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Theory and Application of the Discrete
Version of Generalizedo-Bernoullis Formula
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Abstract : Inthis paper, we derive the discrete version of the Bernoulli’s formula according to the generalized

a- difference operator A, and to find the formula for the sum of the series of the product of polynomials
and polynomial factorials in the field of Numerical Analysis. Suitable examples are provided to illustrate the
series.
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1L INTRODUCTION
Thetheory of difference equationsis based onthe operator A defined as

Au(k) = u(k+1)—u(k),keN(0)={0,1,2,...}. (@)
Eventhough authors[1,10-13] have suggested the definition of A as
Au(k) = u(k+¢)—u(k), ke[0,00), £ € (0,00), 2

and no significant progresstook place onthisline. Recently in[ 6] they took up the definition of A asgivenin (2),
and developed thetheory of difference equationsinadifferent direction and many interesting resultswere obtained

in number theory. For convenience, they labelled the operator A defined by (2) as A, anditsinverseby A, *.
When A, isoperated onacomplex function u(k) and considering ¢ to bereal, some new quditative properties
likerotatory, expanding, shrinking, spird and weblikewere noticed. Theresultsobtained canbefoundin[2]. After
that, we extend fromthe generalized difference operator A, to thegeneraized difference operator of the n'kind

A, andfindto theformulafor several typesof arithmetic seriesusing itsinverse and striling numbersof first and
second kinds respectively inthefield of Numerical methods|[8,9].
Jerzy Popenda[5], while discussing the behavior of solutions of a particular type of difference equation,

defined A as A u(k) = u(k +1) —au(k) . Thisdefinitionof A isbeingignored for alongtime. In[8] have
generdized thedefinitionof A, by A, ,, defined as u(k) = u(k + ¢) —au(k) for thereal valued function u(k)

and / € (0,00) andaso obtained the solutionsof certain types of generdized o-difference equations, in particular,
the generalized Clairaut’s a-difference equation, generaized Euler a-differenceequation and the generalized

a-Bernoulli polynomid B, (k, £) , whichisasolution of the a-difference equation u(k + ¢) — au(k) = nk" ™,
for ne N(2) ([7,9]).
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In[4], GB.A Xavier, &.al., extended from the definition of generalized a-difference operator of n kind and
to obtain theformulafor sumof partial sumsof varioustypesof arithmetic-geometric progressioninthefield of
Numerica Analysis. Hence, inthispaper wederivethe generdized discrete a-Bernoulli’sformulaand to obtain the
formulafor sum of several typesof arithmetic and geometric series using the Stirling numbersof first and second
kind respectively.

Throughout thispaper, we make use of the following notations:

k . k
—] meansinteger part of —

Lo

14 0’

2. N())={i.+].20+],-},

3. L={/,,¢,,..L.},wherel,,(,,---,{ aepostivereals,
4. 0O(L) = ¢,¢ denotestheempty set

5. (L) =Jt(L), power set of L and
t=0
6. t(L) denotestheset of all subsetsof sizet fromtheset L
2.PRELIMINARIES

Inthis section, we present some basic definitions and preliminary results which will be useful for further
subsequent discussions.

Definition 2.1. [6] For areal valued function u(k), thegeneraized differenceoperator A, anditsinverseon
u(k) arerespectively defined as

Au(k)
andif AN(K)

wherecJ iscongantforal ke N,(]).
Definition 2.2. [8] If u(k) ispositivereal valued function then the generalized o-difference operator is
defined by

u(k +£) —u(k), k €[0,00), £ € (0,00), €)
u(k), then v(k) = A u(k) +c;,

A, puk) = u(k+£)—au(k), o> 0,7 € (0,00) ®)

andinverseis defined by A9 = v — o), ©)
wherev(j) isconstant forall ke N, () .
Theorem 2.3.[6] If £ € (0,00) and ke N, (j), then

b

AZUK) I = S u(k—re) )

Lemma2.4.[6] If " and S} arethe Stirling numbersof thefirst, second kindsan k™ = k(k — £)(k — 2¢)
(k= (n—1)¢), then

n n k(n+l)
m = Sk, KM=k and AR =
k, ;Sr ; Y ¢ ¢ Ky (n+1)¢ (8)

Theorem 2.5.[3] If ne N(1) and k €[n¢,0) , then

k

_ 1\(n-1)
TAVRVI(] [P Z(r 1;(n Su(k—n+ro). ©)
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Lemma2.6. [4] For k €[n¢,0),

