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WEIGHTED DIFFERENTIATION COMPOSITION
OPERATORS FROM BERGMAN SPACES WITH
B’EKOLL’E WEIGHTS TO WEIGHTED TYPE SPACES

ZAHEER ABBAS, SONALI MAGOTRA AND S.D.SHARMA

Abstract : In this paper, we characterize boundedness and compactness of weighted
differentiation composition operators acting from Bergman spaces with B ekoll’e weights
to weighted type spaces.

INTRODUCTION AND PRELIMINARIES

Let D denote the open unit disk in the complex plane C and H (D) denotes the
space of all complex valued holomorphic functions on . We shall call the
function ¥: D — (0, ) defined as W(z) = Y(|z]), where ¢ : [0,1) — (0, 0)
is a continuous function, a weight or a weight function. For 0 <p < oo and ¥
a weight on D, we denote by AP(W) the weighted Bergman space consisting of
all holomorphic functions f on I satisfying:

1L = | (2)] P2)dA@) <o,

where dA(z)zldxdyzlrdrdH is the normalized area measure on . The
T V4

weights considered in this paper are so called Be'kolle’ weights. For a > —1, let

dd, (2)=(a+1)(1-|2) da(z).

For po > 1 and a > —1, the class B, (@) consists of weights ¥ with the
property that there exists a constant C > 0 such that

{ (j )‘PdAaJ( (j )‘P_’ioydAaJm' <c[4,(s(0.n))]". (1)
s(6,h s(6.,h

for any Carleson square

s(@,h):{Z:re’¢ 1-h<r<1|0-4| <§},0€[O,2ﬂ],h e(0,1),

1 1 .
where —+-—=1. It can be seen that all normal weights are Be'kolle’
Po P

weights [12]. Recall that a weight v is normal if there exist positive numbers
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nand 1,0 < n < 1,and § € [0, 1) such that

e v(2)
- is decreasing on [§, 1) and lim———=0,
(1-r) H(1-r)
v(z) . . . v(2)
is decreasing on [§, 1) and lim -
1-r) (11— r)
It is well known that classical weights W, (z) = (1 — |z]|*)% , a > —1 are
normal weights. A weight function ¥ is in the space Cp, , po > 1, if there exists
a positive constant C such that

= 00,
T

—Po

( | ‘I’dA(z)J[ [ ‘I’_‘I”’(;‘dA(z)jWSC[A(Dl(r))]pU,

D, (r) Dy (r)
2
for every disk Dy(r)={z € D:|z— A| <r(1—|A])} . Here, r € (0,1) is
fixed, but the class €, is actually independent of r € (0, 1). Moreover By () ©
Cp, for every a > —1 and the inclusion is strict. For more about the classes
By and Cp, and properties satisfied by the weights in these classes, we refer

[2], [3] and [4] and the references therein. For a normal weight v, the
weighted type space A, onD is the space of all holomorphic functions f on D
such that

su]]}]?v(z)|f(z)| <o
The little weighted type space A, o consists of all f € <A, such that

limv(z)|/(z)]=0.

Both the space are Banach spaces with the norm

171l =supv ()| (2)]

Also, A, is a closed subspace of A,. Lety € H(ID), ¢ a holomorphic self-
map of D and n a non-negative integer. Then the weighted differentiation
composition operator D$’(p is a linear operator on H(ID) defined by D$,<p f=

Y. f O ¢ for f € H(D). It is of interest to provide function theoretic
characterizations involving 1) and ¢ of boundedness and compactness of D$_q,
acting between different function spaces. Recently, several authors have studied
these type of operators, composition operators, product of composition operators
with differentiation, etc, on different spaces of analytic functions, see for
example, [1], [6]-[38] and the related references therein. In this paper, we shall
study boundedness and compactness of D$,¢ between AP(Y) and A, (A,).
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Throughout this paper, we denote by N, the set of non-negative integers,
constants are denoted by C, they are positive and not necessarily the same at each
occurrence. The notations A < B means that A is less than equal to constant
times B and D = E, means that D is greater than equal to constant times E.
When A < B as well as A = B, then we write A = B.

