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ON THE SECOND FUNDAMENTAL THEOREM OF
ASSET PRICING

RAJEEVA L. KARANDIKAR AND B. V. RAO

ABSTRACT. Let X1, ..., X4 be sigma-martingales on (Q, F,P). We show that
every bounded martingale (with respect to the underlying filtration) admits
an integral representation with respect to X', ..., X® if and only if there is no
equivalent probability measure (other than P) under which X!, ..., X% are
sigma-martingales. From this we deduce the second fundamental theorem of
asset pricing- that completeness of a market is equivalent to uniqueness of
Equivalent Sigma-Martingale Measure (ESMM).

1. Introduction

The (first) fundamental theorem of asset pricing says that a market consisting
of finitely many stocks satisfies the No Arbitrage (NA) property if and only there
exists an Fquivalent Martingale Measure (EMM)- i.e. there exists an equivalent
probability measure under which the (discounted) stocks are (local) martingales.
The No Arbitrage property has to be suitably defined when we are dealing in
continuous time, where one rules out approximate arbitrage in the class of admis-
sible strategies. For a precise statement in the case when the underlying processes
are locally bounded, see Delbaen and Schachermayer [5]. Also see Bhatt and
Karandikar [1] for an alternate formulation of a weaker result, where the approxi-
mate arbitrage is defined only in terms of simple strategies. For the general case,
the result is true when local martingale in the statement above is replaced by
sigma-martingale. See Delbaen and Schachermayer [6]. They have an example
where the No Arbitrage property holds but there is no equivalent measure under
which the underlying process is a local martingale. However, there is an equivalent
measure under which the process is a sigma-martingale.

The second fundamental theorem of asset pricing says that the market is com-
plete (i.e. every contingent claim can be replicated by trading on the underlying
securities) if and only if the EMM is unique. Interestingly, this property was
studied by probabilists well before the connection between finance and stochastic
calculus was established (by Harrison—Pliska [9]). The completeness of market is
same as the question: when is every martingale representable as a stochastic inte-
gral with respect to a given set of martingales {M?',..., M?}. When M, ... M?
is the d-dimensional Wiener Process, this property was proven by Ito [10]. Jacod
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and Yor [13] proved that if M is a P-local martingale, then every martingale N
admits a representation as a stochastic integral with respect to M if and only if
there is no probability measure Q (other than P) such that Q is equivalent to P
and M is a Q-local martingale. The situation in higher dimension is more com-
plex. The obvious generalisation to higher dimension is not true as was noted by
Jacod—Yor [13].

To remedy the situation, a notion of vector stochastic integral was introduced-
where a vector valued predictable process is the integrand and vector valued mar-
tingale is the integrator. The resulting integral yields a class larger than the linear
space generated by component wise integrals. See [12], [2]. However, one has to
prove various properties of the vector stochastic integrals once again.

Here we achieve the same objective in another fashion avoiding defining integra-
tion again from scratch. In the same breath, we also take into account the general
case, when the underlying processes need not be bounded but satisfy the property
NFLVR and thus one has an equivalent sigma-martingale measure (ESMM). To the
best of our knowledge, the martingale representation property in the framework of
sigma-martingales is not available in literature. Indeed, most treatments deal with
square integrable martingales where the notion of orthogonality of martingales is
available which simplifies the treatment.

For a semimartingale X, let L(X) denote the class of predictable processes f
such that the stochastic integral [ fdX is defined. A semimartingale Z is said to
admit an integral representation with respect to semimartingales (X', X2,..., X )
if there exists a semimartingale Y and predictable processes f, ¢’ such that f €
L(Y), ¢/ € L(X7)

d t
Yt:Y(H-Z/ gldX?, Yt>0
j=1"9

and .
Zt=Zo+/ fudY,, Vit =>0.
0

In Theorem 5.3 we will show that for a multidimensional sigma-martingale
(X1, X2, ..., X% all bounded martingales admit a representation with respect to
X7, 1< j <dif and only if the ESMM is unique.

The most critical part of its proof is to show that the class of martingales
that admit representation with respect to (X!, X2,... X%) is closed under L!
convergence : If M™ are martingales such that there exist ™, ¢™7, Y with

d t
Yt":YoWZ/ gridX3, V>0
j=1"0
and .
Mt":Mgw-/ frdyr, vt>0
0

and if E[|M]* — M;|] — 0, then we need to show that M also admits a representa-
tion with respect to (X!, X2,...,X%). When (X!, X2,..., X%) is d-dimensional
Brownian motion, or when X7 and X% are orthogonal as martingales, one can
deduce that for each j, {g™/ : n > 1} is Cauchy in an appropriate norm and
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thereby complete the proof. This step fails in general, as the Jacod—Yor example
shows. So we need to do an orthogonalisation of (X1, X2 ..., X?) to achieve the
same. However, (X', X2 ..., X?) may not be square integrable and thus we need
to change the measure to a measure Q (equivalent to the underlying probability
measure P) to make it so. Under Q, (X!, X2,..., X%) need not be martingales.
This part is delicately managed by keeping both P, Q in the picture.

