 

subsequence� �
jnx which converges weakly to some Cx�  as C is closed. 

On the other hand, suppose xxn �  weakly and for each Nl ,....2,1� ,

0�� nln xTx , then (by lemma 2.2 in [5]) since lT  is demi-closed; that is, in a 

uniformly convex Banach space, in particular, in Hilbert space any non self and 
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nonexpansive mapping on nonempty and convex set is demi-closed, xxTl � , 

hence )( lTFx� . 

By Lemma 2.1 [32] for � �1,0�� , 
2 2 2

(1 ) (1 )x y x y

(1 ) x y  for all Hyx �,  holds. (3.4) 

Thus from (3.1),(3.4) and non expansiveness of the mappings we get; 

2 2
1

2 2 2

2 2 2

2 2

(1 )

(1 ) (1 )

(1 ) (1 )

(1 ) .

n n n n n n

n n n n n n n n n n

n n n n n n n n n

n n n n n n

x p x T x p

x p T x p x T x

x p x p x T x

x p x T x

 

This expression with cancellation of terms in the right-hand side with and 

convergence of the sequence� �pxn � , we have the following; 

 �������� �

�

�

�

�
�� )()1( 1

11

2
pxpxxTx n

n
n

n
nnnnn ��  (3.5) 

Since, � � )1,0(]1,[ ��� ��� n we have  

 ����
�

�1

2

n
nnn xTx  (3.6) 

In fact,� � )1,0(]1,[ ��� ��� n , since 10 ��� n��  and � �n�  is 

nondecreasing there is 0��  such that ��� ��� 1n . 

Thus, 2
2 ( ) (1 ) 0.n n nW Consequently, we have

2

1

.n n n
n

x T x  

Thus, 0�� nnn xTx , ��n hence for very large n  we have the 

followings; 

 1 (1 ) (1 ) 0n n n n n n n n n n n nx x x T x x x T x  (3.7) 

Since 0�� nnn xTx  and by induction for, 0�� � inn xx  
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2 0

n n i n n n i n i n i n i n i n i n i n

n n i n i n i n i

x T x x x x T x T x T x

x x x T x
 (3.8) 

Thus, we have 0�� � ninn xTx  for Ni ��0 . (3.9) 

Suppose pxn �  weakly; that is, there is a subsequence 
knx  of nx  such 

that px
kn �  weakly and let )(mod Njnk �  for some Nj ��1 . Take any

� �Nl ,...2,1� , thus there exists Ni ��1  such that )(mod Nln ik �� , thus

���� kxTx
kk nln ,0 . 

Thus )( lTFp � .Since l  is arbitrary )(
1�

N

l lTFFp
�

�� . 

It remains to show pxn �  weakly; 

We claim that qp � , suppose not? 

Hilbert space satisfies Opial’s condition, thus if xxn �  weakly, then 

yxxx n
n

n
n

���
����
suplimsuplim  for all xyHy �� ,  (3.10) 

Suppose there is a subsequence 
knx  of � �nx  such that qx

jkn � , similarly

Fq�  

 

lim lim limsup

limsup

lim

k k

k

k

n n n
n k k

n
k

n
k

x p x p x p

x q

x p

 (3.11) 

is contradiction, thus qp � . Thus by Lemma 2.2 (Browder [4], Ferreira-Oliveira 

in [12]). 

Therefore,� �nx  converges weakly to )(
1�

N

l lTFFp
�

�� . 

Remark: We now give an example of two nonself, nonexpansive and inward 

mappings with the set of common fixed points is nonempty. Let ��
�

��
��� 1,

2

1
C  and 

��X  thus, XC �  . 
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Let ��CTT :, 21  be defined by 

 
��

�
�
�

����

��
�

0
2

1
,

10,

1
xx

xx
xT  

and  1
2

1
,2 ����� xxxT . 

Then we see that � �1,0)( 1 �TF , � �0)( 2 �TF  hence � �0)()( 21 �TFTF �  

which is nonempty. 

