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1. INTRODUCTION 

Multi-stage evaporators (MSE) systems are highly energy intensive systems employed in the 
process industries to concentrate the weak liquors and these constitute the most integral part of the 
unit operations [1]. For example, weak black liquor, sugar cane juice, milk and several other types 
of fruit juices are concentrated in pulp and paper industry, sugar industry, dairy industry and food 
processing industry. A large amount of heat energy in the form of steam is consumed to 
concentrate the less concentrated liquors through evaporation and this makes the evaporation 
system one of the most energy consumed unit operation, specifically in pulp and paper industry [2]. 
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Abstract: The performance of the multi-stage evaporator (MSE) system used in the pulp and paper 
industry for the Kraft recovery process may vary significantly during the transient time of start-up, 
shutdown, load changes and rejections, troubleshooting, etc. This makes it quite imperative for a process 
engineer to know the transient behavior of the system under operation. Although, the steady-state models 
for the MSE system have been analyzed quite exhaustively by the researchers in the past but the dynamic 
model has not been extensively investigated. The purpose of the paper is to develop and present a detailed 
dynamic model for the study of transient behavior of the evaporator unit with varying process designs. A 
heptads’ effect evaporator system with the backward feed flow configuration has been considered for the 
dynamic modeling in the present work. Some important and pertinent energy saving operating strategies 
such as live steam split, liquor feed split, feed pre-heating and their hybrids, have been incorporated in the 
process design. The systematically evaluated material and heat balance equations evolve into different 
transient models with a set of nonlinear first order differential equations. The finally derived model 
equations may be conveniently simulated so that the performance of process control strategies could be 
compared and an optimized operating strategy be screened for use by industry under different operating 
conditions without disturbing the paper mill production and without imperiling the equipment. 
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Therefore, there is a need to retain the energy and improve the efficiency in the evaporation 
operation. In order to reduce the steam consumption (SC) or increase the steam economy (SE), 
many of the researchers [3]-[11] have developed different operating strategies models for MSE 
system and have solved the models by different mathematical approaches. 

The optimal performances of the MSE system, either SE or SC are achieved only after the tight 
control of output concentration and level of the black liquor inside each effect. In order to solve the 
problems of transient behavior such as start-up, shutdown, load rejection, troubleshooting and 
produce a relatively constant output during the recovery process dynamic modeling of the MSE 
system has been derived. In order to analyze the mathematics of MSE system, several research 
articles have reported the effect of steady-state solutions on SE and SC of the MSE system. Few of 
noteworthy efforts in this area are made by [12]-[21]. However, the dynamic modeling and 
behavior of the MSE system has not been extensively explored and reported.  A few of the research 
citations available in this area are: [22]-[25], [8], [26]. In [27], simulation model of multi effect 
stack evaporator have developed to predict the transient behavior in distillation plant. In [28], a 
nonlinear regulator have been designed using Riemannian geometric approach and applied it to 
double effect evaporator unit. A differential geometric nonlinear controller have applied to input-
output linearization on the single effect evaporative unit to concentrate weak liquor burning 
process in an alumina refinery by [29]. In [30], a nonlinear model predictive control have 
successfully applied and removed the offset to four effect evaporator system. In [31], a nonlinear 
model have been developed for three effect falling film evaporator used in food industry and then 
applied cascade control algorithm for the analysis.  

Nomenclature 

  Concentration of liquor ݔ Heat transfer area (m2) ܣ

h Enthalpy of black liquor (kJ/h) y Fresh steam split fraction  

hc Enthalpy of condensate (kJ/h) SC Steam consumption (kg/s)  

H Enthalpy of vapor (kJ/h) SE Steam economy 

k Liquor feed fraction Subscripts  

L Feed flow rate (kg/s) i Effect number 

m Vapor fraction sent to pre-heater f Liquor feed 

M Mass hold-up in each effect p Liquor product 

S 
Fresh steam flow rate (kg/s) Greek 

Letters 
 

T Vapor body temperature (˚C)  λ Latent heat of vaporization (kJ/kg) 

U Overall heat transfer coefficient (kW/ m2 ˚C) Δ Change/difference 

V Vapor flow (kg/s)   

In the light of the above background, this work is intended to explore and present the dynamic 
modeling of a backward feed flow configuration with possible permutation operating strategies for 
a heptads’ effect evaporator (HEE) system used in Kraft recovery process of Indian pulp and paper 
industries. The operating strategies used in the current work have been explained earlier in the 
work presented for the steady state analysis [11]. 