The rest of the argument is on the lines of Jacod—Yor [13].

When X', X2 ... X7 represent (prices of) stocks, Y can be thought of as (the
price of) a mutual fund or an index fund and the investor is trading on such a
fund trying to replicate the security Z.

In this framework, Theorem 5.3 gives us the second fundamental theorem of as-
set pricing : Market is complete if and only if ESMM (equivalent sigma-martingale
measure) is unique.

2. Preliminaries and Notation

Let us start with some notations. (€2, F,P) denotes a complete probability
space with a filtration (F,) = {F; : t > 0} such that F; consists of all P-null sets
(in F) and

ﬂt>5]-'t:]:s VSZO
Thus, we can (and do) assume that all martingales have r.c.l.l. paths.

For various notions, definitions and standard results on stochastic integrals, we
refer the reader to Meyer [15], Jacod [11] or Protter [16].

Let M denote the class of martingales and M. denote the class of local mar-
tingales. For M € M., let L1 (M) be the class of predictable processes f such
that there exists a sequence of stopping times oy, T co with

E[{/Oak F2d[M, M],}}] < oc.

For such an f, N = [ fdM is defined and is a local martingale.

For a semimartingale X, let L(X') denote the class of predictable process f such
that X admits a decomposition X = N + A with N € M), , A being a process
with finite variation paths with f € L (N) and

t
/ |fs|d|Als < 00 a.s. Vit < cc. (2.1)
0

For f € L(X), the stochastic integral [ fdX is defined as [ fdN + [ fdA. It can
be shown that the decomposition X = N + A is not unique, the definition does
not depend upon the decomposition. See [11].

For MY, M? ..., M% € M let C(M*, M2, ..., M%) denote the class of martin-
gales Z € M such that 3f7 € L. (M7),1 < j < d with

d t
thzo+2/ fldM?, vt > 0.
j=1"9

For T' < oo, let
Ryp(MY, M?,... MY ={Zy : Ze C(M*, M?,...,M?%)}.
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For the case d = 1, Yor [18] had proved that Ky is a closed subspace of
L'(Q, F,P). The problem in case d > 1 is that in general Kp(M?', M2, ... M%)
need not be closed. Jacod—Yor [13] gave an example where M1, M? are continuous
square integrable martingales and Kp(M*, M?) is not closed. Jacod [12] defined
the vector stochastic integral and Memin [14] proved that with the modified defi-
nition of the integral, this space is closed. We will follow a different path.

For martingales M, M2 ... M9 let F(M!,..., M%) be the class of martingales
Z € M such that 3Y € C(M?!,..., M%) and f € LL (Y) with

t
Zt:Zo+/ f.dY,, Yt > 0.
0

Let
Kp(MY, M?, ... M%) ={Zy : ZcF(M',M? ..., M%)}.

The main result of the next section is

Theorem 2.1. Let M', M?, ..., M? be martingales. Then Kp(M?', M2, ..., M%)
is closed in L'(Q, F,P).

This will be deduced from

Theorem 2.2. Let M', M2, ..., M? be martingales and Z™ € F(M*, M?,..., M%)
be such that E[|Z] — Z;|] — 0 for all t. Then Z € F(M*, M?,... M?).

When M1, M2, ..., M? are square integrable martingales, the analogue of The-
orem 2.1 for L2 follows from the work of Davis—Varaiya [4]. However, for the EMM
characterisation via integral representation, one needs the L! version, which we
deduce using change of measure technique.

We will need the Burkholder-Davis—-Gundy inequality (see [15]) (for p = 1)
which states that there exist universal constants ¢!, ¢ such that for all martingales
M and T < oo,

E[([M, M]r)%] < E[ sup |M,]] < PE[([M, M]7)?].

0<t<T

After proving Theorem 2.1, in the next section we will introduce sigma-martingales
and give some elementary properties. Then we come to the main theorem on
integral representation of martingales. This is followed by the second fundamental
theorem of asset pricing.

