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SOME NON NEWTONIAN CONTRACTIONS
AND FIXED POINT RESULTS

Kumari Jyoti*, Asha Rani**and Asha Rani™*

Abstract

In this paper, we have introduced the Kannan, Zamfirescu and Rhoades type
contractions in the setting of non Newtonian Calculus. Also, some fixed point
results are developed using these contractions.
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1. INTRODUCTION

The dawn of the fixed point theory starts when in 1912 Brouwer [1] proved a fixed
point result for continuous self maps on a closed ball. In 1922, Banach [2] gave a
very useful result known as the Banach Contraction Principle. Kannan [3], then
relaxed the condition of continuity of the map considered in Banach Contraction
Principle in his paper in 1968. Zamfirescu [4] and Rhoades[5], consequently
developed more general contractions for a complete metric space. These
contractions have been generalised to the other spaces also by various authors [6-
10].

The study of non Newtonian calculi have been started in 1972 by Grossman
and Katz [11]. These provide an alternative to the classical calculus and they
include the geometric, anageometric and bigeometric calculi, etc. In 2002 Cakmac
and Basar [12], have introduced the concept of non Newtonian metric space. Also
they have given the triangle and Minkowski’s inequalities in the sense of non-
Newtonian calculus. Recently, Binbasioglu, denuriz and turkoglu [13] discussed
some topological properties of the non Newtonian metric space and also introduced
the concept of fixed point theory in the setting of non Newtonian Calculus. The
non-Newtonian calculi are alternatives to the classical calculus of Newton and
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Leibnitz. They provide a wide variety of mathematical tools for use in science,
engineering and mathematics.
2. PRELIMINARIES

Now, we define the non-Newtonian real field and we give the relevant properties
due to Cakmak and Basar [12].

A generator is defined as an injective function with domain R and the range
of a generator is a subset of R. Each generator generates one arithmetic if and only
if each arithmetic is generated by one generator.

Let a be an exponential function defined as
a:R - RT,
x— a(x) =e* =y,
where, Rt is the set of positive real numbers.

Suppose that this function a is a generator, that is, if « = I,I(x) = xV x €
R, then B generates the classical arithmetic. If o = exp, then o generates geometrical
arithmetic.

Define the set R(N) as
R(N) = {a(x): x € R},
Where R(N) is the set of non-Newtonian real numbers.

All concepts of B-arithmetic have similar properties in classical arithmetic. a-
zero, a-one and all a-integers are formed as

v, a(—=1),a(0), a(1), ...

Take any generator a with range A. Then define the operations a-addition, a-
subtraction, oa-multiplication, a-division and o-order in the following way for
x,y € R, respectively:

a-addition x+y = a{a ™ (x) + a1 (y)},

a-subtraction x~y = afa”1(x) —a”1(y)},

o-multiplication  x Xy = a{a™1(x) x a”1(y)},

a-division x/y = a{a " (x) ~ a 1(»)},

a-order x <y alx) <aly).
Proposition 2.1 [12]: (R(N), +,%) is a complete field.

For x € A c R(N), a number a-square is described by x X x and denoted by
x2N . The symbol Vx' denotes
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which is the unique o nonnegative number whose a-square is equal to x and which
means t2V = x, for each a nonnegative number t. Throughout this paper, x?~
denotes the pth non-Newtonian exponent. Thus we have

xPN = x(P~UN x x = a{[a—l(x)]p}’

We denote by |x|, the a-absolute value of a number x € A ¢ R(N) defined
as a(Ja~t(x)]) and also

S = Ixly = alla @)

Thus,

x,x > B(0),
lx|y =4 «(0),x = B(0),
a(0)=x,x < B(0).

For x;,x, € A € R(N), the non-Newtonian distance ||y is defined as
lx1 =22 |y = afla™ (x1) — a™ (x|}
This distance is commutative; i.e., |x; —x2 |y = |x2—x1 |-

Take any z € R(N), if z > a(0), then z is called a positive non-Newtonian
real number; if z < «(0), then z is called a non-Newtonian negative real number
and if z = a(0), then z is called an unsigned non-Newtonian real number. Non-
Newtonian positive real numbers are denoted by R*(N) and non-Newtonian
negative real numbers by R™(N)[4].