Now we see that 1T  and 2T  are nonself, non expansive mappings. 

Suppose ��
�

��
��� 1,

2

1
, yx , then yxyxyTxT ����� 11  and 

yxyTxT ��� 22 , thus 1T  and 2T  are nonexpansive mappings. Now we see 

the mappings are inward. 

Suppose ��
�

��
��� 1,

2

1
x ; if 0

2

1
��� x , then )(11 xxxxxT ������  for 

Cxuc ���� &1 and if ]1,0[�x , then CxuxxxxxT ������ ),(11 . 

Also, if ��
�

��
���

2

1
,

2

1
x , then CxucxxxxxT ���������� &1),(12  

and if ��
�

��
�� 1,

2

1
x , then C

x
ucx

x
xxxT ������

�
�

�
�
� ������

2
&1

3

4
,

23

4
2 . 

Thus 1T  and 2T  are nonself, nonexpansive mappings with non empty set of 

common fixed points. 

To make it practical, let )1,0(
2

1
1 ���

nn� then with 5.00 ��x  for example 

the algorithm converges strongly to a common fixed point 0 .We also note that

���� �� nn 2

1
)1( � . 

Moreover, the strong convergence of the algorithm can be shown in the 
following theorem; 
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Theorem 3.3: Let HCTTT N �:,..., 21  be family of, nonself, nonexpansive and 

inward mappings on a non empty, closed and strictly convex subset C of a real 

Hilbert space H with �
N

k
kTFF

1

)(
�

�  is non empty. )(ModNkk TT � , Cx �0  and if for 

each we define :kh C  by � �CxTxxh kk ����� )1(:0inf)( ��� , 

)1,0(��  be fixed. Then the sequence � �nx  given by 

 
� �

� �� ��
�
�

�
�
�

�

�
���

�
�

���

�

111

1

111

1

,max

)1(

)(,max

nnnn

nnnnnn

xh

xTxx

xh

Cx

��
��

��
 

is well-defined and if � � )1,0(]1,[ ��� ��� n  for some )1,0(��  or

����
�

)1(
1n

n� and (F,C) satisfies S-condition, then � �nx  converges strongly to 

some element p of �
N

k
kTFF

1

)(
�

� . 

Proof: By the lemma 3.1,� �nx  is well-defined. 

Thus, first we prove that� �nx  is fejer monotone with respect to F, to this end 

let Fp� . 

Then we have the following in equality; 

 

1 (1 )

(1 )

(1 ) .

n n n n n n

n n n n n

n n n n n

x p x T x p

x p T x Tp

x p x p x p

 (3.12) 

Thus � �nx  is fejer monotone with respect to F. 

Since pxn �  is decreasing and bounded below it converges. Thus � �nx  and 

hence � �nTx  are bounded. 

Also by lemma 2.1 of [32} in Hilbert space, for � �1,0�� 2
(1 )x y  

2 2 2
(1 ) (1 )x y x y  for all Hyx �,  holds. Thus the 

following holds; 
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2 2
1

2 2

2

( ) (1 )( )

(1 )

(1 ) .

n n n n n n

n n n n n

n n n n n

x p x p T x p

x p T x p

x T x

 (3.13) 

Which implies 

 �������� �

�

�

�

�
�� 2

1
1

2

1

2
)1( pxpxxTx n

n
n

n
nnnnn �� . (3.14) 

Suppose� � )1,0(]1,[ ��� ��� n  for some )1,0(�� ,by cancellation of some 

terms of the right-hand side, convergence of pxn �  and,

2( ) (1 )n n nW  2 0  we have ����
�

�1

2

n
nnn xTx ; 

Thus 0�� nnn xTx hence for large n the following holds; (3.15) 

 
1 (1 )

(1 ) 0

n n n n n n n n

n n n n

x x x T x x

x T x
 (3.16) 

Since 0�� nnn xTx , 0�� �inn xx  by induction for Ni ��0  and 

inT �  is non expansive for large n we get the following; 

 
2 0

n n i n n n i n i n i n i n i n i n i n

n n i n i n i n i

x T x x x x T x T x T x

x x x T x
 

Thus 0�� � ninn xTx  for Ni ��0 . (3.17) 

Suppose mn � , then 1 1 2 1.....n m n n n n m mx x x x x x x x  

0 , ��mn, .  (3.18) 

That is � �nx  is Cauchy sequence, since H is complete � �nx converges in H. 