3. Proof of Theorem 2.1

In this section, we fix martingales M, M2, ..., M?. We begin with a few aux-
iliary results.

Lemma 3.1. Let Cy(M*',..., M%) be the class of martingales Z such that 3
bounded predictable processes f,1 < j < d with

d t
Zt:ZO—s—Z/ fldMI, vt > 0.
=170
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Let Fy(M?, ..., M%) be the class of martingales Z € M such that 3f € LL (Y) and
Y € Cy(MY, ..., M%) with

t
Z, :ZO+/ f.dY,, Yt > 0.
0

Then Fy(MY,... . M%) =F(M?,... M?).

Proof. Since bounded predictable process belong to L. (N) for every martingale
N, it follows that Cy(M?*,..., M%) C C(M*',...,M?). Thus Fy(M*,..., M%) C
F(M1,... , M%),

For the other part, let Z € F be given by

t
Zt:ZO+/ fsd}/éw fE]L}n(Y)a
0
where
Yt:YO—i—Z/ gidM]
j=1"0
with ¢/ € L} (M7). Let
b g
gs = 1+Z|gg|7 h?s ==
< 3
and
Vi :Z/ bl dM .
j=1"0

Since h? are bounded, it follows that V' € Cy(M?', M?,..., M?). Using g/ = &.hJ
and ¢/ € LL (M7), it follows that ¢ € L! (V) and

t
Y; = YO +/ Ssts
0
Since f € L} (Y), it follows that f¢é € L (V) and [ fdY = [ fédV. O

Lemma 3.2. Let Z € M be such that there exists a sequence of stopping times
or T oo with Ep[\/[Z,Z],,] < oo and X* € F(M*, M2 ..., M%) where X} =
Zine,, - Then

Z e F(MY, M? ..., M%).

Proof. Let X* = Zy + [ f*dY* for k > 1 with Y* € C,(M!, M?,..., M%) and
fF e Ll (Y*). Let ¢*7 be bounded predictable processes such that

d t
ve=vie o [obian.
j=1"0
Let ¢ > 0 be a common bound for ¢F1, ¢*2, ... ¢*9. Let us define 77, f by

[e.¢]
. 1 ki
=2 ot e ()
k=1
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fe=Y afF ooy (-
k=1

d t
Y=Y [ widn.
j=1"0

By definition, 7’ is bounded by 1 for every j and thus Y € Cy(M*Y, M2,... M?).

We can note that

Ziﬁ/\a';C - Zt/\o'k71 = th/\ok - th/\Uk—l
t
=/0 sy (8)dY

t
:/0 Fsliorv,001 (5)dYs.
Thus .
Zin = Z0+ [ LoV,
and hence .
2.2, = [ (L.
Since by assumption, for all k&
Er[V1Z,Z]s, ] < 00

it follows that f € L1 (Y)). This proves the required result.

]

Lemma 3.3. Let Z™ € M be such that E[|Z]* — Zi|]] — O for all t. Then there
exists a sequence of stopping times o), T oo and a subsequence {n’} such that for

each k > 1,
ElVIZ, Z).] < o0

and writing Y7 = Z”j,

ENV[Y? - Z,YI - Z],, ] — 0 as j 1 cc.

(3.1)

Proof. Let n® = 0. For each j, E[lZ} — Z;]] = 0 as n — oo and hence we can

choose n7 > nU~Y such that
E[|Z} — 7] <279
Then using Doob’s maximal inequality we have

P(Sup|Z"j Zy| > L ) < J*
- t = .5 -~ -
< j2r T2
As a consequence, writing Y7 = Z "j, we have
oo

N = Zsup|Ysj —Zg| < 00 a.s. for all t < 0.
=1 s<t
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Now define
oo
VAR
=1

In view of (3.2), it follows that U is r.c.l.l. adapted process. For any stopping time
7 < m, we have

8

E[U,] = E[|Z,]] + Z (Y7 —

|Zm| Z |Y - Zm‘

|Z| Z m_ Z 27

j=m+1

8

< 00.

Here, we have used that Z, Y7 — Z being martingales, |Z|, |Y7 — Z| are sub-
martingales and 7 < m. Now defining

op=inf{t : Uy >kor U >k} Nk
it follows that o} are bounded stop times increasing to oo with

sup Uy < k +Us,

s<op
and hence
E[sup Us] < 0. (3.3)

sgak

Thus, for each k fixed E[sup,,, |Zs|] < oo and thus by Burkholder-Davis-Gundy
inequality (p = 1 case), we have E[\/[Z, Z],,] < oo. In view of (3.2)

lim sup |V — Z,| =0 a.s.