SOME AUXILARY RESULTS

In this section we collect some auxiliary results which we use to prove the main
results of this paper. The first among these estimates the growth of the
derivatives of the functions in AP(¥). When the weight ¥ is in C,, , then we
have the following growth property for derivatives of functions in AP(¥) (see

[3D.

Lemma 1. Letp > 0, py > 1, W a weight in C,,_ and n € Ny. Then for each
f € AP(WP), there is a constant C > 0 such that

[J.IP }p
f(n)( )SC B(z.r) / f -
e

The following criterion for compactness follows by standard arguments similar to
those outlined in the proposition 3.11 in [7].

. v
Lemma 2. Let ¥ be a weight such that —————  belongs to B, (@), v a
(1-I)
normal weight and Dy ,: AP(¥) — A, is bounded. Then Dy , : AP(¥) — A,
is compact if for any bounded sequence {f;,}nen in AP(¥) which converges to
zero uniformly on compact subset of I, we have || D&,‘,q, fa llg, = 0asn — co.

The next two lemmas provide test functions in AP (¥), which are in conjunction
with Lemma 2, see [34].

Lemma 3. Let r € (0,1) be fixed, p >0, py > 1 and n > —1. Assume that p,

=p, ¥ is a weight function such that ————— belongs to B, (a) and

(-]

+2
y 2 M Let KX = be the reproducing kernel of the Bergman
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1
[ j ‘PdA} ’
B(z,r) ‘

(1-1r) "

Lemma 4. Let r € (0, 1) be fixed, p> 0, py > 1 and n > —1. Assume that p, =
p, ¥ is a weight function such that ¥ /(1 — |z|*)* belongs to to B, (). Then

space AP (W¥,). Then

)

1K ML

(n+2) py
(1_|/1|2) Pl
()= : . 3)
P (n+2)py
( | lPaIA} (1-7z) »o
B(ﬂ,r‘)

is in AP(¥). Moreover, || KZ{ lapeyy = 1 and f; converges to zero, uniformly on
compact subset of .

The following criterion for closed subset L c A, , follows by standard
arguments which appear for the first time in [11]. We omit the details.

Lemma 5. A closed set L in A, is compact if and only if it is bounded with
respect to the norm ||. | 4, and satisfies

1imsupv(z)|f(z)| =0.
|[-1 fel
BOUNDEDNESS AND COMPACTNESS OF Dy, , : AP(¥) — A, (A,,)
In this section, we characterize boundedness and compactness of weighted

composition operators acting from weighted Bergman spaces AP (¥) to Bloch
type spaces A, and A, g .

Theorem 1. Let r € (0, 1) be fixed, p > 0, pg > 1 and & > —1, v a normal
weight, i € H(ID), ¢ a holomorphic self-map of D and n € N,. Assume that

that py =p, and ¥ is a weight function such that ———— belongs to to
(1-FF)
By, (). Then Dy, , : AP(W) — A, is bounded if and only if

-1

M=sup—{ j ‘PdAJp <. )
— B((p
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Moreover, if Dy, , : AP(¥) — A, is bounded, then
I
Dipp Il apw) -, = M. )
Proof. First suppose that condition (4) hold. Then by Lemma 1, we have

V@)= @ () ()
< %(IWZ),) Vi) 1/ 1 o

Using (6), we see that

D, of Ny =supv ()l )|/ (o) <ML Ny
Thus Dy, : AP(¥) — A, is bounded and

n
I D¢,¢||Ap(lp)_)ﬂv s M. (7)
Conversely, suppose that Dﬁ'q) : AP(W) — A, is bounded. Then by

n

taking f,(z) = Z—' in AP (W), we have that
n:

suﬂl)?v(z)|l//(z)| =D, 1, S D, s, 8
Let A = ¢(¢) and consider the function f; defined in (3). Then
(n+2) py
" o » (1-[2)
fl (Z) = (/1) S ((77 + 2);0—'_ ]] 1 _ n+l+(n+2) p,
" (T, ) (1-72) 7
-1
o [, WdA)?
and 1(2)=(2) ((n+2)&+ ]]—( o) ) ©)
S Y
Thus,
1D}y Wy 2 D) L 2V ()| () £ ((5))
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-1