Suppose pxn �  in H, since C is closed p is in C, thus there is a 

subsequence 
knx  of � �nx  such that px

kn �  and let )(mod Njnk �  for some

Nj ��1 . For any � �Nl ,...2,1�  there exists Ni ��1  such that

)(mod Nln ik ��  hence ���� kxTx
kk nln ,0  (3.19) 
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In any uniformly convex Banach space, in particular, in Hilbert space, 
Suppose xxn �  weakly and 0�� nln xTx , since lT  is demi-closed, xxTl � . 

Thus )( lTFp �  and since l  is arbitrary we have )(
1�

N

l lTFFp
�

�� . 

Therefore, � �nx  converges strongly to )(
1�

N

l lTFFp
�

�� . 

Since strong convergence implies weak convergence, this theorem improves 
theorem 3.2. 

Moreover, if ����
�

)1(
1n

n�  and (F,C) satisfies S-condition, then by (3.1) 

and (3.2) we have 

 1 (1 ) (1 )

2(1 )
n n n n n n n n n n n n

n

x x x T x x x T x

M
 (3.20) 

Thus, we have the following; 

 
1 (1 ) (1 )

2(1 )

n n n n n n n n n n n n

n

x x x T x x x T x

M
 (3.21) 

,01 ��� nn xx as ��n , thus � �nx  is Cauchy sequence. 

� �nx  converges in norm to some Cx � . 

It suffices to show that .Fx �  

For each ,n nT  is inward implies that 1)( �xhn , thus for )1),([ xhnn ��  we 

have CxTx nnn ��� )1( �� . 

Since 1lim �
�� n

n
�  and � �)111 (,max ��� � nnnn xh�� , there is a subsequence 

jnx  of � �nx  such that 1)(lim �
�� jj nn

j
xh . 

Since )()(
1 jjjj nnnn xhxh

j

j
�

�
, ( ) 1 ( )

1 1j j j j jn n n n n
j j

h x x h x
j j

 

j jn nT x C  and xxTxh
j

j
xxh

j

j
jjjjjj nnnnnn

j
�

�
��

���
)))(

1
1()(

1
(lim , thus by 

lemma 3.1 Cx ��  
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Since CF � , the sequence � �nx  in C is fejer monotone with respect to F  

and ),( CF  satisfies S-condition, .Fx �  

Thus, Fxxn ��  strongly, which completes the proof 

Therefore � �nx  converges strongly to some element )(
1�

N

l lTFFp
�

��  

Applications: as we mentioned earlier in our introduction part, finding a fixed 
point is equivalent to finding the zero of some nonlinear operator, hence we should 
have the following theorem; 

Theorem 3.4: Let HCAAA N �:,..., 11  be a family of nonself mappings such 

that for each Ni ,...,2,1� , iAI �  is nonexpansive and inward mapping on a non 

empty, closed and strictly convex subset C of a Hilbert space H with

)(
1
�

N

k
kANN

�

� is non empty, where � �0:)( ��� AxCxAN .Let )(ModNkk AA � , 

� �CxAIxxh kk ������ ))(1(:0inf)( ��� . )1,0(�� . Then the sequence 

� �nx  defined by; 

 
� �

� �� ��
�
�

�
�
�

�

�
����

�
�

���

�

111

1

111

1

,max

))(1(

)(,max

nnnn

nnnnnn

xh

xAIxx

xh

Cx

��
��

��
 

is well-defined and if � � )1,0(]1,[ ��� ��� n  for some )1,0(�� or 

����
�

)1(
1n

n�  and (F,C) satisfies S-condition, then the sequence � �nx

converges strongly to some element p of �
N

k
kANN

1

)(
�

� . 

