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HOMEOMORPHIC PROPERTY OF THE STOCHASTIC FLOW
OF A NATURAL EQUATION IN
MULTI-DIMENSIONAL CASE

FATIMA BENZIADI AND ABDELDJABBAR KANDOUCT*

ABSTRACT. The one-default models are widely applied in modeling financial
risk and price valuation of financial products such as credit default swap. In
this paper, we are interested essentially in the so-called natural model. This
model is expressed by a stochastic differential equation called f-equation in-
troduced in [5]; this equation displays the evolution of the defaultable market.
So, on the same model and with some assumptions, we will try to prove a
few properties of the stochastic flow generated by a f-equation but in a mul-
tidimensional case and with some modifications. This is the main motivation
of our research.

1. Introduction

In [5] a new class of random times has been introduced. Precisely, it is proved
that, for any continuous increasing process A null at the origin, for any continuous
non-negative local martingale N such that Z; = Nee ™™ with0< Z, < 1,t >0
denotes the default intensity, for any continuous local martingale Y, and for any
Lipschitz function f on R null at the origin, there exists a random variable 7 such
that the family of conditional expectations X;* = Q[r < u|F], u > 0, t < o0,
satisfies the following stochastic differential equation :

— Ay

1-2;

dXt:Xt<—
X,=.

) N+ 06— (1= Z0)a%) 1€ o)

We call this setting a f-model, where the initial condition z can be any F,-
measurable random variable.

We introduce the f-model in a multi-dimensional case. Let F' be a continuous
Lipschitz mapping from R? into itself and Y (¢t,w) = (Y1(t,w),..., Y.(t,w)) de-
note an r-dimensional continuous local martingale defined on a probability space
(Q,F = (Fi)t>0,P). We consider the stochastic differential equation (f,) on R? :
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+ d r ‘ ,
() : ‘“3:&(‘f_@ﬂw+§:§ﬁ7@%—u—&NM?)

i=1 j=1
Xy =2,
for t € [u,00), 1 <j<r.

The property appears important in recent study of stochastic differential ge-
ometry, and has been studied by several authors, e.g. Elworthy [3], Malliavin [7],
Tkeda-Watanabe [4], Bismut [1]. We are inspired from the methods of proving the
results obtained in [6] by Hiroshi Kunita. The main result of this paper is to prove
the homeomorphism property of the stochastic flow generated by the stochastic
flow associated with the h-equation based on Hiroshi Kunita theory, but we impose
the following hypotheses:

Hypothesis 1.1. We keep the same naturel model, but we assume that all the
processes indicated in the f-equation (the multidimensional case) take real values.
Thus, we impose that the coefficients of this equation are Lipschitz continuous.

Hypothesis 1.2. We always assume the hypothesis mentioned in [5], which de-
t o —A,

noted that the stochastic integral dNs, u <t < 00, exists and defines a

S

local martingale. So called the hypgthesis Hy(C).

The paper is organized as follows. In section 2, we will prove the found theorems
and lemmas motivated by T.Yamada and S.Varadhan, which will appear in [6].
Section 3 presents the main results of this paper.

2. The Stochastic Flow of a Stochastic Differential Equation
This section is borrowed from [6].

2.1. Flow of homeomorphisms for the solution of SDE. In this subsection,
let Gy(x),...,G,(r) be continuous mappings from R? into itself and M}, ..., M]
continuous semimartingales defined on a probability space (Q,F,P;F,). Here Fy,
0 <t < oo is an increasing family of sub o-fields of F such that A.soFiic = Fy
holds for each t. Consider an It6 stochastic differential equation (SDE) on R¢:

& =" Gi(&)dM]. (2.1)

Jj=1

A sample continuous F-adapted stochastic process & with values in R? is called
a solution of (2.1), if it satisfies

d t ‘
sF&+Z/Gﬁmw, (2.2)
j=1"79

where the right hand side is the It6 integral.
Concerning the coefficients of the equation, we will assume in this section that
they are Lipschitz continuous, i.e., there is a positive constant L such that

Gi(x) = G5(y)| < Llw —yl,  Vo,yeR?
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holds for all indices 4, j, where G’ () is the i-th component of the vector function
Gj(z). Then for a given point = of R?, the equation has a unique solution such
that o(x) = x. We denote it by & (z) or & (z,w). It is continuous in (¢,z) a.s. In
fact, the following proposition is well known.