] (r— 1)(n 1 (n-1)

AU [ gy = Z oD o "u(k —ré). (10)

Lemma2.7. [8] Let u(k) and v(k) = O betwo real valued functions. Then,
Ay [UVEIT = u(k)A, ,V(K) + V(K + O A (k). (11)
and inverseisdefined by A;(lé)[u(k)v(k)] = u(k)A;(lé)v(k)—A;(lk)[A;(lé)v(k+€)A[u(k)]. (12)

3.APPLICATIONSOFGENERALIZED DISCRETE A-BERNOUL LI’'SFORMULA

Inthis section, we derive the discrete a-Bernoulli’s formula establish the sum of general partial sums of
products of polynomialsand polynomial factorialsusing the inverse of generdized a-difference operator and
gtirling numbersof first kind and second kind respectively.

Thefollowing theoremisthegeneraized version of discrete o- Bernoulli’'sformulaaccordingto A, ) .
Theorem 3.1. Let u,(k),fori=1,2,---,m bethepostiverea vaued functions. Then

A;Fz) Hui(k)} ”I((nfl)wrj = A;Fz) Hui (k)“((nl)uj
i=1 i=1
k)™ Koy
. (-1y [[E]] al
ol Mue-ne oy (13
t=1{n.ny ~.n}et(l, ;) i=1 (n— nt)!

Proof. From the Definition 2.2, we have

Hu (k)l = AL

dlip

(x(/)

[Juco| -
300

0t(?)

Hu (J)]

where A,

[[ut

from ¢+ j tok, weobtan

isafunctionof kand A,

isconstant. Againtaking A, and gpplying thelimit

L& . e ]k
Aa(zz) Hui(k) ||I;+j = Aa(zz) Hui (k) |I;+j _Aa(lz‘) Hui(l)hz]aé IEH’
m m k m
whichissameas A;(Zi) Hui(k) ”I;H = A;(Zz) Hui (k) _GHAQ(ZK) Hui (¢ + J)l

K e Wy, [ -(2-1)

H(J)V - I, -

i=1

Z 0t(f)

=)
Similarly again operating A;(lé) on both sides and applying the limit from 2¢ + j to k and which can be
expressed as

m m k m
A;?z) Hui (k) “;k‘+j = A;?[) Hui (k) _OCHAQ(S[;) HUi 20+ J)l
i=1 i=1 i=1
Gn) ok g
i ) (—1)' [[I;]] OL[[] 3-1)
Y A Hue-ne+ n} .
=1 Ny et(Ly ) i=1 (3—n)!
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The proof completesby continuing this process.

Theorem3.2. Let L, , ={1,2,---,(n—1)} and t(L, ,) bethesizet fromthe set L, ,. Then

% (n-) m .
Y e gui(k)hn%,»

Hu (k— rz)l ALy

(n—ny) K
1 . (_1)t [[:]] O([[] (n-1)
T i 09
t=1{nm.ny,n}et(ly_q) i=1 nt .

Proof. The proof followsby equating (10) and (13).
Theorem3.3. If n,i=1,2,---, mand t,,r=1,2,.---,n arethepostiveintegersand t, = 0, then
n Mt

H(k+r£)‘”ﬂu«n vy = 11 Z( D (n,—r)" ¢ (n—t,)

rlt

(x(é)

n

n
(k+rf), "= A, T H

i=1

(k+(r, +Zt )0)" ﬂ .

(1) {5
| e

k
(n—n)! |(n—l)/+j :

[k
I« k+(ri+(t—1))€+j)} (_1)t[ 14

i=1

—(n-1)

n-1
>, A

t=1{m.net(l,_4)

(15

Proof. The proof followshy taking u, (k) = (k +r.¢)!", for i =1,2,---,m in(13).
Theorem 3.4. Let k™ bethegeneralized polynomial factorid. Then,

[%] r—1)? nAGR (S (1)
SO rnn(k+re_rz)<ﬂ I3 00" -t
r=n n— rlt

(- th) ~(n+ tp) -

(k+n0), " Ay, ™ H

(k+(r, +Zt )0)" ﬂ .