The proof can be done in similar way as the proof of the above theorem. 

For example if we consider the two nonself mappings on the domain 

��
�

��
��� 1,

2

1
C  as follows; let ��CAA :, 21  be defined by 

 
��

�
�
�

���

��
�

0
2

1
,2

10,0

1 xx

x
xA  
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and 1
2

1
,22 ���� xxxA . 

Thus the mappings satisfy the conditions of the theorem with non empty set 
of common zeros. Hence the algorithm given by the theorem converges to the 
number 0, which is a common zero of the mappings. 

Since there are quasi nonexpansive mappings, which are not nonexpansive 
for example, let ���:T  be defined by 

 

�
�
�

��
�

�

�

�
�
�
�

�
�
�

�

0,0

0,
2

1
sin

)(

x

x
x

x
xT . (3.22) 

Then T is quasi nonexpansive mapping, which is not nonexpansive. Thus the 
class of quasi-nonexpanisive mappings is more general than the class of 
nonexpansive mappings. 

We can also extend our theorem for the family of quasi -non expansive 
mappings with additional assumptions; 

Definition 3.1: Let HCTTT N �:,..., 21 be finite family of mappings. Let 

)(mod NTT kk � . Then if for a sequence � � Cxn �  such that for any ,0 Nr ��

0lim �� ��� rnn
n

xx , then 0)(lim �� ���� rnnin
n

xxT , then we say the family 

� �NTTT ,...,, 21  satisfy weakly closed (W,C) condition. 

Definition 3.2: A mapping HCT �:  is said to be fixed point closed, if for� �nx  

in C, xxn � weakly and 0�� nn Txx  strongly, then )(TFx � . 

Theorem 3.5: Let HCTTT N �:,..., 21  be family of, nonself, quasi-

nonexpansive, fixed point closed and inward mappings, satisfying (W, C) 
condition on a non-empty closed strictly convex subset K of a real Hilbert space 

H, with �
N

k
kTFF

1

)(
�

�  is non empty. Let )( ModNkk TT � , let Cx �0  and we define

( ) inf 0 : (1 )k kh x x T x C , let )1,0(��  be fixed. Then the 

sequence � �nx  given by 
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� �

� �� ��
�
�

�
�
�

�

�
���

�
�

��

�

11

1

111

1

,max

)1(

)(,max

nnnn

nnnnnn

xh

xTxx

xh

Kx

��
��

��
 

is well-defined and if � � )1,0(]1,[ ��� ��� n  for some )1,0(��  or 

����
�

)1(
1n

n�  and (F,C) satisfies S- condition, then the sequence � �nx

converges strongly to some element p of �
N

k
kTFF

1

)(
�

� . 

Proof: Let Fp� , then we have the following in equality. 

 

1 (1 )

(1 )

(1 ) .

n n n n n n

n n n n n

n n n n n

x p x T x p

x p T x p

x p x p x p

 (3.23) 

Thus � �nx  is fejer monotone with respect to F. 

Since pxn �  is decreasing and bounded below, thus it converges. Thus 

� �nx  and hence � �nn xT  are bounded. In a uniformly convex Banach space, 

Suppose xxn �  weakly and 0�� nln xTx strongly, since lT  is Fixed point 

closed, x is a fixed point of lT . 