Proposition 2.1 ([9]). & (z,w) is continuous in [0,00) x R? for almost all w.
Furthermore, for any T > 0 and p > 2, there is a positive constant Kz(j’l% such that

Blg (@) — &)1 < K (el + 1t —s[%) (2.3)
holds for all x,y of R? and t,s of [0, T].

We thus think that for a fixed ¢, &(-,w) is a continuous map from R¢ into itself
for almost all w. The purpose of this section is to prove that the map & (-, w) is one
to one and onto, and that the inverse map &, 1(-,0.)) is also continuous. Namely
we will prove

Theorem 2.2. Suppose that Gi, ..., G, of equation (2.1) are Lipschitz continuous.
Then the solution map & (-,w) is a homeomorphism of RY for all t, a.s. in w.

Before proving the theorem, we would like to mention a few remarks.

Remark 2.3. In the case of one dimensional SDE, Ogura and Yamada [8] have
shown the same result under a weaker condition, using a strong comparison the-
orem of solutions. In fact, if coefficients are Lipschitz continuous on any finite
interval (local Lipschitz) and if they are of linear growth, i.e., |G;(z)| < C(1+|z|)
holds for all  with some positive C, then the solution & (-, w) is a homeomorphism
a.s. for any t.

Remark 2.4. The (local) Lipschitz continuity of coefficients is crucial for the theo-
rem. Ogura and Yamada [8] have given an example of a one dimensional SDE with
a-Holder continuous coefficients (% < a < 1), which has a unique strong solution
but does not have the “one to one” property.

Remark 2.5. Tt is enough to prove the theorem in the case that M}, i = 1,...,7,
satisfy the properties below: Let M7 = BJ + A! be the decomposition of semi-
martingale such that Bg is a continuous local martingale and A{ is a continuous
process of bounded variation. Let (B7); be the quadratic variation of Bg . Then
for each j and all s < t,

Al — Al <t—s, (B, —(BY),<t—s  Vs<t (2.4)

In the following discussion, condition (2.4) is always assumed. We will first
show the "one to one” property. Our approach is based on several elementary
inequalities.

Lemma 2.6. Let T' > 0 and p be any real number. Then there is a positive

constant Kz(f% such that Vz,y € R and Yt € [0,T],

El¢:(x) — & ()P < K oz —ylP. (2.5)
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Proof. If x = y, the inequality is clearly satisfied for any positive constant Kz(),QZ)F'

We shall assume = # y. Let € be an arbitrary positive number and o, = inf{¢t >
0; |€:(z) — & (y)| < e}. We shall apply It6’s formula to f(z) = |2|P. Then we have
for t < oy,

() — &) — |z — PP
-y / oL (6.0) - 6) (Gi6) - G (& w) IR

— 0z
1 ' 82 7 7
+3 3 [ s (€0 - 600 (GHE@) - Giles)
* (Gl (@) - G(&w)) dlark, ),
= It + Jt.
Note gj = p|z|P"%2; and apply Lipschitz inequality. Then
Z % (Es(2) = &) (G5 (Es(2) — Gj (fs(y)))‘ < |p|VAL|¢, (2) — &) P

Therefore we have

t
[ETnor| < |plrvdL / Eléuno (@) — Euno, (y)|Pds.
0

Next, note that

2
o = e (o~ D
where d;; is the Kronecker’s delta. Then
0?2 ) ) , )
aaf (6(2) = &) (Gi(&(@) - GLEWN(Gi((@)) — GilEs(v)))
i0%j
< |pl(Ip — 2| + d)L?|€s () — Es(y)[P).
Therefore

1 t
Edins.| < 5200 =21+ L [ Bleans. (@) — €una. ().
0

Summing up these two inequalities, we obtain

t
Blétns. (0) ~ o ) < | = yP + Cp | Blétns. (@)  ina ()",
0
where C), is a positive constant. By Gronwall’s inequality,
Eléing. (#) = Ena. WP < Kpla —yl?, vt € (0,7,
where K;S,Q% = exp(C,pT). Letting € tend to 0, we have

El¢ino () — Eino ()P < K)o —y)P,
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where o is the first time ¢ such that &(x) = &(y). However, we have ¢ = oo
a.s., since otherwise the left hand side would be infinity if p < 0. The proof is
complete. O

The above lemma shows that if  # y then &(x) # &(y) holds a.s. for all ¢.
But it does not conclude that &:(-,w) is “one to one”, since the exceptional null
set Ny, = {w;&(z) = &(y) forsome t} depends on the pair (z,y). To overcome
this point, we shall prove the following lemma.