2. DYNAMIC MODELING OF HEPTADS' EFFECT EVAPORATOR SYSTEM 

2.1 Process description 

Multi-stage evaporative unit is used to concentrate weak black liquor containing dissolved and 
suspended organic solids from pulp and paper industry. The system considered in the present work 
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and the relevant operating data are captured from a paper mill located nearby in Saharanpur, India. 
Figure (1) shows the flow diagram of backward feed MSE system which consists of heptads’ 
effects. The directionally opposite flow of liquor feed and fresh steam/vapor characterizes the 
backward feed flow configuration. The different possible add-on operating strategies to backward 
flow have been considered to configure the modeling of the HEE system and these have been 
tabulated in Table 1. 

Table 1 
Description of the proposed model configurations: 

Model Name Configuration Characteristic 

Backward feed (Model-A) Liquor fed to seventh effect and steam to first effect 

Backward feed with steam split (Model-B) Liquor fed to seventh effect and steam  split to first and second 
effect with split ratio y 

Backward feed with feed split (Model-C) Liquor fed to seventh and sixth effect simultaneously with feed 
ratio k and steam fed to first effect 

Backward feed with feed preheating (Model-D) Liquor fed to seventh effect and steam to first effect, two pre-
heater installed to concentrate black liquor before feeding to 
HEE (PH-1 & PH-2), m, fraction of vapor sent from sixth and 
seventh effect to preheater 

Backward feed coupled with feed and steam 
split  (Model-E) 

Liquor fed to seventh and sixth effect simultaneously with feed 
ratio k and steam split to first and second effect with split ratio y 

Backward feed coupled with steam split and 
feed preheating (Model-F) 

Liquor fed to seventh and sixth effect and steam split 
simultaneously in first and second effect with split ratio y. Pre-
heater used to concentrate the incoming feed  

Backward feed coupled with feed split, steam 
split and feed Preheating  (Model-G) 

Liquor fed to seventh and sixth effect simultaneously with feed 
ratio k and steam split to first and second effect with split ratio y. 
Pre-heater used to concentrate the feed liquor with fraction m of 
vapor sent to pre-heater from sixth and seventh effect 

The base of operating strategies is decided with the variations of fresh steam supplied and 
liquor feed to MSE system. If the fresh steam is supplied only to first effect evaporator unit to 
concentrate the black liquor entering from the subsequent effect, i.e., from the second effect and 
the vapor produced at the second effect is further used to next effect as a heat source to concentrate 
the weak black liquor. The black liquor is simply fed at last effect then such an operation is 
considered here as the base case of the backward feed configuration Model-A.  

 
Figure 1 Backward feed coupled with steam, feed split and pre-heater HEE system 
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In the second model, Model-B, the fresh steam of flow rate, V1, is supplied to the system but is 
split into first and second effects with split fraction, y, and steam produced from both first and 
second effects are combined together and sent to third effect as a heat source as shown in the 
Figure (1). The vapor produced at third effect is used as a heat source to concentrate the black 
liquor for next effect and so on. The weak black liquor, Lf, is fed to the last effect (seventh effect) 
similar to Model-A. The concentrated black liquor exit at seventh effect, L7, as a product is further 
sent in backward direction i.e. to sixth effect to concentrate more and more and so on. 

For the next model, Model-C, liquor fed to the last effect is split in between sixth and seventh 
effect with split fraction, k, while all the other conditions remain same as in base case Model-A. 

Model-D introduces the concepts of two-preheaters as illustrated in previous literature [32], 
PH-1 and PH-2 before the black liquor fed to MSE system for the concentration. These two-
preheaters is used preheat the black liquor before it is fed to the HEE system. The obtained 
preheated liquor through PH-1 and PH-2 is sent to last effect and then in backward direction 
similar to base case, Model-A. These two preheater PH-1 and PH-2 utilized the enthalpy of vapor 
produced at sixth effect with fraction, m, and the amount of vapor produced at last effect as 
illustrated in Figure (1). Hence, the un-concentrated black liquor temperature increases by ∆ ଵܶሺൌ

଼ܶ െ ଴ܶሻ at PH-1 and by ∆ ଶܶሺൌ ܶ െ ଼ܶ ሻ at PH-2.The amount of fresh steam is supplied at only first 
effect with the same direction similar to Model-A. 

Model-E combines both the steam-/feed- split arrangements at first two and last two effects 
with fraction y and k respectively. In this case, the fresh steam V1 is split into first and second 
effects with split fraction, y, similar to Model-B and at last two, sixth and seventh effects, the weak 
black liquor is fed with the split fraction, k as discussed in Model-C. 