. [y WdA)”
zv<g>|<o<g)|"H[(mz)ﬂw)w(gnM, a0
= p (1_|¢(g) )

that 1s, we have that
.
) (IBW) )‘PdA)”

n
<D, , |l

M =supv(s)lo(s) Lo, - AD

cel (1_|¢(g)|2)
Thus for fixed 6 € (0,1), we have

) I, 27 v
sup v(5)|e(s)| |V/(€)|( a4

Vs *4)" (12)
lo(s)>6 (1 ~lo(s )|2)

<l V. II_A”(‘P)%.AV ’

Now,
—2+(17+2)p0

K, 7 (0

1=

% -2+(n+2) py
1
(I, Waa)?

(n+2)py *

)

~
—~

That is,

(7+2)po

()

1 13)
(Lo, )

Also by using (10) and (13), we have that
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-1

\PdA)?

oo
sup v(<)|w (s)[le (<)) Ui

le(s)i<s (1_|¢(g)|2 )n

(7+2)po

v lote) (1-lete)) *

(7+2)

rEe 2\ oy B
(1 —|qo(g)| ) a (IB(fﬂ(g),") ‘PdA)"’
1 p
S 1o oy oa - (14)
(1-le)
Hence from (12) and (14) we have
-l
(I ‘PdA) ,
(e \
suply ()| (6) X IDE 0y - (15)

ceD (1_|¢(g)|2)" ~

Combing (7) and (15), (5) holds.

Theorem 2. Let r € (0,1) be fixed, p >0, py > 1, a > —1,v a normal weight,
Y € H(DD), ¢ a holomorphic self-map of D and n € N. Assume that p, = p, ¥

is a weight function such that Lﬂ belongs to B, (a) and D$,<p’
(1-IF)

AP(W) — A, isbounded. Then Dﬁ'(p : AP(W) — A, is compact if and

only if

m Ve ‘I’dA);’ 0. (16)

o (o) Usern

Proof. First suppose that condition (16) hold. Then by Lemma 2, it is sufficient
to show that if {fi}xeny is a bounded sequence in AP (W) that converges to
zero uniformly on compact subsets of D, then || D$,(pf lg, @ 0ask — oo.
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Let {fx}xen be asequence in AP (W) such that sup Il fi ll4pwy < L and {f;}
neN

converges to zero uniformly on compact subsets of D as k — oo. By the
condition (16), we have that for any € > 0, thereisad > 0,0 < § < 1 such that

V(v () B

] v <e,
T "

whenever § <|p(z)|<1.LetK= {z € D:|z| < &} be a compact subset of D.
Then 1% 8 Ly =supv (&) ()] 27 ((<)
e

< sup V(§)|'//(§)”fk(n)((ﬂ(§))‘+ sup V(§)|‘//(§)”fk(n)(‘/’(§))‘

{gs]D): (p(g)el(} {geﬂ):5<‘¢(g)‘<l}

v(g)lw (<) )

() g
T R i (FIE 7 L /A

2

{ceD:s<p(c)|<1) (1 - |(P(g)| )

<y Il sup

(18)

where we have used the fact that 1 € A, . Using (17) along with facts that
sup‘fk(") (z)‘ <e, for all k > Nj in (18), we have that | Dy, ,f llq, < Cefork >
zek

Ny . Since € > 0 is arbitrary, it follows that || ng(pf lgy, = 0asn — co.
Hence Dy, , : AP(¥) — oA, is compact. Conversely
suppose that D$,<p : AP (W) — A, is compact. Let ¢; be a sequence in D such
that lp(5i)l — Lask — oo. Choose fy(¢,) asin (3). Then |l fyc,) llarw)
< 1 and { focew } converges to zero uniformly on compact subset of D as k — oo.
Since Dy, ¢ AP(Y) — A, is compact, we have that || Dy ,8n g, —
0 asn — oo. Moreover, as in Theorem 1, we have

V() (S)llv (sl )

ey o™

1D,/ 4=

Thus,
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-1

vl (sdle'(c)lle(e)l ‘PdA); =0,

1
S (S

as desired.