‘7*}00 S<O’)c

and is dominated by (sup,<,, Us) which in turn is integrable as seen in (3.3). Thus
by dominated convergence theorem, we have

lim E[sup |Y? — Z,|] =0

J—00 s<op

The result (3.1) now follows from the Burkholder-Davis—Gundy inequality (p = 1
case). O

Lemma 3.4. Let V € F(M', M?,..., M%) and 7 be a bounded stopping time such
that

E[vV[V,V]; ] < o0
Then for € > 0, there exists U € Cy(M*, M2, ..., M®) such that

EVIV-UV-U],|<e
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Proof. Let V; = Vo + [y fdX where f € L. (X) and X € Cy(M",M?,..., M?).
Since

t
ViVl = [ 1LPdX X,
0
the assumption on V gives

Elv/ Jo |fs|?d[X, X]s] < oo. (3.4)

Defining fF = Tslqif.1<kys let
Uk:/fkdX.
Since X € Cy(M?*, M?,..., M%) and f* is bounded, it follows that
UF e Cy(M*Y, M2, ..., MY).
Note that as k — oo,
EL/[V — U,V = U] = L [T 1P g s dlX X1 — 0

in view of (3.4). The result now follows by taking U = U* with k large enough so
that

E[/IV - URV - UM, <
|
Lemma 3.5. Suppose Z € M and 7 is a bounded stopping time such that Z; =

Zins for allt > 0 and E[\/[Z,Z], | < co. Let U™ € Cy(M*, M?,..., M%) with
Uy = 0 be such that

E[VIUr—Z,Ur —Z], ] <4
Then there exists X € Cy(M*Y, M?,..., M%) and f € L} (X) such that

t
7, = Z, +/ f.dXs. (3.5)
0

Proof. Since U™ € Cy(M*', M?,... M%) with U} = 0, get bounded predictable
processes {f™/ :n > 1,1 < j < d} such that

d t
ur=>_ / fradmi. (3.6)
j=1"9

Without loss of generality, we assume that U = UL, and fi" = fr91j (s).
Let

(= izn\/[m - Z,U" - Z].
n=1

Then E[¢] < oo and hence P({ < o0) = 1. Let

d
n=qC+v [Z7Z]T+Z V [Mj7Mj]‘r
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Let ¢ = E[exp{—n}] and let Q be the probability measure on (2, F) defined by

aQ 1
aP e exp{—n}.
Then it follows that o = Eq[n?] < co. Noting that
d
2> (2,2]. + > _[M), M), 222" ur—z,0" -7,
j=1
we have Eq[[Z, Z];] < oo, Eq[[M7, M7],] < oo for 1 < j < d. Likewise, Eq[[U™ —
Z,U" — Z];] < o and so Eq[[U™,U"],] < co. Note that Z, M7 are no longer
marting~ales under Q, but we do not need that.
Let 2 = [0, 00) x Q. Recall that the predictable o-field P is the smallest o field
on (2 with respect to which all continuous adapted processes are measurable. We
will define signed measures I';; on P as follows: for F € P, 1 <4,j <d let

Lij(E) = /Q/OT 1p(s,w)d[M?, M) (w)dQ(w).

Let A = Z?Zl I'j;. From the properties of quadratic variation [M*, M7], it follows
that for all E € P, the matrix ((I';;(£))) is non-negative definite. Further, I';; is
absolutely continuous with respect to A Vi, j. It follows (see appendix) that we
can get predictable processes ¢/ such that

dly; 5

an ~ ¢
and that C' = ((c¥¥)) is a non-negative definite matrix. By construction |¢¥| < 1
and are predictable. We can diagonalise C' (i.e. obtain singular value decomposi-

tion) in a measurable way (see appendix) to obtain predictable processes b/, d’
such that for all i, k, (writing d;x = 1 if i = k and 0;, = 0 if @ # k),

d
> b = 5, (3.7)
j=1
d
D b = oy, (3.8)
j=1
d
> b = budi. (3.9)
j,l=1

Since ((c¥)) is non-negative definite, it follows that d% > 0. For 1 < j < d, let

d
Nk = Z/b’;ldMl.
=1

Then N* are P- martingales since b%* is are bounded predictable processes. Fur-
ther,

N7, Nk Z bzg/bkl Mj7Ml]
7,l=1
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and hence for any bounded predictable process h and i # k, we have

EQ[/O hed[N?, N¥]] // wab’“ M1dQ(w)

