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ABSTRACT: In this paper, we define a generalized Cesaro vector valued
sequence space cesg)(X,q) where p = (pr)and q = (qi) are bounded
sequences of positive real numbers with py = 1and q, = 1Vk € N and
consider it equipped with Luxemburg norm. We investigate the space for
completeness and also discuss its rotundity. We also extend some results of
Petrot and Suantai.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper I and R stand for set of natural numbers and real
numbers respectively, p = (px) and q = (q,) be bounded sequences of positive
real numbers with pp, = 1and q, >1Vk €N and M = supyp, and M'=
SUPkYGk-

Let [, be the space of all real sequences. For 1 < p < oo, the Cesaro sequence
space ces,, is defined by

00 1 n 14
ces, ={x = (xx) € lo:z (—lek|> < o
n nk

=1 =1
equipped with the norm
1
= (3 (23] |
xl={ D (=)
n=1 k=1

and cesqo= {x = (xx) € lo: Supn% Yk=1l%kl < 00}
equipped with the norm

1
Ixlloo = supn = Nty el

The Cesaro sequence spaces, ces,(1< p < ) and ces,, first appeared in
1968 in connection with the problem of Dutch Mathematical Society to find
their duals. Some investigation of these spaces was done by J.S. Shue [1] in
1970. Then G.M. Leibowitz [2] and A.A. Jagers [3] proved that ces;= {0}, ces,
are separable reflexive Banach spaces for 1< p < oo and the [,, spaces are in ces,,
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for 1< p < oo. Several geometric properties of the Cesaro sequence spaces and
generalized Cesaro sequence spaces were studied by many mathematicians [4-8].

Suantai [9] has introduced the generalized Cesaro sequence spaces ces(p).

Let p = (px) be a bounded sequence of positive real numbers with p, >
1V k € IV, then the generalized Cesaro sequence spaces ces(p) is defined by

ces(p) = {x = (xx) € l,: p(Ax) < oo for some 1 > 0}
where p(x) = Xy (2 5Roslxil )

equipped with the Luxemburg norm
; o (2
[|x|| = lnf{l >0: p(/l) < 1}.

In the case when p, =p,1<p<oo,Vk € IV, the generalized Cesaro
sequence space ces(p) is the Cesaro sequence space ces, and the Luxemburg
norm on ces(p) reduces to the usual norm on ces,.

Let (X, || ||) be a Banach space and p = (py) be a bounded sequence of
positive real numbers with p;, = 1V k € IV, Chareonsawan [10] defined Cesaro
vector valued sequence space ces (X, p) by

ces(X,p) ={x = (xx) € X: p(Ax) < oo for some A > 0}
® 1 DPn
where p(x) = Ziy (5 Tyl )
equipped with the Luxemburg norm
lxll = inf {2>0: p(5) <1}.

Khan [11] in 2010 defined the generalized Cesaro sequence space for
1< p < o and q= (q;) be a bounded sequence of positive real numbers by

( © 1 n p % ]
cesy(@ = 1x = (e € Lsliell = Y (Q—ankxu) <ol
k n=1 k=1 J

where Qn, =Y}_1qx NEN.If g4 =1V k € IV, then ces,(q) reduces to
cesy,.

In 2012, Mongkolkeha and Kumam [12] defined the generalized Cesaro
sequence space for a bounded sequence p = (py) and q = (qi) of positive real
numbers withp, = land q, =1V k € IV by

cesipy(q) = {x = (xg) € l,: p(Ax) < oofor some A > 0},

o 1 Pn
where p(x) = Yo, (Q—nZLqukxkl)
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with @, = X¥_1qx and consider ces(,y(q) equipped with the Luxemburg
norm

. . x
lxll = inf {2> 0 p (E) <1}
Forpy =p,1<p<owVk € NV, then ces)(q) reduces to ces,(q) and if
qx = 1V k € IV then ces(,)(q) reduces to ces(p).

In this paper, we define the generalized Cesaro vector valued sequence space
as follows:

Let (X,]| ||) be a Banach space and p = (py) and q = (qi) be bounded
sequences of positive real numbers withp, > land q, =2 1Vk €NV .

The generalized Cesaro vector valued sequence space, cesg)(X,q) is
defined by

cesipy(X,q) = {x = (x4) € X: p(Ax) < oof or some A > 0}
1

Pn
where p(x) = X%, (Qn ;cl=1|IQkxk”)

with Q,, = ¥¥_1 qx and consider ces,(X, q) equipped with the Luxemburg
norm

x|l = inf{/'l >0:p(2) < 1}.

For X =R, cesq,(X,q) reduces to then cesy)(q) and if py =p,1 <p <
o Vk €N then cesg) (X, q) reduces to ces,(q).