By lemma 2.1 of [32] in Hilbert space, for � �1,0�� 2
(1 )x y  

2 2 2
(1 ) (1 )x y x y  for all Hyx �,  holds. (3.24) 

Thus 

 

2 2
1

2 2

2

( ) (1 )( )

(1 )

(1 ) .

n n n n n n

n n n n n

n n n n n

x p x p T x p

x p T x p

x T x

 (3.25) 

Which implies that 

2 2 2
1

1 1

(1 ) ( )n n n n n n n
n n

x T x x p x p  . 
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By cancellation of some terms of the right-hand side, convergence of 

pxn � , 10 �� n�  and 0)1()( 2
2 ���� ���� nnnW , we have

����
�

�1

2

n
nnn xTx , hence 0�� nnn xTx  for large n and hence the following 

holds; 

 
1 (1 )

(1 ) 0

n n n n n n n n

n n n n

x x x T x x

x T x
 (3.26) 

Since 0�� nnn xTx , 0�� �inn xx  by induction for Ni ��0  and the 

family of mappings satisfies (W,C) condition for large n we have the following; 

( ) 0

n n i n n n i n i n i n i n i n i n i n

n n i n i n i n i n i n i n

x T x x x x T x T x T x

x x x T x T x x
 (3.27) 

0

n n i n n n i n i n i n i n i n i n i n

n n i n i n i n i

x T x x x x T x T x T x

x x x T x
 (3.28) 

The remaining part of the proof is similar to the proof of Theorem 3.3. 

Corollary 3.6: Suppose HCT �:  is non self, nonexpansive and inward 
mapping on a non-empty closed convex subset C of a Hilbert space H. with 

)(TFF �  is non empty. 

Let Cx �0 , � �CTxxxh ����� )1(:0inf)( ���  and )1,0(��  be fixed. 

Then the sequence � �nx  given by; 

 
� �

� �� ��
�
�

�
�
�

�

�
���

�
�

��

�

11

1

11

1

,max

)1(

)(,max

nnn

nnnnn

xh

Txxx

xh

Cx

��
��

��
 

is well-defined and converges weakly to )(TFF �  . 

The corollary agrees with Krasnoselskii-Mann type algorithm for λ−strictly 
Pseudo contractive mappings in a 2-uniformly smooth Banach space. 
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3. CONCLUSION 

Suppose HCTTT N �:,..., 21  be family of nonself, (nonexpansive, quasi-

nonexpansive with fixed point closed and satisfies (W,C) condition) respectively 
and inward mappings on a non-empty, closed and strictly convex subset C of a real 

Hilbert space H, with �
N

k
kTFF

1

)(
�

�  is non empty. Let )( ModNkk TT � , Cx �0 , for 

each � �Nk ,...,2,1�  let ��Chk :  be defined by ( ) inf{ 0 :kh x x  

(1 ) }kT x C . 

Then the sequence � �nx  given by 

 
� �

� �� ��
�
�

�
�
�

�

�
���

�
�

���

�

111

1

111

1

,max

)1(

)(,max

nnnn

nnnnnn

xh

xTxx

xh

Cx

��
��

��
 

is well-defined and if � � )1,0(]1,[ ��� ��� n  for some )1,0(��  or

����
�

�

)1(
1n

n�  and (F,C) satisfies S-condition, � �nx  converges strongly to some 

element p of �
N

k
kTFF

1

)(
�

� . 

As a result, our theorems generalize many results for approximating a 
common fixed point of finite family of nonself mappings without the computation 
for projection for sunny nonexpansive retraction. 

Remark: If each HCTTT N �:,..., 21 are self-mappings, then, for all

ixhx i �� ,0)(, .Thus �� �n , which is a constant, thus the above iterative method 

reduces to Mann’s iterative method. 

Meanwhile, we raise open questions; 

Question 1: Is it possible to extend our theorems in more general spaces such as? 
Uniformly convex Banach space, uniformly smooth Banach space, reflexive 
Banach space and in Banach space? If so under what conditions? 

Question 2: Can we extend the above results to a more general Banach space with 
condition (H) and other nailed restrictions? 
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Question 3: What can we conclude about the convergence of the sequence 

generated in Theorem 3.1, if ����
�

�

)1(
1n

n� and 1lim �
��

n
n

� ? 

Question 4: In the above results, can we remove the requirement for strictly 
convexity of C? 
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