7,l=1

- / h Z bk AT
Q

=1

d
= / h > b A
Q=1
= 0’

where the last step follows from (3.9). As a consequence, for bounded predictable
processes h,1<i< d, it follows that

Z/ hihEd[N?, N*,] = Z/ hFY2d[N®, NF),). (3.10)

Let us observe that (3.10) holds for any predictable processes {hi:1<i<d}
provided the RHS is finite: we can first note that it holds for h* = hi1{| h|<c} Where

|h| = Zle\hﬂ and then let ¢ 1 co. Note that for n > m

VU —Um U — U™, <\/[Ur - Z,Un — Z], +/[U™ — Z,U™ — Z],
<27

and hence
EQ[U" — U™, U™ —U™],] <4 ™a. (3.11)
Let us define ¢g™* = 2?21 f™Ibk3 . Then note that
Z/ ndek ZZ/fn,]bk]de

k=1 j5=1
d

d
n,jpkinkl l
Zz};/f R AM (3.12)

k=1
/ FmI dMY

7

Il
H M“‘

where in the last but one step, we have used (3.8). Using (3.10) for n > m we
have

Eql[U™ — U™, U™ — U™ Z/ F2A[N® N (3.13)
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and using (3.11), we conclude

Z/ g F)2d[NF, NF] > mi) <miEq[[U" — U™, U™ —U™],]

< am*4™™.

(3.14)

Since Eq[[M?, M?];] < oo and g™ are bounded for all n,i, it follows that
Eq[[N?, N?];] < co. Thus defining a measure © on P by

= [ [g [ 1560 a4, )] aate)

we get (using (3.11) and (3.13))

/(ngrl,k: o gm,k)2d® S ad™™

and as a consequence, using Cauchy—Schwartz inequality, we get

/iwm“’k—gmk <41/0(N)a < co.
m=1

gf = lim sup gg”’k
m— 00

Defining

it follows that ¢™* — ¢g¥ a.s. © and as a consequence, taking limit in (3.14) as
n — 00, we get

1
k k 4 4—m
E / ZdIN® N¥)y > ) <mtaT (3.15)
Since Q and P and equivalent measures, it follows that

Z/ ¥ —gvF)2d[NT, N¥ > mi)—>0asm—>oo (3.16)

In view of (3.12), we have for m <n

[o™,u", Z/ migmd 4[N, N7, (3.17)
7,7=1
and
v v = 3 [Tl - N L 31
4,j=1

Taking limit in (3.17) as n — oo, we get (using Fatou’s lemma)

Eply/S I gioldN N7 < Bl VIZ 2T, (3.19)
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(since (3.1) implies Ep[+/[U™,U"];] — Ep[/[Z,Z]+]). Let us define bounded
predictable processes ¢/ and predictable process k™, h and a P-martingale X as
follows:

d
hs =1+ Z|gz|’ (320>
=1
gl
J — JIs 221
oA n (3.21)
d t )
X; = Z/ ¢ dN?. (3.22)
j=1"0

Since ¢’ is predictable, |¢7| < 1 it follows that X € C,(M*, M?2,..., M%) and
Z / ¢ PFd[NT, N¥],. (3.23)
k=1

Noting that g7 = hs¢! by definition, we conclude using (3.19) that

t o
/O(h J;l/ glghd[N7, N",
and hence that
[\ Jo (hs)?d[X, X]s] < Ep[V/1Z, Z]-]. (3.24)

Since h = hljy -, we conclude that h € L}, (X) and Y = [ hdX is a martingale
with Y; = YA, for all t. Observe that

[on Xt—Z/ KoTd[NF, N,
k,j=1

and hence
t
[U",Y]t:/ had[U™, X1,
0
d t
= Z/ khs¢jd[NkaNj]s

k,j=1

Z/ gld[N*, N7],.

k.j=1
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As a consequence
" =Y,U" =Y, =[U",U"], = 2[U", Y], + [\, Y]

Z/ n,k n,]de N_] 22/ nk de N]]

k.j=1 k,j=1
- Z / 95gJd[N*, N1,
k,j=1
= 30 [l - b - v,
k,j=1

and thus using (3.10) we get

Eq[[U™ — Y, U™ — Z/ 2d[N*, N¥,. (3.25)

Taking liminf as n — co on the RHS in (3.13) and using (3.11), we conclude

Z / 2d[N*, N¥],] < 0a™™

and hence (3.25) yields
EQl[U™ — Y, U™ — Y]] < ad™™.

Thus [U™ = Y,U" — Y], — 0 in Q-probability and hence in P-probability. By
assumption, [U" — Z, U™ — