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ON THE KOLMOGOROV-WIENER-MASANI SPECTRUM OF A
MULTI-MODE WEAKLY STATIONARY QUANTUM PROCESS

K. R. PARTHASARATHY AND RITABRATA SENGUPTA

ABSTRACT. We introduce the notion of a k-mode weakly stationary quantum
process @ based on the canonical Schrodinger pairs of position and momen-
tum observables in copies of L2 ([Rk)7 indexed by an additive abelian group D
of countable cardinality. Such observables admit an autocovariance map K
from D into the space of real 2k x 2k matrices. The map K admits a spec-
tral representation as the Fourier transform of a 2k x 2k complex Hermitian
matrix-valued totally finite measure ® on the compact character group B,
called the Kolmogorov-Wiener-Masani (KWM) spectrum of the process p.
Necessary and sufficient conditions on a 2k X 2k complex Hermitian matrix-
valued measure ® on D to be the KWM spectrum of a process g are obtained.
This enables the construction of examples. Our theorem reveals the dramatic
influence of the uncertainty relations among the position and momentum ob-
servables on the KWM spectrum of the process g. In particular, the KWM
spectrum cannot admit a gap of positive Haar measure in D.

1. Introduction

In his celebrated little book “Osnovnye ponyatiya teorii veroyatnostei” [5], A. N.
Kolmogorov introduced the notion of a stochastic process as a consistent family of
finite dimensional probability distributions in R™, n = 1,2,---. In the same spirit
a quantum process can be described as a consistent family of density operators
or, equivalently, states in tensor products H; ® --- ® H,, of Hilbert spaces with
n=1,2,---. One can replace the ‘time set’ {1,2,---} by an abstract countable set
D with the discrete topology and a family {#,, : a € D} of Hilbert spaces. Then
a quantum process yields a density operator pg,,a,,.,a, i Hay @ -+ @ H,, for
every finite sequence (a1, - ,a,) with distinct elements from D. All these den-
sity operators will obey natural consistency conditions. For example, the relative
trace of pay.as,an OVEr Ha, 18 Pat,as,-.an_1- 1f (b1,---,by) is a permutation of
ai, -+ ,an then pp, ... b, = Upa,.... .o, U " where U is the corresponding Hilbert
space isomorphism from Hq, ® --- ® H,, onto Hp, ® --- ® Hp, induced by the
permutation. We denote the quantum process over D by

o= {(Hul)...@n,pal)...)an) : (al, s ,an) S SD}, (11)
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where Sp denotes the set of all finite-length sequences of distinct elements from
the countable set D.

In this paper we are interested in the special case where H, = L?(R*) for
all @ in D, k being a fixed positive integer, called the number of modes of the
process. Each H, admits Schrodinger canonical pairs qur, Par, ¥ = 1,2, , k, of
position and momentum observables obeying the Heisenberg canonical commuta-
tion relations (CCR). We can look upon ¢ur, par, 7 = 1,2, , k, as observables
in He, ® -+ ® H,, whenever the sequence (ai,as, -+ ,a,) from Sp contains the
element a and denote such ampliated observables by the same respective symbols.
With such a convention one obtains the algebra of all polynomials of all ¢4, par,
where r = 1,2,--- |k, and a € D. Using the finite-partite states pq, ... q,, Where
(a1, -+ ,an) € Sp, one can compute the expectations of the polynomials whenever
they exist. Write

(XalaXaQ;"' ;Xa(Zk:—l);Xan) = (Qalypala"' ;Qak;pak)

and define the covariances
1
ﬁrs(a7b) = <§ (Xarsz + szXar)> - <Xar> <sz> (12)

where (,) denotes expectation. To compute these quantities we need a knowledge
of only the ‘bipartite’ states p, for all (a,b) € Sp. Thus we obtain a 2k x 2k real
matrix-valued covariance kernel K = [[K(a, b)]] defined by

K(a,b) = [[krs(a,b)]], rs,€{1,2,---,2k} (1.3)

for any a, b € D.

Suppose D is a countable discrete additive abelian group with addition oper-
ation + and null element 0. Let the covariance kernel K of a k-mode quantum
process over D be translation invariant in the sense that

K(a+z,b+ ) = K(a,b) Va,b,xz € D. (1.4)

Then we say that the quantum process is second order weakly stationary, or,
simply, weakly stationary. For such a process there exists a map K from D into
the space of 2k x 2k real matrices such that

K(a,b)=K((b—a) Va,be D. (1.5)
The map K is called the autocovariance map of the weakly stationary quantum
process.

Owing to the matrix-positivity properties enjoyed by covariances between ob-
servables the autocovariance map K satisfies the matrix inequalities

Zaiajl?(aj — ai) 2 0 (16)
(2%
for any ay, a9, -+ ,a, € D and real scalars ay,as, -+ ,an, n = 1,2,--- . Thanks

to Bochner’s theorem for locally compact abelian groups there exists a complex
Hermitian and positive 2k x 2k matrix-valued measure ® on the compact dual
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character group D of D such that

K(a) = /A x(a)®(dy) for all a in D. (1.7)
D
The matrix-valued measure ® satisfies the conjugate symmetry property
B(S™1) = (9) (1.8)

for any Borel set S C D. Furthermore, the Heisenberg uncertainty relations pre-
vailing among the various position and momentum observables of the quantum
process reveal their dramatic influence on the measure ® through the matrix in-
equalities
1
() + 5/\(S)J2k >0 (1.9)

for all Borel sets S C ﬁ, where A is the normalised Haar measure of the compact
group D and Jy is the fundamental symplectic matrix given by

Ju = P {_01 (1)] (1.10)

k copies

which is a diagonal block matrix with each diagonal block equal to Js. The
inequality (1.9) implies, in particular, that whenever ®(S) = 0, A(S) is also zero.

Borrowing from the extensive theory of linear least square prediction of real
valued weakly stationary processes pioneered by A. N. Kolmogorov [3, 4] and N.
Wiener [10], and multivariate weakly stationary processes by N. Wiener and P.
Masani [11, 12] we call (1.7) the spectral representation of K in D and the matrix-
valued positive measure ® the Kolmogorov - Wiener - Masani spectrum (or K WM
spectrum) of the autocovariance map K of the underlying quantum process.

As noted above, inequality (1.9) implies that whenever ®(S) = 0 for some Borel
set S C 13, then A(S) = 0. In other words, the KWM spectrum does not admit a
‘Haar gap’.

Conversely, given a complex Hermitian positive 2k x 2k matrix-valued measure
® on the Borel o-algebra of D satisfying the conjugate symmetry condition (1.8),
the spectral uncertainty relations (1.9), and the condition ®(D) = K(0), there
exists a weakly stationary k-mode quantum process over D with KWM spectrum
®. Indeed, such a process can be realized as a mean zero quantum Gaussian process
in the sense that all its finite-partite states pq, ... a,, where (a1,--- ,a,) € Sp, are
mean zero Gaussian states.

The spectral representation of the autocovariance function and its converse en-
able us to construct interesting examples of weakly stationary quantum processes.

2. Quantum Processes

A quantum system in its most elementary form is determined by a pair (H, p),
where H is a complex separable Hilbert space and p is a density operator in H,
i.e., a positive operator with unit trace. The operator p is called the state of
the system. We shall deal with several quantum systems and assume that all the
Hilbert spaces in this paper are complex and separable. Scalar products in Hilbert
spaces will be expressed in the Dirac notation and adjoints of operators as well as
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matrices will be indicated by the symbol {. By a positive operator X in a Hilbert
space H we mean that (u|X|u) > 0 for all u € H. By a positive n x n matrix we
mean an n X n Hermitian matrix which is positive semidefinite.

IfH=H ®Hy® -+ ® H, is the tensor product of Hilbert spaces H; for
1<i<mn,pisastatein Hand F C {1,2,---,n} is the subset {i1 < iy < -+ <y}
then we write Hp = H;i, ® --- ® H;, . One obtains a state pr in Hp by taking the
relative trace of p successively in H;, for all i ¢ F in some order. The resulting
state pg is independent of the order in which the traces are taken. The system
(Hr, pr) is called the F-marginal of (H, p).

In the Hilbert space of any quantum system a bounded or unbounded self-
adjoint operator X is called an observable of the system. Suppose Fr is the Borel
o-algebra of R and PX () is the spectral measure of X on Fg. Then the quantity
Tr pPX(E), where E € Fg, is interpreted as the probability that the observable
takes a value in F in the state p. Thus Tr pPX(-) is the distribution of X in the
state p. Such an interpretation enables the computation of all moments of X.
Indeed, the n-th moment of X, if it exists, is denoted by (X™) and is given by

(X™) =Tr X"p.

If X, Y are two observables such that XY + Y X is also an observable then the
covariance between X and Y in the state p is denoted by Cov(X,Y’) and is defined
as

Cov(X,Y) = é(xy LY X)) — (X) (V).

The quantity Cov(X, X) is called the variance of X. If X3, X, ---, X,, are ob-
servables with well-defined covariance between X; and X; for all 4, j then the n xn
positive matrix
Y, =X,(Xq, -, Xp) = [[Cov(X;, X,)]]

is called the covariance matriz of the observables (X7, Xo, -+, X,,) in the state p.

Consider a composite quantum system (H, p), where H = H; @ Ha @ - -+ @ H,.
If the set {1,2,--- ,n} = FUF with ENF =0, E# 0, and F # () then H can be
viewed as the tensor product

H=Hrg®@HF

and an observable in Hg can be looked upon as the observable Xp ® I'r in H with
Ir being the identity operator in Hp. We call Xg ® Ir the ampliation of Xg in
H and denote it by the same symbol Xg. If pg is the E-marginal of p in H g then

We now introduce the notion of a quantum process over a countable index set
D. Let {H, : a € D} be a family of Hilbert spaces. Denote by Sp the set of
all finite sequences of distinct elements from D. Suppose pg,,a,--- a4, 18 & density
operator in Hg, gy, a, as in (1.1) for each (ay,asz, -+ ,a,) in Sp, satisfying the
following properties:

(1) If {a1,a2-- ,an} = {b1,b2,--- by} as sets and 7 is a permutation of
{1,2,---,n} such that a,g;) = b;, Vj and

Ur: Ha17a27”' an 7 thbz,'“ (29

) )
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is the natural Hilbert space isomorphism induced by 7 then

_ —1
Pby,ba,+ by = Uﬂ'pahaQV”;anUﬂ’ :

(2) The {a1, a2, - ,an}-marginal of pa, ay,..a,,, 15 €qual to pa, s, a,

for all (a1,a2, - ,ant1) €Sp,n=1,2,---.

Then we say that {pe, .45, .0, © (a1,---,an) € Sp} is a consistent family of
states. The family 0 = {(Hay - ans Par,an) : (@1, ,an) € Sp} of finite-partite
quantum systems is called a quantum process over D.

One obtains interesting examples of discrete ‘time’ quantum processes with D
equal to Z, Z% or a general discrete abelian group. When D is Z, the element a in
Z can be interpreted as time. In general, a in D is interpreted as a site.

Suppose D = {0,1,2,---} and H,;) = Ho @ H1 ® - -- @ Hp. Let p,) be a density
operator in H,,) such that p, 1) is the marginal in H,,_1; obtained by tracing out
pn) over M, for each n. Then {(Hy),pn) : n = 0,1,2,---} yields a quantum
process. Denote by B, the C* algebra of all bounded operators in H,). Then
there is a natural C* embedding ¢y, : B,,) = B, ;1) with the property

dn(X)=X®I VX € By,

where [ is the identity operator in H,i. This enables the construction of an
inductive limit C* algebra B, with a C* embedding 7, : B,,) — B such that the
sequence {7, (By))} is increasing in n and |J,, 7,(B,,)) is dense in By. This yields
a normalized positive linear functional w in B, such that

w(mp (X)) = pny(X) VX €B, andn=0,1,2,,--.

In other words (B, w) is a C* probability space which may be considered as the
analogue of Kolmogorov’s measure space constructed from a consistent family of
finite dimensional probability distributions. However, there is no limiting Hilbert
space in general with a density operator. A similar construction of a C* probability
space is possible for a quantum process over any countable index set D.

Definition 2.1. Suppose D is a countable abelian group with addition operation
+, Ho = H for all a € D, and p is a quantum process over D. Then it is said to
be strictly stationary or translation invariant if

Par+a,as+, ant+s = Par,az,a, VT E D and (a1, ,an) € Sp.

Let {pa; - ,a, } and {oq, ... 4, }, where (a1, ,a,) € Sp, be a pair of consistent
families of finite-partite states in {Hq, ... q, - Then, for any 0 < p < 1, setting

Tay, - ,an — PPay, - ,an + (1 - p)aal,-~~ Jan v(CLla o 7an) S SD

yields a consistent family of finite-partite states.
Suppose, a — U, is any map on D where U, is a unitary operator in H, for
every a € D. Then setting

p:n,--- an (Ual Q- ® Uan)paly"'yan (Uzil Q- U;n) V((Ll, T 7an) €Sp

)

also yields a consistent family of states. Indeed, this is a consequence of the
following proposition.
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Proposition 2.2. Let H and IC be Hilbert spaces, p a state in H® K, and U and
V' unitary operators in H and IC respectively. Then

Tr (U@ V)p(U V) =U (Trip) U,
where Tr i is relative trace over K.

Proof. This is immediate from the fact that the relative trace over K can be
computed by using any orthonormal basis {e;} in K, and if {e;} is one such basis
sois {Vie;}. O

Combining the two elementary remarks above we can construct new quantum
processes over D from a given quantum process {(Ha, . ansPar, - an) : (@1, ,
an) € Sp} as follows: Start with a probability space (Q,F,P) and a random
process {Uy(w) : a € D} where U,(w) is a unitary operator in H, for every a.
Define

p:lh”',an - /Qp(dw) (Ual Q- ® Uan) Pai,-an (Ual @@ Uan)T . (21)

Then {p}, ..
states.

: (a1,-++ ,a,) € Sp} is also a consistent family of finite-partite

THln

Remark 2.3. When D is a countable additive abelian group and H, = H for
all @ € D, p is a strictly stationary quantum process and the random process
{Uqs(w) : a € D} is also strictly stationary, then the quantum process @’ determined
by equation (2.1) is also strictly stationary.

3. Multi-mode Processes and Their Covariance Kernels

We now pass on to the definition of a k-mode quantum process over a countable
index set D. Let H, = L%(R¥) for each a € D, where k is a fixed positive integer
called the number of modes. We view H,, as the a-th copy of L?(R*) and introduce
the canonical Schrodinger pairs of position and momentum observables qqj, paj,
where 1 < j < k, given by

(a5 f) () = zjf(),
1 0
(Pajf) () = ;%j (x)
on their respective maximal domains in LQ(R’“), @ denoting (x1, 22, - , k) € RF.

We arrange these 2k observables as

(Xalu Xa27 T 7Xa2k:—17Xa2k) = (Qalapala T 7Qak7pak) .

Let now @ be a quantum process over D. Then X,, can be viewed as an am-
pliated observable in Hg, 4,,...,a,, Whenever the element a occurs in the sequence
ai,az, -+ ,a,. We assume that all observables which are closures of polynomials
of degree not exceeding 2 in {X,,: a € D,r =1,2,---,2k} have finite expecta-
tions under the process so that X,, and X, have a well-defined covariance for
any a,b € D, and r,s € {1,2,--- ,2k}. We write for any a,b € D,

Krs(a,b) = Cov(Xgr, Xps) Vr, s€{1,2,---,2k},
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where the covariances can be evaluated in any state pq, a,,...,qa,, When both a and
b occur in (a1, ,a,) € Sp. Indeed, this follows from consistency of the states
occurring in the quantum process. We call K = [[K(a,b)]], where a,b € D, the
covariance kernel of the k-mode quantum process g, where K (a,b) is the 2k x 2k
matrix [k s(a,b)]] with r, s € {1,2,---,2k}.

If D is an additive abelian group, (X,;) = 0 for alla € D, 1 < j < 2k, and
K(a,b) = K(a+c,b+c) for all a, b, ¢ € D we then say that g is a mean zero second
order weakly stationary or simply weakly stationary k-mode quantum process. In
such a case, there exists a map K from D into the space of 2k x 2k real matrices,
such that K(a,b) = K(b — a). This map K is called the autocovariance map of
the weakly stationary process.

Theorem 3.1. Let K(a,b) = [[krs(a,b)]] where a,b € D, be a family of 2k x 2k
real matrices satisfying the following conditions:

Krs(a,b) = kgr(bya) Vr,se€{1,2,---,2k} and a,b € D.
Then there exists a k-mode quantum process @ with covariance kernel K(-,-) if and
only if for any sequence (ai1,--- ,a,) € Sp the block matriz [[K (a;,a;)]] satisfies
the matriz inequality

(1K (a5, a))]] + 5 Jorn > 0. (3.1)

Proof. Since pq, ... q, is a kn-mode state and [[K (a;, a;)]] is the covariance matrix
of the position-momentum observables (X, 1, , Xay 2k Xag 1y " » Xag 2ks " s
Xa, 1, Xa, 2k) in L2(RF™), necessity is immediate from the uncertainty rela-
tion fulfilled by such a covariance matrix [2, 1, 7]. From Theorem 3.1 of [7] and
inequality (3.1), it follows that thre exists a Gaussian state {pq,.... 4, } With co-
variance matrix [[K(a;,a;)]]. Then {pa, ... a, } i a consistent family of Gaussian
states constituting the required quantum process. 0

Definition 3.2. A kernel
K =[[K(a,b)]] VYa,be D,
where K (a,b) are real 2k x 2k matrices satisfying the conditions
(1) K(a,b)T = K(b,a) for all a, b € D,
(2) [[K(as,a;)]] >0 for all (ai,az, - ,an) € Sp,
is called a k-mode classical covariance kernel.

If, in addition, the inequality (3.1) is fulfilled, then it is called a (k-mode)
quantum covariance kernel.

Corollary 3.3. If K is a k-mode quantum covariance kernel and C is a k-mode
classical covariance kernel then IC + C is a k-mode quantum covariance kernel.