In the Model-F operation, the characteristics of Model-B and Model-D are inherited in which 
the fresh steam is split amongst the first and second effects with split fraction, ݕ, and two preheater 
PH-1 and PH-2 preheat feed before it is fed to the HEE system.  

Finally, Model-G combines all the operations mentioned earlier: a steam split operation as in 
Model-B with split fraction, y, a feed split operation as in Model-C with split fraction k and 
preheating operation (using PH-1 and PH-2) as in Model-D as illustrated in Figure (1). 

2.2 Dynamic modeling of HEE system 

The basis for the approach used for the dynamic modeling of the heptads’ effect evaporator system 
has been grasped from the previous work [33]. They developed a dynamic model for two effect 
evaporator used to concentrate tomato paste and studied open loop process behavior. Further, they 
have proposed three multi loop control schemes to track the set points and disturbance rejection, 
namely Proportional-Integral controller (PI), gain scheduled PI and nonlinear PI. A block diagram 
representation of the HEE system has been illustrated in Figure (1) which shows how the sub-
systems relate to each other. Some of the assumptions made to model the dynamic modeling of the 
HEE system for concentrating the weak black liquor are listed below: 

Mass accumulation holdup is only in the liquid phase and appears at HEE separator side but not 
inside the evaporator shell. 

(i) Heat loss to the surrounding is negligible. 

(ii) Composition and temperature variation is negligible in each effects. 

(iii) Boiling point rise is negligible. 
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(iv) Correlations of latent heat of vaporization and condensation are temperature dependent but the 
enthalpy of black liquor varied with temperature and concentration. 

(v) Black liquor and vapor produced at each effect are in phase equilibrium. 

Dynamics of base case: Backward feed flow (Model-A) 

A total mass balance equation for the ith effect of HEE system incorporated with base case of 
the backward feed flow (Model-A) is given by Equation (1)  

iii
i VLL

dt

dM
 1

 (1) 

A total component mass balance equation for first effect of HEE system is given by Equation 
(2) 

p
p xLxL

dt

xMd
122

1 )(
  (2) 

pp
p xLxL

dt

dM
x

dt

dx
M 122

1
1   (3) 

)( 1121221 VLLxxLxL
dt

dx
M pp

p   (4) 

After the simplification and rearrangements, 

1

122 )(

M

VxxxL

dt

dx ppp 
  (5) 

The final generalized component mass balance obtained in Equation (5) is 

i

iiiiii

M

VxxxL

dt

dx 
  )( 11  (6) 

The fresh steam flow rate to the first effect of HEE system is obtained through the energy 
balance as given in Equation (7) 

)( 1110 TTAUS s  
0

111 )(


TTAU

S s   (7) 

For the ith effect,  

i

iiii
i

TTAU
V


)( 111  

  (8) 

The energy balance equation for the first effect is derived below from Equations (9) - (12) 

)(),(),(
)],([

11110222
11 THVxThLSxThL

dt

xThMd
p

p    (9) 

Solving the Equation (9), 

)(),(),(),(
)],([

11110222
1

1
1

1 THVxThLSxThL
dt

dM
xTh

dt

xThd
M pp

p    (10) 

After simplification, rearrangements and substituting the value of 
dt

dM1  and 
0S in Equation (10),  

1

221111112221 )],()([)()],(),([)],([

M

xTHTHVTTAUxThxThL

dt

xThd spp 
  (11) 
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For the ith effect,  

i

iiiiiiiiiiiiiii

M

xTHTHVTTAUxThxThL

dt

xThd )],()([)()],(),([)],([ 1111 
   (12) 

In the previous work, Bhargava et al. (2008) have shown that the correlations for enthalpy of 
black liquor, hL, is a function of the temperature of the liquor as well as concentration of the black 
liquor. Verma et al. (2016) have developed the correlations for the latent heat of vaporization (), 
enthalpy of vapor (ܪ) and enthalpy of condensate (hc) and found that these parameters are only 
functions of temperature of vapor. The obtained correlations are presented here in Equations (13) - 
(16). We employ these correlations developed earlier to complete the modeling of proposed 
systems for the steady state analysis of SE and SC. 