(I Bolsi)r)

Next we characterize boundedness and compactness of Dy, , : AP (W) — A,
Theorem 3. Let r € (0, 1) be fixed, p >0, pg > 1, @ > —1,v a normal weight,
Y € H(D), ¢ a holomorphic self-map of D and n € N,. Assume that p, =

p,¥ 1is a weight function such that Lﬂbelongs to By (a) . Then
(1-I)

Dy, ¢ AP(W) — A, o is bounded if and only if Dy, : AP(Y) — A, is

bounded, € A, ,.

Proof: First suppose that Dy, , : AP (W) — A, ¢ is bounded. Then it is obvious
that D} , : AP (W) — A, is also bounded. By taking f'(z)= % in AP (¥), we

have that ¢ € A,, Conversely, assume that Dy, : AP(¥) — A, is
bounded, ¥ € A, . Then for each polynomial p(z), we have that

v(@)\(DLp) )| <v @l (2 Pe(2) 11 (19)

Using the fact that ) € A, in(19), it follows that D&,‘,q, p € A, . Also the set
of all polynomials is dense in AP (W), so we have that for every f € AP(VY),
there is a sequence of polynomial {p,},ecn such that || f — p, l4pw) —
0 asn — oo. Hence by the boundedness of Dy , : AP (W) — A,,  we
have,

1D} o f = D52 L SN DG gy L = Pyl — 0257 — o0,

Since A, is a closed subspace of A, we have that D&iqo (AP (W) € A, o and
s0 Dy ¢+ AP(W) — A, is bounded.

Theorem 4. Let r € (0, 1) be fixed, p >0, pg > 1, @ > —1,v a normal weight,
Y € H(D),p a holomorphic self-map of D and n € N,. Assume that p, =
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p, V¥ is a weight function such that W belongs to B, (a) and D$,¢ :
1=|]

AP(W) — A, is bounded. Then the following conditions are equivalent:

() Dy, 2 AP(Y) — A, o is compact.
-1

() PYEAyyand lim M( j ‘I’a’A]p =0.
S (1 — |(D(Z)|2 ) B(p(z),r)
(20)

-1

(i) limv—n( [ ‘PdAJP=O. @1)
i (1 —|go(z)|2) Bp(z)r)

Proof: Proof.(ii) = (iii): Suppose that 1 € Ay o and (20) hold. By (20), for
every € > 0, there exist § € (0,1) such that

-1

ML ‘PdAjp<E.
(1 —|go(z)|2) B(p(2)r)

when § < |p(z)| < 1. Since Y € Ay, there exist y € (0,1) such that

v(z)|y/(z)|se[ j ‘PdAJp,

B(o(2),r)

whenever y < |z| < 1. Thusify < |z| < 1and § < |p(2)| < 1, we have that
-1

V(z)|(//(z)|{ j ‘PdAjp<e. 22)

B(p(2).r)

Againy < |z| < 1 and |@(2)| < §, then from (13), we have
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-1

il 2 ('”2)%
V@) ( o A]P  vepe) (1)
B(p(2).r) (

o) W ] ]
B(p(z).r)

<€ (23)

v(2)|w '(Z)I

]

Combining (22) and (23), we obtain that(ii) = (iii).

<C

(i) =(ii). Suppose that D:Z'q,: AP (W) - Ay, is compact. By taking
f(z) = z"/n! in AP(¥), we have that ) € Ay o. Proceeding as in the proof of

Theorem 2, we have
-1

lim V(Z)h”(z)(”'(f)'( ‘PdAJP ~0. 24)
lp(2)>1 (1—|(p(z)|2) A

(iii) =(i). Suppose that (iii) holds. Then from (6), we have that

-1

v)|(pr f)(z)\sv(z)h"(z)(pz'(z)'[ [ ‘PdAJp”f
v 1-|o(2)| B(p(2)r)

i) 29

Taking suprimum in the inequality over all f € AP (¥) such that || f Il g p)<
1, and then letting |z| — 1, we obtain that

lim  sup V(2)|(Dy,f) (2)]| = 0.

|Z|_)1||f||'ﬂp(q;)51

Thus by lemma 5, we obtain we obtain that Dfp‘,(p: AP (Y) — Ay is compact.
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