) (¥ e
N T . - a
+;{ gu )AW) g it e J)} (-1 L oy - (10)
TV (W (n—m)!
Proof. Substituting u(k) = [ J(k +1,0f" in(10), weget
i=1
n (n-1) m .
Auto H(kﬂg)( )bl(n T _Z(n gm o H(k+ﬂ€—ff)§,|)l (17)
i=1 )

The proof follows by equating (15) and (17)
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Corollary 3.5. Let k€[0,00) and j =k —[k/ ¢]¢.Then,

k
L (r—1@

r=3

a3k +(r,—1)OP K+ (r,— 1))@ = Z(—l)”G( pl)ee

ﬂ(k+(r2 + P)O)° =30k + (r, + p)O)2 + 202 (k + (1, + p)!)
(1—a)*P

_l%(3+ P)(K+ (1, + P))* —302(3+ p)(K+ (1, + p))
(1_ 0L)4+p

302(4+ p)@ (k4 (r, + p)ﬁ)—6£3]_[9£3(3+ p)?
(1_ OL)SH (1_ OL)6+p

Proof. Substituting n=3,m=2,n, = 2,n, =3, in(16), weget (18).
Example3.6. Taking k=21, ¢=2,j=1,r,=4,r,=5and o = 3,in(18), wearrive

Z (r —1)‘2)

+ Itbes - (18)

37(29-2r)P (31-2r) = (521372.25) — 3°(—173470.3148)

= 1.024376999x10"
Theorem3.7. Let k€[0,00) and j=k—[k/ ¢]¢. Then,

H(k“@ } 11 Z( 1 (n =) e ()

rlt

(x(é)

n n

n+thJ n (o—
PSS () e k),

q:]_ i=1

t
p) m-1

A

a(l)

K+(r, +th)€] Il((nfl)i+j
p=1

ﬁ (K+(r, +(t—1)0)¢+ j)](—l)t

i=1

n-1
D, A

t=1{nm.n}et(l,_4)

(4] e
z o
VR SR
Proof. (19) followsby substituting u, (k) = (k +r.¢)" ,for i =1,2,---,min(13).
Theorem 3.8. If k"isthe polynomial of degreen, then
— n Mty
)(n 1) o m ”i 1 (t) )t +t,) _t (ty)
Z(n ke g(k+(ri—r)€) 11 tZ (D" (n =) (n —t,)

n

o t) (Q*th) .
S oSt () e k), P kv
q=1

n

"2
> AT Y

t=1{m.-ntet(l,_4)

m-1

K+ (r + th)f] |I((n71)/+j (20)
p=1
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Corollary 3.9. Let usassumem=3in(20).Then

Z( 1;i )) r”[ﬁ(kJr(n—r)ﬁ)nil Z(k+re)”1(k+rf)”ZAaéi)””(kHrﬁp)f)”s
n— i=1

+(n-|—1)Z( DPALK+R0)M K+ RO AE P (K + D)D) [ ey (21)

p=n+1
Example 3.10. In (20), by takingn=2, n, =3, n, =4 and n, = 5, we have
k
]
Yo =Da" 2 (k+ (1, = 1)) (k+ (1, = 1)) (k+ (= 1)0)° = (K+ 1)’ (K + 1,0 A (K +1,0)°

r=2

2
+AL, [ZAft (K410 (K+1,0*) A8 (k+(r, + 2)6)5}
t=1
+A( [Af (K410 (K+1,0") A g (k+(r, + 2)5)5] ) (22
Particularly, whenk=31, y=2,j=1,r,=5,r,=6,r,=7 and o = 4, we get

>~ 1A (a1 20)° (43— 20" (45— 21

r=2

(—1.201230534 x10%) — 4™ (—1.698881063x10")

1.824159651x 10%.
Theorem 3.11. Let k €[0,00) and j =k —[k/ ¢]¢ . Then,

k
¢

Z]j r ;;)(3) Sk (= DO K+ (1, —1)0)O
=4
= {(k+100°A0, (k+ 16,00 — A, (k+10°A %, (k+(r, +1)0)P
ALt [AT K+ 107 A (K+ (R +DOP) =A (K + 1,07 A ¢ (K+ (1, + 1) )P |
A [ Ay ALK+ 102 A % (K+ (1, + 2)0)P]
A0 [ Ay A K+ 1,02 A % (K+ (1, + 2)0)P]
0 [ A AC K+ 10 AL (k+ (1, + 20 . (29)
Example3.12. In(23), substitutingk=51, y=4,j=1,r,=6, r,=7,anda. =5, we get

PR
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