௜ߣ ൌ െ0.003857 ௜ܶ
ଶ െ 2.069 ௜ܶ ൅ 2497 (13) 

௜ܪ ൌ െ0.0002045 ௜ܶ
ଶ ൅ 1.677 ௜ܶ ൅ 2507 (14) 

݄௖ ௜ ൌ 0.001364 ௜ܶ
ଶ ൅ 4.15 ܶ െ 2.24 (15) 

݄௅ ௜ ൌ ሺ4.187 െ ௜ሻݔ2.26098 ௅ܶ೔ (16) 

Using the above correlations, the energy balance Equation (11) for the first effect is written as 

1

11111112221 )],()([)(}])26098.2187.4{(})26098.2187.4[{(]26098.2187.4[

M

xThTHVTTAUTxTxL

dt

Txd pspp 


  (17) 

)26098.2187.4(

)],()([)()],(),([

1

11111112221

p

psp

xM

xThTHVTTAUxThxThL

dt

dT




  
(18) 

 For the second effect, 

2

222221222233322 )],()([)()],(),([]26098.2187.4[

M

xThTHVTTAUxThxThL

dt

Txd 


  
(19) 

After solving the final form of equation, we get 

)26098.2187.4(

])([261.2)],()([)()],(),([

22

22233222222122223332

xM

xVxxLTxThTHVTTAUxThxThL

dt

dT




  
(20) 

For third to sixth effects, the generalized equation is 

)26098.2187.4(

])([261.2)],()([)()],(),([ 111111111

ii

iiiiiiiiiiiiiiiiiiii

xM

xVxxLTxThTHVTTAUxThxThL

dt

dT




   
(21) 

Where, ݅ ൌ 3, 4, . . 6.  

For the last effect, 

)26098.2187.4(

])([261.2)],()([)(],(),([

77

77777777777777

xM

xVxxLTxThTHVTTAUxThxThL

dt

dT ffffff




  (22) 

Dynamics of backward feed flow with steam split operation (Model-B) 

This operation is incorporated with steam split with split fraction, y and (1-y) in first two 
effects, and therefore, some of the equations and the dynamic behavior get modified. The total 
mass balance equation remains the same as in Equation (1), i.e. for the ith effect,  

iii
i VLL

dt

dM
 1

 (23) 

The solid mass balance equation for the ith effect after the simplification is  
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i

iiiiii

M

VxxxL

dt

dx 
  )( 11  (24) 

The fresh steam flow rate to the first and second effects of HEE system is obtained through the 
energy balance as given in Equation (25) below- 

)( 1110 TTAUyS s  and )()1( 2220 TTAUSy s   respectively (25) 

For the third effect heat transfer rate is given by Equation (26), 

)())(( 32332121 TTAUVV TT    (26) 

For the ith effect, 

)( 111   iiiiii TTAUV   (27) 

Now, the energy balance equation for the first to third effects are as presented in 
Equations (28)(30) and for the next fourth to seventh effects dynamics remain as in base case 
Model-A.  

1

11111112221 ),()([)(),(),([),(

M
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dt

xTdh pspp 
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2
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M
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3

33333
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3333444
33
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AUxThxThL

dt
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


  (30) 

After using the above correlations of the latent heat of vaporization (), enthalpy of vapor (ܪ) 
and enthalpy of black liquor (hL), the energy balance equations after the simplification for the first 
to third effects are written by Equations (31) - (33). The remaining transient equations remain the 
same as for the base Model-A. 
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1
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


  (33) 

Dynamics of backward feed flow with feed split operation (Model-C) 

The dynamic equation of this operation is similar to base case Model-A. However, due to 
inclusion of liquor feed split in fraction, k and (1-k) in seventh and sixth effects, the equations of 
last two effects gets modified. The total mass balances for the sixth and seventh effects yields- 

667
6 )1( VLLkL

dt

dM
f   (34) 

77
7 VLkL

dt

dM
f   (35) 

The component mass balance for the sixth and seventh effects, after simplification and 
rearrangement are- 
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M

xVxxLxxLk

dt

dx ff 
  (36) 

7
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xVxxkL

dt

dx ff 
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Similarly, heat transfer energy balance for the sixth and seventh effects are- 

)( 656655 TTAUV   (38) 

)( 767766 TTAUV   (39) 

The energy balance equation for the sixth and seventh effects are shown in Equations (40) - 
(41). 
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  

(41) 

After using the correlations of the latent heat of vaporization (), enthalpy of vapor (ܪ) and 
enthalpy of black liquor (hL), the energy balance equations after simplification for the sixth and 
seventh effects attain the form of Equations (42) - (43) given below:  

)26098.2187.4(

])()()1[(26098.2)],()([)()],([)1()],(),([

66

66677666666766666667776

xM

xVxxLxxLkTxThTHVTTAUxThhLkxThxThL

dt

dT ffff




  
(42) 

)26098.2187.4(

])([26098.2)],()([)()],([

77

77777777777777

xM

xVxxkLTxThTHVTTAUxThhkL

dt

dT fffff




  
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The remaining dynamics and relevant equations remain the same as in base case Model-A. 