Lemma 2.7 (Varadhan). Set

v
[&e(x) = & ()]

Then n(z,y) is continuous in [0,00) x {(z,y) € R*¥|x # y}.

nt(xvy) =

Proof. Suppose p > 2(2d + 1). We have

(2, y) —ne (2, y") P < 2P, (2, y)Pne (2, y )P {1 () — & () [P + 164 (y) — Eur (y) P}
By Holder’s inequality,

/

Elne(z,y) —ne (2’ ") P
< 2P{E(me(z, y) P E(ny (', y/) )} 7
x {(Elée(x) — & (")) % + (Elé:(y) — & (y) )% ).

By Lemma 2.6 and Proposition 2.1, we have

)
(

Elne(x,y) —ne (2, ") P
S Cp,T

pl
2

z—y[ Pl =y TPl = 2P+ ly — P 420t - ]2

Elne(w,y) = ne (@, )" < Cprd P {|lz —a'|P + |y —y'|P + 2t —¢|%},  (2.7)

if |lx —y| > ¢ and |2’ —y'| > §, where Cpr is a positive constant. Then by
Kolmogorov’s theorem, n:(z,y) is continuous in [0, T] x {(x, y); |[t—y| > §}. Since T
and ¢ are arbitrary positive numbers, we get the assertion. The proof is complete.

(]

The above lemma leads immediately to the “one to one” property of the map
& (-, w) a.s. for all t. We shall consider next the onto property. We first establish

Lemma 2.8. Let T > 0 and let p be any real number. Then there is a positive
constant Kf% such that

E(1+|&(2)?)? < K91+ [2)?, Vo eRY Vee0,T). (2.8)

Proof. We shall apply It&’s formula to the function f(z) = (1 + |2]?)?. We have
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(2))G}(€s())dM]

CEUSEEDY / o

3 2 / 5%@% )G (E(2)G1 (&) dMF, MY,

ljk‘l
=1+ J;.

Let K be a positive constant such that
|Gi(x)] < K(1+ [z[?)%.
holds for all ¢ and j. Then,

L 6@ 60| < 2K+ e
Therefore,
\Eft\<2rf|p\K/ 1+ [ (2)]?)Pds.
Similarly,
L 82f 1 J 2 2\p
52 5oz, S @ICLE@)C (& ()] < Ipl(d+2lp — KA+ [&a() )",
so that

¢
B < plr?(d+ 2p — 1)K [ B+ e @)
0
Therefore we have
t
E(1+[&(2)*)" < (1+ |2*)” + Const-/ E(1 + |&(2)[*)7ds.
0
By Gronwall’s inequality, we get the inequality of the lemma. O
Remark 2.9. We have (1 + |z]?) < (1 + |2])? < 2(1 + |z|?). Therefore, inequality
(2.8) implies
E(1+ 16 (@)} < 2P (1 + [a]) . (2.9)
Now taking negative p in the above lemma, we see that | (z)| tends to infin-

ity in probability as = tends sequencially to infinity. We shall prove a stronger
convergence. We claim

Lemma 2.10. Let R4 = R?U {00} be the one point compactification of RY. Set

1 - d
n@ ={ T¥a@; "°R
0, if x =00

Then ny(z,w) is a continuous map from [0,00) x RY into R a.s..
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Proof. Obviously n;(x) is continuous in [0,00) x R%. Hence it is enough to prove
the continuity in the neighborhood of infinity. Suppose p > 2(2d + 1). We have

ne(2) = ns ()" < me(@)Pns ()P 160 (2) — Es(y) .
By Holder’s inequality, Proposition 2.1 and lemma 2.8, we have
1 1 1
Ele () — ns () < (Ene(2)*)7 (Ens(y)*) 7 (El&r(z) — & (y)[*P) 2
< Cpr(L+[a))P(L+ [y) P (2 — yl? + |t — s]2),
1
if t,s € [0,7] and z,y € RY, where C,r is a positive constant. Set — =
x

(z7', .2y "), Since

|z —y 1 1
<|=—-1
A+l +y)) ~ [z v
we get the inequality
p 1 1) »
Elne(z) — ns(9)[” < Cpr . +t—s]% ).

Define

1

~ - if

n(x) = nt(x)’ ifz#0,
0, if x =

Then the above inequality implies
Efii(@) = () < Cpr (lo =yl + 1t = s%), @ £0,y40.
In the case y = 0, we have
Bl (2)[” < Cp,rlf”.