First we start with some definitions which we will need later on.

For a real vector space X a functional p : X — [0, oo] is called a modular if it
satisfies the following conditions:

(D)p(x) = 0 if and only if x=0;
(i))p(ax) = p(x) V scalars a with |a|=1;
(iip(ax + By) <p(x) +p(y¥)Vx,y EXandVa,f = 0witha+f =1.
The modular p is called convex if
(iv)p(ax + By) < ap(x) + Bp(y)Vx,y EXandV a,f = 0 witha +
B =1
For any modular p on X, the space
X, ={x €X:p(lx) < o for some A > 0}

is called the modular space. Orlicz [13] proved that if p is a convex
modular, then function

lxll = inf {2> 0 p(;ﬁ) <1}
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is a norm on X, which is called the Luxemburg norm.

For a real Banach space(X, || ||), let B(X) and S(X) be the closed unit ball
and the unit sphere of X respectively i.e. B(X) = {x € X:||x|| < 1} and S(X) =
{x e X:|Ix|| = 1}.

A point x € S(X) is an extreme point of B(X) if for any y, z € B(X), the
equality 2x=y+z implies y=z. The set of all extreme points of X is denoted by
Ext(X).

A Banach space X is said to be rotund (R), if every point of S(X) is an
extreme point of B(X).

In other words, if X is rotund (R) then S(X)< Ext B(X).

2. MAIN RESULTS

In this section we first study some basic properties of modular on
cesp)(X,q) and its relation with Luxemburg norm. We then show that

cesp) (X, q) is a Banach space. Finally, we discuss rotundity on ces)(X, q).

Proposition 2.1: The functional p on the space ces)(X,q) is a convex
modular.

Proof: For x=(x;) € ces)(X,q) , it is obvious that p(x) = 0 if and only if
x=0 and p(ax) =p(x) for scalar a with |a|=1. Let
@ 20,8 = 0besuchthat a + = 1and x=(xx), y=(¥x) € cesq,) (X, q), then,

© n Dn
1
plax+py)= ). (Q—ank(axk + ﬁykm)

n=1

n Pn
1
(Q—nank(axk)u * —ank(ﬁykm)
1 n
(“QTZ' kxk||+ﬁQnankyku)

k=1

n=1

-5

2.

n=1

<o (Qiniuqukn) +p Z (Qn ankyku)

n=1 k=1

[oe]

(By the convexity of the function
t—[t|IPkVEk €N)

=ap(x) + Bp(y).
This completes the proof.

In next result we study some properties of the modular p on ces,) (X, q).
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Proposition 2.2: For x=(xy) € ces,) (X, q), the modular p on ces,) (X, q)
satisfies the following properties:

if 0<a<1,then ap (g) < p(x).
(1) if 0 <a<1,then p(ax) < ap(x) < p(x).
(i) ifa>1,thenp(x) < ap (%)
(iii) ifa>=1,then p(x) < ap(x) < p(ax).

Proof: (i) Let 0 <a <1, then we have

(i) Let 0 <a< 1, then we have,

=apx) < p(x).
(iii) Leta = 1, then we have,

1) n Pn
1
p(x) = ;(Q—n;uqukn)
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oo

> (e o)

n=1

(o]

S (2 o)

n

=ap(x) = p(x).
This completes the proof.
In the next proposition we discuss some relations between the modular p and
the Luxemburg norm on ces)(X, q).
Proposition 2.3: For any x=(x) € ces,)(X, q), we have
@) if lxll <1, then p(x) < [lx]I,
(i) if [lx]l > 1, then p(x) = ||,
@iii)  [|x|] = 1 ifand only if p(x) =1,
@iv) |lxll < 1ifand only if p(x) <1,
(v)  |lx|]| > 1ifand only if p(x) > 1,
(vi) if0<a<1and|x| > a,then p(x) > a, and
(vii) ifa>1and|x|| < a, then p(x) < a¥.

Proof: (i) Let € > 0 be such that 0 <& <1 — ||x]|| so, ||x]|+& < 1. By
definition of || ||, there exists A > 0 such that ||x|| + & > A > ||x|| and p (ﬁx) <
1. Now by (iv) and (ii) of proposition (2.2), we have,
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p(0) <p ((”’“”%) x)

< (el + 2o (3)
< |lx|| + .

Hence p(x) <||x||+ evVe€ (0,1—|x]]). Put A= {|x|]|+ €: €€
(0,1 — ||x]D}, then ||x]|| = inf A. Since p(x) is a lower bound of A, p(x) < ||x||.

(i) Let € be any real number such that 0 < & < ”Tlllil, so, I <(1-¢) [|x|| <
[lx]|. Then by definition of || ||, and (ii) of proposition (2.2), we have,
x 1
<
L<w» ((1—s)||x||) = Gom P
[lxl| -1

Hence (1-¢) ||x]| < p(x) Ve € (0,
llx—1
[l

). Put A={(1- &)lxll:0< &<

llxI]

}, then ||x|| = sup A. Since p(x) is an upper bound of A, ||x|| < p(x).

(iii) First suppose that, [|x|| = 1. Let € > 0 be given, then by definition of
|| |I, there exists A >0 such that |[x||+ > A > ||x|| and pG) <1 ie.

I+ &> 21> |[x||=1 and p (;—6) < 1. Since 4 > 1, by (iv) of proposition (2.2),
P <M p ()< <1+ )M,

1
Hence (p(x)) <1+ eV e > 0. This implies p(x) < 1. If p(x) <1, we
choose a real numbera € (0,1) such that p(x) < aY < 1,then by (i) of

proposition (2.2), p (%) < = p(x) < 1. By definition of || |, then, [lx|| < a.
But a < 1,so ||x|| < 1 which is a contradiction. Therefore, p(x) = 1.
Conversely, let p(x) = 1, then by definition of || ||, ||x]| < 1. If ||x|| < 1,

then by (i), p(x) < ||x|| < 1, which is a contradiction. Thus ||x|| = 1.

(iv) First suppose that ||x|| < 1, then by (i), p(x) < ||x|| < 1. Conversely,
let p(x) < 1. Let if possible |[x|| = 1. If |[x]|| = 1 then by (iii) p(x) = 1, which
is a contradiction. If ||x|| > 1, then by (ii)) p(x) =||x|| > 1, again a
contradiction. Hence ||x|| < 1.

(v) First suppose that ||x|| > 1, then by (ii), p(x) = ||x|| > 1. Conversely,
let p(x) > 1. Let if possible ||x|| < 1. If ||x|]| = 1 then by (iii) p(x) = 1, which
is a contradiction and if ||x|| < 1, then by (iv) p(x) < 1 , which is again a
contradiction. Hence ||x]|| > 1.

(vi) Suppose 0 < a < 1and ||x|| > a, then ”g” > 1. Then by (v), p (g) >
1. This implies a™ p (g) > aM. By (i) of proposition (2.2), p(x) > aM.
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(vii) Suppose a =1 and ||x]|| < a, then ”g” < 1. Then by (iv), p (z) <1
This implies a¥ p (x) < aM. By (iii) of proposition (2.2), p(x) < a™.

a

This completes the proof.

Proposition 2.4: Let (x,,) be a sequence in ces(,) (X, q),

@) if ||x,|l = 1 asn = oo, then p(x,) = 1 asn — oo,
(i)  ifp(x,) > 0asn — oo, then ||x,|| = 0 asn — oo.

Proof: (i) Suppose ||x,|| =1 as n = oo. Let € € (0,1) then there exists
NeN suchthat 1 — e < ||x,]| <1+ &V n = N. By (vi) and (vii) of proposition
(2.3), we have, (1—-e)" < p(x,)< (1+&)Vvn=>N. This implies

1
(p(x))M > 1lasn - wie. p(x,) - lasn - oo.

(ii) Suppose p(x,) = 0 as n — oo, Let if possible ||x,|| » 0 as n — oo.

Then there exists some ¢ € (0,1) such that ||x,||>¢ Vn € N. By (vi) of

proposition (2.3), p(x,) > &MV n € N. This implies p(x,) » 0 as n — oo
which is a contradiction. Hence ||x, || = 0 asn — oo.

Next we show that ces,)(X,q) is a Banach space under the Luxemburg
norm.

Theorem 2.5: ces (X, q) is a Banach space.

Proof: Let (x,,);=1 be any Cauchy sequence in cesg,(X,q) where

oo
X = (x,(cm)) , then for each € > 0 there exists a positive integer N such
k=1

e \M
that||x,, — x| < (W) vm,r > N.
This implies by (i) of proposition (2.3)

M

p(xm — x) < (%) vmr >N
1.e.
21 < Pn "
Z <Q_HZ||"""'E"‘) Sk > < (Mi) vmr=N ..(D
n=1 k=1

Let us write n(x) for the sequence of Cesaro means defined by the given
sequence X = (X )m=1 then n(x),, = % X

Now form, r = N and n € IV, consider
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1 n 1 n Pn
7o) = G dllPe = |12 ™ = = 0
n n
k=1 k=1
1 n DPn
Y
k=1
1 n
(m) (r)
< () = =< e
k=1
1 n
- (m) ™ ||\p
() ax P
k=1
1 n
_ 1 m _ - ||\pn
- ok -
k=1

)pn

n

M’

S o -
k=

=M’ )p”(—z ||qu(m) kx,ir)

)pn

Yn .. @

n
1
< (M')M(Q—Z ”qu,(cm) - CIkx]EcT)
M k=1

By inequalities (1) and (2), we have

g M
_ Pn [AYY Y
D InCamdn = nGeallPr < (MY (37) ¥mr = N
n=1
Hence

D G = nClIPn <&M v m,r 2 N,

By proposition (3.2.5) of [10],we then have
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InCem) = nCe)llixp) <& Vmr=N.