The fundamental properties provided in the classical calculus are provided in
non-Newtonian calculus, too.

Proposition 2.2 [12]: [x X y|y = |x|y X |y|y forany x,y € R(N).

Proposition 2.3 [12]: The triangle inequality with respect to non-Newtonian
distance ||y, for any x,y € R(N) is given by [x+y|y < |xIy+yln-

Definition 2.4 [12]: Let X # @ be aset. If a function dy: X x X - R*(N) satisfies
the following axioms for all x,y,z € X:

(NM1) dy(x,y) = a(0) = 0 ifand only if x = y,
(NMZ) dN(x:}’) = dN(}’:x),
(NMS) dN(x:}’) S dN(x'Z)-i_dN(Z'y)y

then it is called a non-Newtonian metric on X and the pair (X, dy) is called a non-
Newtonian metric space.
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Definition 2.5 [13]: Let (X, dy) be a non-Newtonian metric space, x € X and
£ > 0, we now define a set BY (x) = {y € X : dy(x,y) < &}, which is called a
non-Newtonian open ball of radius & with center x. Similarly, one describes the
non-Newtonian closed ball as BY (x) = {y € X : dy(x,y) < &}.

Example 2.6: Consider the non-Newtonian metric space (R*(N), dy). From the
definition of d}, we can verify that the non-Newtonian open ball of radius ¢ < 1
with center x, appears as (x,—¢, xo+&) € RY(N).

Definition 2.7: Let (X, dY) and (Y, d}) be two non-Newtonian metric spaces and
let f: X — Y be a function. If f satisfies the requirement that, for every £ > 0,
there exists & > 0 such that f(BY (x)) € BY(f(x)), then f is said to be non-
Newtonian continuous at x € X.

Example 2.8: Given a non-Newtonian metric space (X,dy), define a non
Newtonian metric on X X X by p((x1,x,), (71, ¥2)) = dy(xq, y1)+ dy (2, ¥2).
Then the non-Newtonian metric dy: X X X - (R*(N),|-|y) is non-
Newtonian continuous on X x X. To show this, let us take the points,
(r1,¥2), (x1,%,) € X x X. Since we have ldy (1, ¥2) = dy(xq, x2) |
< dn(xq,¥,) +dy(x,¥,), it is clear that dy is non-Newtonian continuous on
X x X. Now, we emphasize some properties of convergent sequences in a non-
Newtonian metric space.

Definition 2.9 [12]: A sequence (x,,) in a metric space X = (X, dy) is said to be
convergent if for every given & > 0 there existan n, = ny(¢) € Nand x € X
such that dy (x,,, x) < € for all n > n,, and it is denoted by N&E{}o X, = X O X,
i xX,asn — oo,

Definition 2.10 [13]: A sequence (x,) in a non-Newtonian metric space X =
(X,dy) is said to be non-Newtonian Cauchy if for every £ > 0 there exists an
ng = ny(e) € N such that dy (x,,, x,,) < € for all m,n > n,. Similarly, if for
every non-Newtonian open ball BY (x), there exists a natural number n0O such that
n>ny, x, € BY(x), then the sequence (x,) is said to be non Newtonian
convergent to x.

The space X is said to be non-Newtonian complete if every non-Newtonian
Cauchy sequence in X converges [12].

Proposition 2.11. [12]: Let X = (X, dy) be a non-Newtonian metric space. Then
(i) aconvergent sequence in X is bounded and its limit is unique,

(if) aconvergent sequence in X is a Cauchy sequence in X.

Lemma 2.12. [13]: Let (X, dy) be a non-Newtonian metric space, (xn) asequence
inXandx € X. Then x, i x (n = o) ifandonly if dy (x,, x) 5 0(n - o).
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Lemma 2.13 [13]: Let (X, dy) be a non-Newtonian metric space and let (x,,) be
a sequence in X. If the sequence (x;,) is non-Newtonian convergent, then the non-
Newtonian limit point is unique.