Proof. Immediate. (]

Let o be a k-mode quantum process over D with quantum covariance kernel
K = [[K(a,b)]]. Suppose C = [[C(a,b)]] is the covariance kernel of a real 2k-variate
classical stochastic process with index set D so that the matrix inequalities

Z aiajC(ai, aj) 2 0

]
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for all real scalars a1, -+, a,, and all elements aq,--- ,a, € D. Then the sum
K+ C =[[K(a,b) + C(a,b)]]

is the covariance kernel of a k-mode quantum process o. We shall now realise
such a process o by an explicit construction which is an interaction between the
quantum process @ and a family of unitary conjugations mediated by a classical
process with covariance kernel C.

To this end we start with the 1-mode Hilbert space L?(R), its Schrodinger
position-momentum pair ¢, p, the associated annihilation-creation pair @, a' given
bya =23 (q+ap), af = 273 (g—1p) and the unitary Weyl (displacement) operators
W (z) = exp(za' — za), where z € C. These satisfy the relations

W(z)aW(z)! =a -2 VzeC,

with the convention that z denotes the scalar as well as the operator zI. This
leads to the relations

W2 32)gW (2 22)f = ¢q-uz,
W@ 2 pW (2 22) = poy,
where x = Rez and y = Im 2.
Now for a € D, let
Za = (Za1,Za2, " %ak)
Zar = Tar+ War,

where 2., = Re 24, and Yo, = Im 2,,-. Viewing H = L? (Rk) as the k-fold product
L?(R) ® L*(R) @ - - - ® L*(R), introduce the k-mode Weyl operators

W(za) =W(241) @+ @ W(2qk).

Then the relations (3.2, 3.3) yield the relations for the operators X 1, -, X421
defined above as

Xa1 Xa1— Qa1
L Xa2 L Xa2 — Qg2
W2 2z,) | . | W@ 2z, = , (3.4)
Xa2k Xa2k — Qa2k
where
(a1, a2, s Qa2k) = (Ta1,Ya1sTa2:Ya2, " > TaksYak) - (3.5)

Let (a1,Ma1,8a2:Ma2, " »&ak,Nak) (W), where w € Q, and a € D, be a 2k real
variate stochastic process defined on a probability space (€, F, P) with zero mean
and covariance kernel C = [[C(a, b)]], where

_fal_
Na 1
5112

C(a7b):E Ta2 [§a17na17§a27na2;"' 760,]{‘7?7(1]{:} Va,bED. (3.6)
gak

| Ma k|
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Define the random unitary operators U, (w) in H,, where a € D, by putting

Car = Ear+me, forr=1,2---k, (3.7)
Uslw) = W2 7)),

where ¢, = (Co1-++ ,Cax) € CF. By following the remarks in §2 around equation
(2.1), define the k-mode quantum process o by

Oay, - ,an = / P(dw)Uq, (w)®--- @ U,, (W)Palwv,anUal (W)T Q- ®U,, (W)T' (3.9)
Q

Then we have the following theorem:

Theorem 3.4. The covariance kernel of the o process determined by the finite-
partite states (3.9) is equal to K + C.

Proof. Consider the observable X, ;. Its expectation under the o process is given
by

Tr X, .00 = /P (dw)Tr Ug (w) Xo v Us (w)pa
/P — Yar) Pa;

(/Yal(w)a e 7’7a2k(w)) = (gal(w)anal(w)u e 7£ak(w)777ak:(w)) .

Since the classical v process has mean 0 we have

<Xar>o- = <Xar>p- (3'10)

where

Going to second order moments
Tr Xarsz Oab
/P(dw)Tr X0 XpsUa(w) @ Up(w)papUa ()T @ Up(w)'

- / P(Ad)W (24 ¢a) © W23 ) Xar Xy W (25 )| © W26 pa

= /P(dw)Tr (Xar —Yar) (Xos — Ybs) Pab

/ P(dw) [(Xar Ko s)g + Yar ()75() = Yar(@) (Xos)g = s(w) (Xar), ]
= (XarXps),+ Crala,b).
Let a # b. Then

COVO-(XaT,XbS) = <Xarsz> - <Xar> <Xb5>o-
<Xarsz> + Ors(a7 ) <XG.T>Q <XbS>Q
= K,s(a,b)+ Crs(a,b).
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Let a = b. Then Cy(a,b) = Cy5(a,a) = Csr(a,a), and so

COVU(XaruXas) = <%(XarXas + XasXar)> - <Xar>9 <Xas>9

1
- <§(XarXas+XasXar)> +Crs(a7a)_<Xar>Q<Xas>Q
4
= Covo(Xur,Xas)+ Crsla,a)
= K,(a,a)+ Crs(a,a).
(]

Remark 3.5. If p is a weakly stationary quantum process and (41,701, Eaks
N k) is a weakly stationary classical process with mean 0 such that

K(a,b) = K(b—a) and
C(a,b) = C(b—a) Va,be D,

then o is also a weakly stationary quantum process. If in addition, g is Gaussian
then so is o

4. The KWM Spectrum of a Weakly Stationary k-mode
Quantum Process

Let g be a weakly stationary k-mode quantum process over a countable discrete
additive abelian group D, with autocovariance map K. Let D be the compact dual
multiplicative group of all characters of D. Denote by F the Borel o-algebra on
D.

Define N ,

L(a) = K(a) + 5]1{0} (a)Jar, Ya € D. (4.1)

Then Theorem 3.1 yields the following proposition.

Proposition 4.1. A real 2k x 2k matriz-valued map K s the autocovariance map
of a second order weakly stationary k-mode quantum process on D if and only if
the associated map L defined by (4.1) satisfies the following matriz inequalities

[[L(as — a,)]] >0, wherer,se€ {1,2,--- n},
for all (ay,a2, -+ ,a,) € Sp, and n=1,2,---
Proof. Immediate. O

Theorem 4.2. A real 2k x 2k matriz-valued map K on D is the autocovariance
map of a second order weakly stationary k-mode quantum process on D if and only
if there exists a 2k x 2k Hermitian positive matriz-valued measure ® on (ZA),]-')
satisfying the following conditions:

(1) ®(D) = K(0).

(2) K(a) = f5x(@)®(dx).

(3) ®(S) + 5A(S)Jar > 0, VS € F, where \ is the normalized Haar measure
of the compact group D. In particular, X is absolutely continuous with
respect to Tr .
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(4) ®(S™H =®(9) = &(5)T,vS e F.
Under the conditions (1)-(4) the underlying quantum process can be chosen to be
a strictly stationary k-mode quantum Gaussian process with mean zero.

Proof. Let K be the autocovariance map of a weakly stationary k-mode process.
Define L by (4.1). By Proposition 4.1 the matrices [[L(as — a;)]], where r,s €
{1,2,---,n}, are positive for all (aj,as, -+ ,a,) € Sp. Hence for any vector
u € C?#, the function

a— Py (a) =u'Lia)u (4.2)
is positive definite on the abelian group D in the sense of Bochner. By Bochner’s
theorem there exists a totally finite measure v,, on F satisfying the relations

Yy(a) = /f) x(a) vy (dy) Va € D, (4.3)
Vu(0) = u'L(0)u
= (f{(o) n %J%) u. (4.4)

By (4.2) the left hand side of (4.3) is a quadratic form in w for each fixed a in D.
By the bijective correspondence between totally finite measures on D and their
Fourier transforms on D it follows that there exists a 2k x 2k Hermitian positive
matrix-valued measure ¥ on F such that

L(a) = /A x(a)¥(dx) Vae€ D, (4.5)
D
L(0) = K(0)+ %Jgk = ¥(D) > 0. (4.6)
Now define
pu(a) =u'K(a)u Va € D and u € C?*.
By (4.1), K(a) = Re L(a), where the real part is taken entry-by-entry, and hence

[K(as — ay)]] > 0 for any (a1,a2, -+ ,a,) € Sp. In other words, ¢, is also a
positive definite function on D and by the same arguments as employed for L we
have the relations

R(a) = /D x(a) B(dx), (47)
K(0) = &), (4.8)

where @ is again a 2k x 2k Hermitian positive matrix-valued measure on F.
By (4.1)

1
Lia) - K(a) = L1gy(a)n
- [% /A X(a))\(dx)] Jow Va € D. (4.9)
D
Subtracting (4.7) from (4.5) and using (4.9) we have

7

Jx@ = o)ao = |3 [ x@ran]
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for all @ € D. Thus by uniqueness of Fourier transforms we have
U(S) — B(S) = %)\(S)Jgk, VS € F.
Thus ,
®(S) + 5A(S) ok 20, VS €T (4.10)

Now property (1) follows from (4.8), property (2) from (4.7), and property (3)
from (4.10). If Tr ®(S) = 0 then ®(S) = 0, by positivity, and (4.10) implies

%)‘(S)J% >0

which is positive only if A(S) = 0, as may be seen by taking the determinant. In
other words A\ <« Tr ®. IR

To prove property (4) of ® we introduce the map 7: D — D, 7(x) =X = x *
and observe that

K(a)

[ x@a
- /D \(@) B (d).

Since K (a) has real entries, property (2) implies
ol =0,
or L
B(S™H =d(S) = (9T, VvSeF
This completes the proof of necessity. To prove sufficiency consider a 2k x 2k

Hermitian positive matrix-valued measure ® satisfying properties (3) and (4) of
the theorem. Define

R(a) = /ﬁx(a)@(dx)-

Then properties (2) and (1) hold. Property (3) implies that the function L(a), on
D defined by setting

L(a) K(a) + %1{0} (@) Jox

= [ x@ (95 50 @

satisfies the matrix inequalities [[L(as — a,)]] > 0 for any sequence (aq,--- ,a,) €
Sp. By Proposition 4.1, K is the autocovariance function of a second order weakly
stationary k-mode quantum process which, indeed, can be chosen to be a strictly
stationary Gaussian process of mean zero. O

Remark 4.3. As already described in the introduction, we call equation (2) in
Theorem 4.2 the spectral representation of the autocovariance map K and say
that @ is the Kolmogorov- Wiener-Masani (KWM) spectrum of the k-mode weakly
stationary quantum process. Theorem 4.2 enables us to construct a whole class of
examples of KWM spectra and hence autocovariance maps as follows. Choose and
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fix any Borel map y — M(x), on D where M () is a k-mode quantum covariance
matrix of order 2k, so that

M(x) + %Jzk >0 for every y € D.

Assume that M (-) is integrable with respect to the normalised Haar measure A on
D. Let ¥ be any totally finite positive Hermitian 2k x 2k matrix-valued measure
on (ﬁ,]:) satisfying the conjugate symmetry condition ¥(S~!) = W(S) for any
Borel set S € F. Define

/M Ady) +U(S), SeF.

Then by Theorem 4.2, ® is the KWM spectrum of a stationary quantum process
over D with autocovariance map K given by equation (2) of the theorem.

Remark 4.4. The second part of property (3) of ® in Theorem 4.2 implies that
A(S) = 0 whenever Tr ®(S) = 0. In other words the KWM spectrum of a weakly
stationary k- mode quantum process over D cannot admit a gap of positive Haar
measure in D. For example, when D = Z and D is identified with [0,27], the
KWM spectrum of a stationary k-mode quantum process over Z cannot admit an
interval gap.

Remark 4.5. In Theorem 4.2, express the KWM spectrum & as
O = [[¢rs]], wherer,se€{1,2,- -, 2k},
and write

D, = [[p2i-1,2j-1]], wherei,je{1,2,--- k},
®, = [[p2i2;]], wherei,je{1,2,--- k}.

In the inductive limit C* probability space (Beo,w) associated with the pro-
cess @ described in §2 the commuting family of position observables {q,, : a €
D, re{l1,2,--- k}} affiliated to B execute a classical weakly stationary process
with spectrum ®,. A similar property holds for the family {p,, : @ € D, r €
{1,2,--- ,k}}.

In the quantum Gaussian case this raises the question that under what condi-
tions on the spectrum ® do these processes enjoy properties like ergodicity, weak
mixing, strong mixing etc. The results of G. Maruyama [6] suggest that a minimum
requirement would be the absence of atoms in the spectrum .

Suppose ® has no atoms. For arbitrary real scalars c,, where 1 < r < 2k,
consider the associated observables

2k

Za = Z (CQT*Iqar + CQrpar) Ya € D.
r=1

Then {Z, : a € D} executes a classical Gaussian process with values in the real
line and autocovariance function ¢” K (-)e with ¢”’ = (c1, ca, - - - , cax) and spectrum

equal to ¢’ ®(-)e, a measure in D. Now let D = Z be the integer group. Then
Maruyama’s theorem implies that this scalar-valued process is, indeed, weakly
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mixing, and in particular ergodic. If lim,_, TK (a)e = 0, then this scalar-valued
process is also strongly mixing.

Remark 4.6. Following [9] one can introduce the observable

1
Naj=§(q§j+p§j—l), where 1 < 5 <k,

which is the number of particles (photons) in the j-th mode at the site a. If the
underlying process g is Gaussian with mean 0 then

1 . ~ 1
(Naj) = 5 {¢2j—1,2j—1(D) + ¢2j,2; (D) — 5} :

This is a consequence of property (1) of ® in Theorem 4.2 and equation (3.4) from
Corollary 3.1 in [9].

This shows that the relationships between photon numbers and KWM spectrum
need a deeper exploration.

Theorem 4.2 can be strengthened as follows:

Theorem 4.7. Let D be a countable, discrete, additive abelian group with its
compact character group D and let \ be the normalized Haar measure of D on
its Borel o-algebra F. Suppose ® is a complex, totally finite 2k x 2k positive
matriz-valued measure on F. Then ® is the KWM spectrum of a k-mode weakly
stationary quantum process @ over D if and only if ® admits the representation

B(S) = /SF(X)/\(dX) +U(S) VS eF, (4.11)

where F' is a 2k x 2k positive Hermitian matriz-valued Borel function satisfying
the matriz inequality

F() +5Ja 20 ¥ € D, (4.12)

and
S ([ (9)]] (4.13)

is a 2k x 2k positive matriz-valued measure on F with each ¥,s being singular with
respect to \.
In particular, F' can be chosen to satisfy
1 ~
det Re F'(x) > 0 vVx €D (4.14)
and the absolutely continuous part of u? ®(-)u is equivalent to X for every nonzero
element u of C?.

Proof. Let ® = [[¢,s]], with r,s € {1,2,--- 2k}, be the KWM spectrum of a k-
mode weakly stationary quantum process g over D. By property (3) of Theorem
4.2 it follows that

b2r—1,2r—1(95) G2r—1,20(S) + 5A(5)

G2r,2r-1(S) — 5A(S) Gar2r (S) =0



ON THE KWM SPECTRUM OF A WEAKLY STATIONARY QUATUM PROCESS 447

for any S € F. Suppose ¢ar_12,—1(S) = 0. Then positivity of ® implies that
¢2r—1,2r(S) = Par2r—1(S) = 0 and hence

0 A(S)
. > 0.
-2 (S) ¢2r,2r(s)
Since the determinant of the left hand side in the inequality is nonnegative we
conclude that A(S) = 0. In other words A < ¢2,_1,2,—1. By the same argument
A K ¢or2r. In other words A is absolutely continuous with respect to every
diagonal entry of ®.
Choose and fix an Sy € F such that Sy = Sgl, A(Sp) = 1, the measure i,
defined by setting
trr(S) = ¢rr (SN Sy) VS €F
is the part of ¢, equivalent to A and the measure 1,.,. defined by setting
Urr(S) = (SN (D\Sp)) VS € F
is the part of ¢, singular with respect to A, so that
¢’I‘T‘:/’L’I‘T‘+w’r"l‘ VT:1727"'72k'
Now define
wrs(S) = &rs(SNSp)  and
trs(S) ¢,5(SN (D\Sp)) VS e F.
If A(S) = 0 then p,..(S) = 0, so ¢-(S N Sy) = 0, whence ¢,5(S N Sy) =0 and

therefore p,s(S) = 0. In other words p,.s < A. By definition all the measures v,
are singular with respect to A and

(brs:ﬂrs""wrs VT,SE{1,2,"' 72k}
Define f,s to be the Radon Nykodym derivative of u,s with respect to A and put

F(X): [[fTs(X)]] VT,S€{1,2,--- 72k}
Now F' is defined a.e. with respect to A\ and

B(S) = [S FOOMdy) + U(S) VS e F, (4.15)

where every entry 1., of ¥ is singular with respect to A. By the choice of Sy it
follows that

1
[ FOONY + 578 s 2 0
s
for all S C Sp, such that S € F, so that
1
/ (F(x) + 5J%) A(dx) > 0.
s

Thus ,
F(x)+ §J2k >0, M\ae., (4.16)

and also, by the symmetry of the Haar measure,

FixY)+ %JQk >0, \ae. (4.17)
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On the other hand

B(s1) = /S FOHAMY) + T(57),

) - [ T + T
The conjugate symmetry of ®, property (4) of Theorem 4.2, and the fact that
U(S)=0if S C Sy =5;" imply

Fix"H=F(x), Xae.

Choosing F(x) = Iy whenever this fails we may assume that F(x™') = F(x)
for all x. Now (4.16) and (4.17) imply that F' can be altered on a set of A-measure
zero so that

FO)+ P

2

holds for every x. In other words F' is a complex positive 2k x 2k matrix whose
real part is the quantum covariance matrix of position and momentum observables
in a k-mode state in L?(R¥). It follows from [8] that

1
Re F(x) = > —§J2k

1 ~
det Re F(x) > T Vx € D
and the representation (4.11) holds.
The converse is already a part of Theorem 4.2. 0

Remark 4.8. Suppose the quantum process g of Theorem 4.7 is Gaussian and sym-
metric under the reflection transformation a — —a in D. Then the autocovariance
function K of the process o satisfies the condition K (a) = K(—a), a € D and the
KWM spectrum @ is real, i.e., ® = ®. Then (4.14) implies

/A log det @(x)A(dx) > —o0.
D

When D = Z is the integer group it follows from the Wiener Masani theorem, in
particular, that the position observables (g, 1, - ,qnk) execute a purely indeter-
ministic shift invariant k-variate Gaussian process. So do the momentum observ-
ables (pp1,- -+ ,Pnk). It may be recalled that a d-variate, mean zero shift invariant
Gaussian process of random variables {&, = (£,1,&n2,* ,&nd), —00 < n < 0o}
defined on a probability space (£2, F , P) is a purely indeterministic if, for any n,

where H,,, denotes the closed subspace spanned by the random variables
{44, —0 <r<m,1<j<d}in L*(P).
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