Therefore, 7j;(x) is continuous in [0,00) x R? by Kolmogorov’s theorem. This
proves that 7;(z) is continuous in [0, co)xneighborhood of infinity. O

Lemma 2.11. Define a stochastic process €, on R4 = R% U {oco} by
= { & (), if € RY

§ilx) = 00, if x = oo.
Then €,(x) is continuous in [0, 00) x R9,

Proof. We have the proof by the previous lemma. Thus for each t > 0, the
map &,(-,w) is homotopic to the identity map on R4, which is homeomorphic to
d-dimensional sphere S?. Then &,(-,w) is an onto map of R4 by a well known
homotopic theory. O

Now the map &, is a homeomorphism of R4, since it is one to one, onto and
continuous. Since oo is the invariant point of the map &,, we see that & is a
homeomorphism of R?. This completes the proof of Theorem 2.2.
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3. Main Result

We now turn to the f-equation in higher dimensions. Let (Aq,...,Aq) be a d-
dimensional continuous increasing process null at the origin, and a d-dimensional
continuous non-negative local martingale N such that Z = Ne ™ with 0 <
Z < 1,t > 0 and Z(t,w) = (Z1(t,w), ..., Z4(t,w)) denotes the default inten-
sity. Let F be continuous, Lipschitz mapping from R into itself and Y (t,w) =
(Y1(t,w), ..., Y, (t,w)) denote a r-dimensional continuous local martingale defined
on a probability space (Q,F = (F;)i>0,P). We consider the f-equation in multi-
dimensional case :

e—M(t)

dX1(t) = Xa1(t) <_1—Z1(t)

ANy (1) + FidYy + -+ FlddYr) :

—Aa(t)
AXa(t) = Xa(t) [ —~———dNy(t) + FrdY; + - - + F.qdY, ) ,
1— Zy(t)
with X (u) = (x1,...,24)" as the initial condition. Or, in matrix notation simply:
—As
ax, = X, (— AN+ F (X, (1 zt»cm) L tefu),
(Bu) : 1- 2
Xy =2,
here X() = (X0(t), . Xa(t)T, — - — (L0 M)\
w - 1 yreey d ) 1_Zt - 1_Zl(t)aa 1—Zd(t) ’

AN (t) = (dN1(t), ..., dNg(t))T, dY (t) = (dY1(t), ...,dY,(t))", where T denotes the
transpose of a vector, and

Fii . . . Fig

Fq . . . Fy
Concerning coefficients of our equation, we will assume in this section that they
are Lipschitz continuous, i.e., there is a positive constant L such that:
|Fj(z) = Fi(y)| < Ll —yl, Va,yeR,1<i<d 1<j<r

holds for all indices i, j, where F’ ;(x) is the i-th component of the vector function
Fj(z). Then for a given point x of R?, the (f,)-equation has a unique solution
such that X, = . We denote it as X;(x) or X¢(z,w). It is continuous in (¢, x)
a.s. applying proposition 2.1 [9].

T

¢ e s t 2 ; )
X, (1 . ZS) ANt [ SN X (X - (1= Zay?.

i=1 j=1

X (x) :er/

u

We know that the quantity F}(X, — (1 — Z,)) is bounded because F is a Lipschitz
— A,

1 Z,

function, but we do not know a priori if the quantity ( ) is finite or not;
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we introduce the stopping time 7, = inf{t, 1 — Z; < %}, therefore, we assume the
process X instead of X:

_ _ —As
dXt—Xt< #d]vt—FZZFZ X, — (1-2,))dy; )
— LtAT,

=1 j=1

such as X; = Xy, V¢ < 7, n € N.

3.1. Proof of the one to one property. In this part we will apply lemma 2.6
to our model. So if 2 = y the inequality is clearly satisfied for any constant K (2)
We shall assume x # y. Let € be an arbitrary positive number and:

= inf{t > 0 [Xp(2) - X()] < ).

We denote A, = X*(z) — X?(y), and we shall apply Itd’s formula to the function
f(2) = |2|P. Then we have for ¢t < ¢,

—A, d r
X;(x)=x+/txs (_SZAA> dNS+/tZZ)~(SF; (Xs_u_zs)) dy?,

U =1 j=1

X, = X, (— =y ) dN; + ;;XW (X0 - (- 2))avy,

X (@) - X2 w)| = Je -yl

=3 [ (%) - Sw)

)

<[ <—1_z) AN, + Ko(a)F! (X< ) - (1—ZS>) av?
X (—1_;) AN+ X (Xul) - (- 22)) av?

> / 8%8% m)Jf:(y))

1,5,k,!

X {)N(S(a:) <—1fZAM) dN, + X, () F} (f(( )= (1— )) dy’*
~ %) (_1_6_ZAA> AN, + X ()F} (Xuly) — (1 2,)) dYs’“}

X[Xs<x>(—1f_;:m)dws+x<>w( () -1 Z>)dY;

—A

X,
~ X.() (—1_eZM> AN, + X,( ( )) le}
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~ ~ p
K@) = X )| — L=yl

=3 [ (52 - x2w)

Noting
Vi) = X, (@) F (Xole) - (1= Z,))
VIED = X )F () - (0 - 2,),
such that o o o )
V(XD - Vi(&)| < L|Xs - x|,
and of
I p—2,.
azi p|Z| Zlv
we put

jt:jtl—'_j?a
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such that

i= Z/ut gjfz (Xg(:c) - X;‘(y)) (f(s(x) - XS(y)) (_1—6_21:17,1) s

For I}, we have:

of

5|5t () - w) (F0 - £0)

< Ipll=i =22 VA | (@) - X ()]

S |p|\/8 ‘Xs(x) - Xs(y)

‘ p
Therefore,

~ t e_AS
Il < ~ Xy )‘ dsx/ ¢ " _4n..

]- - Zs/\'rn

e‘Aa‘

t
Note that Qt = / —#
u T HsA\Tp

esis Hy (C) [5]). So

dNj, it is a local martingale (the so called hypoth-

i<V [ Ry - ) ds.

u

’

For I?, we have

o (et - X200 (v - Vi)

2
< Ipll=l 22 VA L Ko@) - K ()]

< VAL |X(@) - Xoly)

Therefore,
F<|plVdrL
u

So, we have

I=i} 4 I?
- - P ~ - ~ P
slplr\/ﬁ Q [ Ko@) = X[ ds + bV rL | [Xo(a) - o) ds
- X[ ds (@ + L),
Therefore, we have
. -t - P
‘E Iipno:| < |p|7°\/g (Qtno: + L)/ E ‘XS/\0'5<:I;) - XS/\O'E"(y)‘ ds. (3.1)
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<[ (o) = £utw) (- ) ave+ (ViR - Vi) av|
€7A5

<[ (o) = 2utw) (- ) v+ () - ) av]

i % o () - x20)
X l(j(s(x) - Xs(y))z <_1_Zs/\‘r)2 dNsdNs + (Vkl(Xf) - V];(qu))
(

X
= Zsnr,
% (VZJ(XQJ) VJ(Xy)> X dNg le + X (2) _Xs(y)) <_1—6_ZAQ/\T”>

x(v,;( oy _ V(X ))dN dY’f]

Note that J, = = [jtl + jtz + jt?’ + jﬂ such that

=2

0,5,k 07
e~ hs 2

———— ) dN4dNs,
. ( 1- Zs/\'rn>

aZlazj( Ha) - X)) < (ViED) - Vi(ED)

o (%200 - X2) x (X0) - X))’

>

Gkl 7Y

x(vlj(fg) VI(X )) avkay?,

B — Z/ 8218% : )*Xg(y))X(Xs(x)sz(y)) <1—62AT)

Jh— Z / 8z18z] )_Xg(y)) X (f(s(x) —Xs(y)) (‘1_6%1)

i,k Y

x (VRS - Vix)

~—
U
=
U
L<
i
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and note that
0%f
8ZiaZj

where d;; is the Kronecker’s delta. Then for jtl, we have

= plz[P726i; + p(p — 2)| 2P 225,

Zazlazj(~ r) - X)) x (Kule) - Kalw))

< |05+ plp = 21 155) (Koo - Kelo)’

< ol (Ip =21 + )| Xo(2) - X ()|

Therefore,

- t . p t e—Ns 2
T < 1ol (lp—2| +d) / Ro(w) = Xy ds / () dN,dN,.

u 1- ZsA‘rn
The hypothesis Hy (C) is always assumed, so

t p

<1l (1p—2| +d) Q?/ £y(@) - Xoly)| ds.

u

For JZ, we have

N——

|Za%azj (r) = X2()) ¢ (Vi(XD) = Vi(XD) (W (X2) - v/ (X))

9

< |0l 00 = DI 515) 2 (Rule) - Kut0)”

T2 <ol (p =2 +d) E* | X, () - Xo(y)]|

So
Xo(z) = Xa(y)

t
B <lpl(p -2+ a) 170 [ ds.

u

For J3, we have

Zazzazj( (2) - X)) x (Xu0) - X)) (V(X2) -V (XD)