Theorem 2.14 [13]: Let (X, d¥) and (Y, d%) be two non-Newtonian metric spaces,
f: X — Y amapping and (x,,) any sequence in X. Then, f is non-Newtonian

continuous at the point x € X if and only if f(x,) i f(x) for every sequence
N
(xp) withx,, = x(n - ).

Theorem 2.15 [13]: Let (X, dy) be a non-Newtonian metric space and S < X.
Then

(i) apoint x € X belongs to S if and only if there exists a sequence (x,) in S
N
suchthatx, - x (n - o),

(ii) the set S is non-Newtonian closed if and only if every non-Newtonian
convergent sequence in S has a non-Newtonian limit point that belongs to S.

Definition 2.16 [13]: Let X be a setand T a map from X to X. A fixed point of T
isapointx € X suchthat Tx = x.In other words, a fixed point of T is a solution
of the functional equation Tx = x,x € X.

Definition 2.17 [13]: Suppose that (X, dy) is a non-Newtonian complete metric
space and T : X — X is any mapping. The mapping T is said to satisfy a non-
Newtonian Lipschitz condition with k € R(N) if d(T(x),T(y)) < k x d(x,y)
holds forall x,y € X.

If & < 1, then T is called a non-Newtonian contraction mapping.

Theorem 2.18 [13]: Let T be a non-Newtonian contraction mapping on a non-
Newtonian complete metric space X. Then T has a unique fixed point.

Main results:

Theorem 3.1: (A generalisation of the Banach Contraction Principle): Let
(X, dy) be a complete non-Newtonian metric space and T: X — X be a self map.
Assume that there exists a right continuous real function

A:[0,u] S [0,u]
where, u is sufficiently large number such that
Ala) < aif a>0, (3.1)
and let T satisfies
dy(Txy, Txy) < A(dy(xq,%2)) (3.2)
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Forall x;,x, € (X,dy). Then T has a unique fixed point ¢ € (X, dy) and the
sequence T™(x) converges to ¢ for every x € X.

Proof: Let us take a point x, € X and define the sequence T(x,) = x,4+1. FOr
n € N. Thus, the following sequence:

an = dy(xXp, Xp_1).
Using (3.1) and (3.2), we obtain
Ape1 = dy(Xny1, %) < A(dN(xnr xn—l)) < dy(xXp, Xp-1) = ay

for all n € N. Thus the sequence a,, is decreasing and so it has a limit a. If we
assume that a > 0, we have

An+1 < A(ay)
from (3.2). Since A is right continuous, we get
a < A(a)

N .
But it contradicts with (3.1). as a result, a,, = 0 asn — oo.

We would like to show that x,, is Cauchy sequence. Then there exists € > 0
and integers m > n > k for every k > 1 such that

dN (xm; xn) 2 €.

For a smallest m, we can suppose that d (x,,, x,) < €. If we use the triangle
inequality, we obtain

€ < dy(om, xn) < dy (X, Xm—1)Fdy m—1, %) < €tdy (X, Xm—1)-
N .
Since dy (%, Xp—1) = 0 asn — oo, we conclude that

€ < dy(xXm xn) < €= dy(xm, x) 2 easn— oo,
From the fact that
m>n= dy(ms1, Xm) < dy Oy, %)
And (3.2), we have
€ < dy(Xm, Xp) < dy (X, Xpi1) FHdy K1, Xn1) Fdy K1, %)
< a(2) X dy(xn41, %) FA(dy Gtm, X2 )

Taking the limit as n — oo, from these inequalities we get € < A(e) but
contradicts with (3.1) because € > 0. As a result, x,, is a Cauchy sequence and
since (X, dy) is a complete digital metric space, T™(x) converges in (X, dy).

Now, we prove the uniqueness. Let u,, u, be two fixed point of T. By (3.1)
and (3.2), we get

dy(ug,up) = dN(T(u1).T(uz)) < A(dN(ul'uZ)) = U = Up.
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Definition 3.2: (Kannan type non-Newtonian contraction): Suppose that
(X,dy) is a non-Newtonian metric space and T: X — X is any mapping. If there
exist an p € (0,a(1/2)], such that for all x,y €X, dy(Tx,Ty) <puX
[dy (x, Tx)+dy(y, Ty)], then T is called a non-Newtonian Kannan Contraction.

Remark 3.3: The non-Newtonian contraction mapping defined in [13] requires T
to be non-Newtonian continuous mapping. By defining non-Newtonian Kannan
Contraction, we relax the condition of continuity on T.

Definition 3.4: (non-Newtonian Zamfirescu type Contraction): Let, (X, dy) be
any non-Newtonian metric space and T: X — X be a self map. If there exists 1 €
(0,1) such that for all x,y € X,

a(2) ’ a(2)
then T is called a non-Newtonian Zamfirescu type contraction.

dy(Tx, Ty) £ A X max { (), {dy(x, Tx)+dy (v, Ty)} {dy(x, Ty)+dn(, Tx)}},

Definition 3.5: (non-Newtonian Rhoades type contraction) Let, (X, dy) be
any non Newtonian metric space and T: X — X be a self map. If there exists 1 €
(0,1) such that for all x,y € X,

{dy(x, Tx)+dy (v, Ty)}
a(2)

then T is called a non-Newtonian Rhoades type contraction.

dy(Tx,Ty) £ 2 X max {dN(x,y), ,dy(x, Ty), dy(y, Tx)},

Theorem 3.6: Let, T be a non-Newtonian Kannan type contraction mapping on a
complete non-Newtonian metric space (X, dy). Then T has a unique fixed point.

Proof: Let, x, be any point of X. Consider the iterate sequence Tx,, = x,,,. Using
induction on n, we obtain

dy (Xna1, %) < X [dy (tn, Xp—1)Fdy (-1, Xp—2)] < (@(2) X 1) X dy (X, Xp—1)
= dy (e, %0) < (@) X dy(Xn, Xp—1) < )™ X dy (Txo, Xo)-
For natural numbers n € N and m = 1, we conclude that
dy (nams %n) < dypims Xnam—-1)+ o Fdy (i1, X0)
< [(@(@) % )™ ™4 (@(2) % )P ON G (@(2) % 0™ |dy (Txg, Xo)
2 (@@) x
T1-a)xu

As a result, x,, is a Cauchy sequence. There is a limit point of x,, because
(X,dy) is a non-Newtonian metric space. Let ¢ be the limit of x,. From the
continuity of T we get

dn(Txg,%0)
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T(c) = lim Tx, = lim x,,4 = c.
n-c n-co
Therefore, T has a unique fixed point.
Assume that a, b € X are fixed points of T. Then we have the following:
dy(a,b) = dy(Ta, Th) < u x [dy(a,a)+dy(b,b)]
= dy(a,b) <0
= a=>h
So, our theorem is proved.

Theorem 3.7: (Zamfirescu contraction principle) Let (X,dy) be a non-
Newtonian complete metric space, and T:(X,dy) — (X,dy) be a Zamfirescu
type non-Newtonian contraction mapping. Then T has a unique fixed point in
X.

Proof: Let x4 be any point of X. Consider the iterate sequence Tx,, = x,,,4. Using
induction on n, we obtain

dy (Xpi1,Xn) < A X max

{dn Oty X)) Fdy (-1, X2)} {dy (X, Xn—2) +dy (X1, X5-1)}
a(2) ’ a(2) '

Case 1: dy(xXp41, %) S AXdy (X, Xp_1) < . < A™W X dy(Txg, X0).

{dN (xn; xn—l);

For natural numbers n € N and m > 1, we conclude that

Ay (Xnim, Xn) < Ay Opsms Xnem-1)F o Fdy (i1, x3)

nn
< [A0HmINpAdm=Dn | A ] X dy (Txg, x0) < 3 X dy (Txg, x0)
Case 2: dN (xn+1:xn) S A X {dN(xn'xn—l):(il;(xn—l'xn—z)}

S AXdy(x, xp_1) < oo < AW X dy(Txg, )
For natural numbers n € N and m = 1, we conclude that

dN (xn+m' xn) S dN (xn+m' xn+m—1)'i' ‘i‘dN (xn+1' xn)

nn

< [A(”+m)N+/1(”+m‘1)N+ +A”N] X dyn(Txg, x) < 11 X dy(Txg, x0)

Case 3: dy (Xp41, Xn) < AX {dN(xnjxn—z):ggl(xn—pxn—ﬂ}

. .d JXp—2) . A .
S AX v O 2n-3) < X {dy (xp, Xn—1)

a(2) ~a(2)

+ dN(xn—l!xn—Z)} S A X dN(xn' xn—l)
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For natural numbers n € N and m = 1, we conclude that
dN (xn+m' xn) S dN (xn+m: xn+m—1)'i' ‘i‘dN (xn+1' xn)
ny
1-1
As a result, x, is a Cauchy sequence. There is a limit point of x,, because

(X, dy) is a complete non-Newtonian metric space. Let ¢ be the limit of x,,. From
the continuity of T we get

< [A0FmINfAEm=DN | A ] X dy (Txg, %) < X dpy(Txg, o)

T(c) = lim Tx, = lim x,,,, = c.
n-co n-ow
Therefore, T has a fixed point.
Assume that a, b € X are fixed points of T. Then we have the following:
dy(a,b) = dy(Ta,Th) < A X [dy(a,a)+dy(b,b)]
= dy(a,b) <0
= a=>»h
So, our theorem is proved.

Theorem 3.8: Let, T be a non-Newtonian Rhoades type contraction mapping on a
complete non-Newtonian metric space (X, dy). Then T has a unique fixed point.

Proof: Let, x, be any point of X. Consider the iterate sequence Tx,, = x,,,. Using
induction on n, we obtain
{dn (tn, xp- ) +dy (Xn-1, Xn-2)}
~ v dN (xnl xn—l)r )
dy(Xpe1, X)) < A X max a(2)
dN (xn' xn—z): dN (xn—l' xn—l)
Case 1: dy (X1, %) S A X dy(xy, Xp1) < oo £ AW X dy(Txg, x0).

For natural numbers n € N and m = 1, we conclude that

)’

Ay (Xnims Xn) < dy (Xnim, xn+m—1)‘i' ‘i'dN (Xn+1,%n)
nn
1-2

Case 2: dy (Xp41, %) < A X {dN(xn'xn—l):(dzl;l(xn—bxn—z)}

S AXdy(, xp_1) < oo < AW X dy(Txg, o)

For natural numbers n € N and m > 1, we conclude that

< [AFmINpAmim=Dn A ] X dy (Txg, x0) < X dpy(Txg, xo)

Ay (Xntms Xn) < dy (Xnim, xn+m—1)'i' +dN(xn+1'xn)

ny

1-2

< [A0HmINpAtm=Dn | A ] X dy (Txg, x0) < X dy (Txg, xo)
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Case 3: dy(xXp41, %) S AXdy(xp, Xp_p) < A X dy (X, Xpn_1)
< LS AW x dy(Txg, x),
For natural numbers n € N and m > 1, we conclude that

dy (tntm Xn) < Ay Cnam Xnm—1)+ - Fdy Gen g1, %)
ny

1-2

Case 4: dN(xn+1, xn) S A X dN(xn_l,xn_l) =0 S A X dN(xn, xn_l) S

< [A0FmINfAEm=DN | A ] X dy (Txg, x0) < X dpy(Txg, o)

< AW X dy(Txg, xo),

For natural numbers n € N and m > 1, we conclude that

dy (Xnms Xn) < dy (X 4m. xn+m—1)‘i' +dN(xn+1'xn)

nn

< [A0HmINpAEm=Dn | A ] X dy (Txg, %) < X dy(Txg, %)

1-2
As a result, x,, is a Cauchy sequence. There is a limit point of x,, because

(X,dy) is a non-Newtonian metric space. Let ¢ be the limit of x,. From the
continuity of T we get

[1]

[2]

[3]

[4]

T(c) = lim Tx, = lim x,,,; = c.
n-co n—00
Therefore, T has a fixed point.
Assume that a, b € X are fixed points of T. Then we have the following:
dy(a,b) = dy(Ta,Th) < A X [dy(a,a)+dy(b,b)]
= dy(a,b) <0
= a=b

So, our theorem is proved.
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