Hence (n(x,,)) is a Cauchy sequence in (X, p), the Nakano vector valued
sequence space. Since (X, p) is complete, there is an element x = (x;) in [(X, p)
such that

17 (xm) — xllyxpy) = 0as m— oo,
Further convergence in [(X, p) is component wise, so that,
lim

lim
Xk = mooo(Xm)k= N Zl 1x( ) for each k.

Fork =1, mﬁf.’.}xim) = x;. Similarly, for k = 2, x, = (xim) + xém))
m-—oo

This implies mﬂgﬁxgm) = 2x, — x4. Continuing in this way, for each k, mﬂg‘x,({m)
exists and is equal to kx, — (k — 1)x,_; where, we set x, = 0.

Define a sequence,

y = (yx) such that y, = kx;, — (k — 1)x,_;.

Then,

mﬁﬁ.ﬁx,(cm) = y, for each k.

Now for any t € IV,
Zhr (25 o™ ) <5 (25 ) = i<

o as xp, € cesy) (X, q). o
Hence
Shos (o Zhea Jax™ )" < s30=1,2,5,..

Letting m — oo, we have
1 DPn
Z?F.:l(Q_Z;(l:l”qkyk”) Ss,t: 132’ 3)
n

Dn
Since t is arbitrary, Z;?:l(QiZQ:lllqkykll) <S< o. This implies
y = (k) € cesp)(X,q).

Now from (1), we have,

Pn
> < (i)MVm,rZNandt= 1,2,3, ..

Ml

t L&
). (o—Z et = qex?
n=1 \ " k=1

Letting r — oo, we get
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1 Pn M

e (- e [|axl™ —ae|)) " < () Ym=Nande=1,23,.
Since above inequality is true for each t € IV,

. 1 Pn M
Yn=1 (Q—nZLl ||qu]((m) - QkYR”) < (%) vmz=N.

.. . & M
This implies p(x, —y) < (W) Vm>=N.
By (vi) of proposition (2.3), we have ||x,, — y||<%v m = N. This implies

Xm =y in cesp) (X, q).

This completes the proof.

Corollary 2.6: For p = (py) and q = (qi) of positive real numbers with
pk =1and q =1V k € WV cesg,)(q) is a Banach space.

Next we prove that ces)(X, q) is rotund.

Theorem 2.7: ces (X, q) is rotund(R).

Proof: We show that S(ces(,) (X, q))S Ext B(cesy) (X, q)). Let x = (xi) €
S (ces(p) X, q)), y=(y)and z=(z;) €EB (ces(p)(X, q)) such that 2x = y+z.
We prove that y=z.

Since = (xy) € 5(ces(p)(X, q)), x|l = 1. By (iii) of proposition (2.3),
p(x)=1.

Now

1=p(x)=2;'l°=1(Q Yk= 1”quk”)
-3 (23 o (22229
=y 1( Zk 1llqkyk+qkzk||>
< Yn- 1< oa e 1"qkyk"+ Sk 1nqkzku>

1w Pn 1 v 1 Pn
_gznzl(Q—nZ’;:nmkykn) #3500 (5Tl
=2p(¥) +3p(2)

< 1+3.1=1

1 1
Therefore, p(x) = p (%): > p(y) + > p(2).

[
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Suppose y+ z.

Let i€ IV be the smallest positive integer such that Qil rellaeyell #
o Sh=illaizell

Since the function t— |t|Pn is strictly convex for n € V', we have,

< Zk 1||£Ik3’k||+ Zk 1||Qka||>

L(Eshcallaerel) 2 (2 Sheallgind)”

So, it follows,

|y < Zk 1||QkYk||+ Zk 1||lIka||)

%i( ankykn)pn %i(Qnanmo

1

=~p) +5p() <.
which is a contradiction. Hence y=z.
This completes the proof.

Corollary 2.8: For p = (py) and q = (qi) of positive real numbers with
Pk = land q = 1V k € IV cesy)(q) is a rotund(R).
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