Dynamics of backward feed flow with feed preheating operation (Model-D) 

Model-D is feed preheating operation incorporated in the base backward feed flow 
configuration. Therefore, the dynamics of Model-D is modified at last two effects and remain the 
same for first to fifth stage. 

The total mass balance for the sixth and seventh effects are given by Equations (44) - (45). 

667
6 VLL

dt

dM
  (44) 

77
7 VLL

dt

dM
f   (45) 

The component mass balance for the last two sixth and seventh effects after simplification and 
rearrangement are 
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The heat transfer energy balance for the last two sixth and seventh effects are 

)( 656655 TTAUV   (48) 

)()1( 767766 TTAUVm    (49) 
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The final energy balance equation after using the correlations of the latent heat of vaporization 
(), enthalpy of vapor (ܪ) and enthalpy of black liquor (hL), for the last two effects sixth and 
seventh effects are as presented in Equations (50)-(51). 
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 Dynamics of backward feed flow with feed and steam split operation (Model-E) 

This Model-E is incorporated with the features of Model-B and Model-C in which both the 
operation steam split as well as liquor feed split arrangements has been associated. Therefore, the 
dynamics of Model-D is modified at first three and last two effects due to steam split and liquor 
feed split operation.  

The total mass balances for the first two effects are the same as Model-B and sixth and seventh 
effects are as follows similar to Model-C 
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Due to the steam split operation in which the fresh steam flow rate to the first and second 
effects of HEE system is obtained through the energy balance as given in Equation (54) and 
remains the same for first two effects as in Model-C. 

)( 1110 TTAUyS s  and )()1( 2220 TTAUSy s   respectively (54) 

For the third effect heat transfer rate is given by Equation (55), 

)())(( 32332121 TTAUVV TT    (55) 

Now, the energy balance equation for the first to third effects after using the above correlations 
of the latent heat of vaporization (), enthalpy of vapor (ܪ) and enthalpy of black liquor (hL), the 
energy balance equations after simplification for the first to third effects are written by 
Equations (56) - (58).  
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The energy balance equations after the simplification for the sixth and seventh effects are 
written by Equations (59) - (60) and for the fourth and fifth effects remain similar as in the Model-
A. 
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Dynamics of backward feed flow with steam split and feed preheating operation (Model-F) 

The Model-F is incorporated by coupling the basic backward feed flow model (Model-A) with 
the steam split and preheating arrangements. Therefore, the dynamics of the model is modified for 
the first three effects due to steam split (as in Model-B) and the last two effects due to preheating 
(as in the Model-D). 

Due to the steam split operation in which the fresh steam flow rate to the first and second 
effects of HEE system is obtained through the energy balance as given in Equation (61). 

)( 1110 TTAUyS s  and )()1( 2220 TTAUSy s   respectively (61) 

For the third effect, the heat transfer rate is given by Equation (62)- 

)())(( 32332121 TTAUVV TT    (62) 

The heat transfer energy balance for the sixth and seventh effects are 

)( 656655 TTAUV   (63) 

)()1( 767766 TTAUVm    (64) 

The energy balance equation for the first to third effects are presented in Equations (65) - (67). 
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After the rearrangements, simplification and using the correlations of the latent heat of 
vaporization (), enthalpy of vapor (ܪ) and enthalpy of black liquor (hL), the energy balance 
equations are as follows. For the first three effects, last two sixth and seventh effects are presented 
in Equations (68) - (70) and Equations (71) - (72) respectively. 
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Dynamics of backward feed flow with steam and feed split and feed preheating operation (Model-G) 

Finally, Model-G combines all the operations mentioned earlier: a steam split operation as in 
Model-B with split fraction, y and (1-y), a feed split operation as in Model-C with split fractions, k 
and (1-k), and feed preheating operation (using preheaters, PH-1 and PH-2) as in Model-D. 
Therefore, the equations derived for the model would assume added features of these mentioned 
process strategies, and hence, the dynamic equations are self-explanatory. 

3. SUMMARY 

The previous research studies that have catered to developing steady-state models for multiple-
effect evaporators have been extended here by developing models for the transient analysis for the 
different process configurations based on backward feed flow. This work attempts to solve the 
basic component and energy balance equations for a heptads’ effect evaporator system, and 
thereby, propose for the first time the dynamic model, equations and behavior of different possible 
process configurations. The proposed models shall help to find the dynamic behavior and transient 
numerical solution that shall serve to effectively control the process parameters, namely liquor 
level, evaporator temperatures and pressures, etc. Further, knowing the dynamic behavior of the 
process shall help to optimize the process based on energy requirements more accurately. 
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