< |l 20d + plp = D) 2z) (Role) - X)) Lr (Ko@) - Ku(w) |
< Il (p 21 +d) Lr | £,(@) - X(w)|

The hypothesis Hy (C) is always assumed, so

t

B <lpllp-2+ ) Irq [ [Ruw) - 2 as.

u

‘ p
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For J}}, we have also
¢

J;*§|p|<|p—2|+d>irczt/ () - X[ ds,
J, 5[JHLJtJﬁ]?’JrJt}
1 t -
<5 [plt-2+0 ¢ [ |0 - 2w @
~ t ~ ~
HrlQp =2+ ) 20 [ [Relo) - Xl s
- h t N P
ol p =2+ ) Qe [ [ Rule) - %) ds}
t
<5 [o-2+a [ %0 - %] as (@2 + 12 428 @))]
Therefore,
t
‘ij,g S%\p|(\p72\+d) (QtJrrE)Q/ E‘Xsmé(x)f)zs,\gg(y)’pds. (3.2)

Summing up these two inequalities 3.1 and 3.2, we obtain
- P -t - P
B[ X, (@)~ K00, ) < o= 0P+ Gy [ B[unn(o) = Xunn )] s,

where C, is a positive constant.
By Gronwall’s inequality we have

~ ~ p
E[%i, (@)~ Koo, )| <K@ o -yl u<t<oc,

such that
K3 o = yl? = exp(Cyu).
Letting € tend to 0, we have

B[, () = X, )| < K2 e -y,

where o is the first time such that X®(z) = X{(y). However, we have ¢ = oo
a.s., since otherwise the left hand side would be infinity if p < 0. The proof is
complete.

The above lemma shows that if z # y then X (z) # X(y) holds a.s. for all t.
But it does not conclude that X,(.,w) is one to one, since the exceptional null set
N, = {w; X“(z) = X (y) forsomet} depends on the pair (z,y). To overcome
this point, we shall apply lemma 2.7.

In this case, suppose p > 2(2d + 1). We have

~ t e—As td v 4
X; (m)=x+/u X, (_1—ZAT> dNS+/ > > X.F) (Xs—(l—Zs)) ED

U i=1 j=1
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X’ﬁ(x')—x#/ut/f(s( T s/\‘rn>dN+/ z:z:XFl(~ .yl ZS))dYSj,

Uoi=1 j=1
N o eiAS t d r _ . ~ -
X =+ [ X. (1_Z> an.+ [ DR (£- (- 20)avy.
=1 )=
t/
Xu) =+ [ X, N, XFZ(~ Zs>Yj.
R e e Ly A ZZ ~(1-2))av;
Put
(2.1) !
T,y = R
| Xi (x) — X (y)]
1
ﬁt’(‘rlv )_ =
[ Xp (') — X3y
So

|77t(377 y) — T (xlv yl)|p
B ‘ 1 - 1
[(Xi () = Xp ()| X () = X5 (y)]

) (s
| X (z) — X3 (y)] | X (2") — X (y')]

x |IXp (@) = Xp ()P + K¢ () - X))

By Holder’s inequality,

p

p

E|f(z,y) — i (2, 9|
< 2 (E(iiy(w, y)*")E(ie («/,5/)*7)) *
1 1
<[ (BIfE@ - X))+ (BXEW) - REGP) |

By lemma 2.6 and proposition 2.1, we have

E |7t (z, y) — i (2, y')["
< Cprle =yl ™0’ = o177 (Jo = ' + Iy — /1" + 20t — ¢|)
< Cprd?r <|x 2P+ ly—yIP+26t— t/|%) ,

if |2 —y| >0 and |2/ — 3| > &, where C'pyT is a positive constant. Then by
Kolmogorov Theorem 2.2, 7j;(x,y) is continuous in [0,T] x {(z,y)/|x — y| > §}.
Since T and 6 are arbitrary positive numbers, we get the assertion. The proof is
complete.

The above calculus leads immediately to the one to one property of the map
Xt”(., w) a.s. for all t. We shall next consider the onto property.
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3.2. Proof of the onto property. In this part we will apply lemmas 2.8, 2.10,
and 2.11 to our model.
Let T'> 0 and p any real number:

Xt“(m)z+/t)~(s (1_6Z1:SAT>dNS+/ ZiX F ( kZ))dYg,

U oi=1j=1

dXt:Xt< 1= 7 )dNt+ZZXt ( 1—Zt)> dYtj'

=1 j=1
We shall apply Ito’s formula to the function f(z) = (1 + |2]?)P. We have

F(Xi(a )) f(w)

X [Xs(ff) (—1_6_ZAAT> AN, + X,(z)F] (Xs(a:) —(1- ZS)> dyg]
3 2 [ g (1)
<[ () v K@ (R - - 20) ]

F(XH@) - fla ) - ft + Jt such that
I = Z/ azz
X {Xs(x) (—16_[\s> AN, + X, (z)F} (Xs(a:) —(1- Z5)> dYSJ] ,

- ZS/\Tn

Z/ 8z18z] ¢ x))

i,4,k,1

x [Xs(x) (—16’A> AN, + X, () F} (Xo(o) - (1 - Z,)) dyj]

- Zs/\’rn

< [R) (—1_;) N+ X @R (Ru(o) - (- Z0) v

For I;, we have

I = Z/ 8zz
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S P
+ Z/ | S’i (f(é‘w) «K)F (R (- 7)) av

—A
#1 o e
I} Z / 821 x X,(x) (-1 - )dNS,

2= Z/ le (z) st(x)F;' (Xs(x)_u_zs))dyg'.

0
For I}, 5‘f = 2p 2 (1+]2]?)P~" and the hypothesis Hy (C) is always assumed,
2
S0
—A,
i = Xy(z) (————)dN,
Z/ azz x % é(x) < 1_ Zs/\Tn) d .
Of ([ ou o B -
3|55 (K@) x Kulw)| < 2pllzl 1+ 227 VLK (@)
- P
< 2plVa (1+ X))
Therefore,

i <opVarq, [ (141%P) s

u

For I?, we have

2= Z/ azz x X,(z)F! (Xs(g;) (1 —ZS)) dy?.

Note
Vi(XD) = Xo@)F] (Ko@) - (1= 24)).
Let K be a positive constant such that

1
2

VXD <K (14 |X@)P) "

N|=

of
821-

2

B

(Xe@)) < V(%2

<2pl 2l (L+ 2P VAR (141X, ()?)

~ ~ P
<2Vl K (1+1%,@)72) .
So
- _ ot - P
2< 2\/&|p\rK/ (1+|Xs(sc)|2) ds.
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Therefore,
. ¢ - P
.t - p
+2\/&|p|rz</ (141X (@)?)" ds
~“ t - p
<UpVir @+ ) [ (141K ds
We have

’E i

< 2[p|Vdr (Q: + K) /tE(1+|XS(x)2)pds. (3.3)

u

Next, for jt we have

Z 8218zj ( ¢ u(m)

gkl Y

R (1) N KR (R - (- 20) art]

1- ZS/\Tn
Note . )
VHED) = Xo(@)F (Xul@) - (1-2.),
VI(XD) = K@) F (Xu(o) - (1-2,)
So
S _% 2 az«afz] (Nu( ))

~ _AS 2 ~ . ~ ~ ~
<R (- ) NN TR TR avEay
e s

~ _AS ~ . ~
X0 (- ) TCRavard].

S N
Note J; = = [Jtl +JP+ TP+ Jf}, such that

BiAs

2
J = Z/ 8218,2] s 50)) X,(z)? <1_Zs/\‘rn) dNsdNj,
=

,jkl w

~u i T\ 7 VT k !
azlazj ( < (@ )) WXV (XT) dYF ayy,

—Ag

X X __ " N\ vy 1

=2

g,k 07
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=2

a5,k Y
and note that
O (L Py 4 Ap (o — 1)z (Lt 2P
8zi8zj / !

U o e hs ~ o A
82’1823 (Xs (x)) Xs(x) <_1_Zs/\7'n> Vi(XZ)dN Y S,

where d;; is the Kronecker delta, then for J} we have

~ ~ efAs 2
Z/ azzaz] ))X( ) <1—ZMT") AN AN,

©,7,k,l

F o
sz: 020z (Xs (17)> Xs(x)2
< ‘(2]7 (1+ |Z|2)P—1(5ij +4p(p—1) 2 z; (1+ |Z|2)p_2) Xs($)2‘

<2l 2p - 1) +d) (1+1%,@)2) "

Therefore,

t

Tl - D) [ (14 1%@P) ds |

u u

1-— ZS/\T—,L
By hypothesis Hy (C'), we have

T <ol eo- D+ @2 [ (1+1%0R) ds

u

For JZ, we have

J? = ;z/ azlazj X)) VX V(X2 avFayl,
S (K@) k) 7 (E)

2

S | (20 (L [2*)P 710 +dp (p — 1) 2 2 (1 + [2[)P72) x K2(L+ | X (2)[?)]
<2[p| (2(p — 1) + d) K*(1 + | X, () *)P.
Therefore,

t

J2 < 20p| (2p — 1) + d) K2 7"2/ (1+1%e@)?)" ds.

u

For J3, we have

=2

g,k 07

~u X e WIS & l
82’13% (%) %l (‘1_ZM) V7 (X7)dN, Y],

t e—As 2
<> dNydN.

475
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>

0,J
<] (2p(1 + |z|2)p_16ij +4Ap(p— 1)z 2 (1 + |z|2)p_2) X f((l + |)~(8(x)\2)% Xs(m)|
<2pl (2(p — 1) +d) K(1+ | Xo(2) ).

The hypothesis Hy (C) is always assumed, so

aag (X)) W (&)

t

B <ol @o-D+d) KrQs [ (141X @F) ds

u

For J, we have also
to
t

JE<2lp|2(p—1) +d) f(er/ (1 + |)~(S(x)|2)pds.

u
Therefore,
I - - .
Je =3 [Jtl +JE+ T+ Jf}
t

<5 (2 Ce- 0+ 0k [ (141%@P) @

u

+20p| (2(p — 1) + d) K272 /t (1 + |Xs(x)\2)pds

u
t

2o+ ) Kron [ (1+1%.0R)

u

<Ip| (2(p — 1) + d) /t <1+ |Xs(x)|2)pds (Qerf('zrz + 2[(er).

u

So
)EJ}( < Ipl2(p— 1) +d) (Qt+rl~(>2[jE(l+Xs(m)|2)pds. (3.4)

Summing up these two inequalities (3.3) and (3.4), we obtain

E (1 + |X’S(x)|2)p < (14 [2[%)” + const x /tIE (1 + |Xs(x)|2>pds.

u

By Gronwall’s inequality, we have
E (1 + |)~(s(x)\2)p < (1+[z*)” x exp (ép,u) ,
such that .
Cpu = const x / E (1 + |X‘g(x)|2)pd5,
and '
K3 =exp (Cpu).
So, we have the inequality of the lemma 2.8

~ P ~
E (1 + |Xs(x)\2) < K3, (1+[2?).
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Now, taking negative p in the above calculus, we see that ]Xt(x)| tends to
infinity in probability as = tends sequentially to infinity. We shall prove a stronger

convergence.
Let R? = R? U {co} be the one point compactification of R. Set

r

- to e—As t d L 4
u _ 3
X (x)_x+/uX5 (_1ZAT> dNS+/ Y3 X (Xs—(l—Zs))dYg,
1

U =1 j=1
- ifzreRY
(@) = 1+ |Xilo)
0, if x = oco.

Evidently 7;(x) is continuous in [0, 00) x RY. Thus just to prove the continuity

in the vicinity of infinity. Suppose p > 2(2d + 1). We have

() = B @) < (@) i) K@) - Zow)|

By Holder’s inequality, proposition 2.1 and lemma 2.8, we have

E[ie(x) — ()" < (Ei(@)) ! (B.0)) EI%u(@) - L))}
<Cor (1) ()7 (o =+ = ).

if t,s € [0,7] and z,y € RY, where C’p,T is a positive constant. Set

1 - _
E*(mllaxQ ) 71'(11)
Since
|z —y| 11
S R )
T+]zDA+y) =z g
we get the inequality
. - p_ A 1 1l »
Eie(z) = s()I” < Cpr | |= —=| +t—s]2 ).
r oy
Define .
7 _ ﬁt(g% if ©#£0,
() = { 0, if x=0.

Then the above inequality implies

Elii(@) = 1) < Cpr (o =yl + 1t = sl%) 2 £ 0,y £ 0.

In case y = 0, we have

Elie(2)/” < Cpr |,
Therefore, 7;(z) is continuous in [0,00) x R? by Kolmogorov’s theorem.
proves that 7;(z) is continuous in [0, 00) x neighborhood of infinity.

So, define a stochastic process X; on R? = R U {oc} by

= X, (z), if z€R%
Xt(x):{oot() if x = oo.

This
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Then X () is continuous on [0, 00) x R? by the previous lemma. Thus for each ¢ >
0, the map X; (-, w) is homotopic to the identity map on R¢, which is homeomorphic
to d-dimensional sphere S¢. Then X;(-,w) is an onto map of R? by the well known
homotopic theory. Now, the map X; is a homeomorphism of R¢, since it is one to
one, onto and continuous. Since oo is the invariant point of the map X;, we see
that X, is a homeomorphism of R?. This completes the proof of Theorem 2.2.
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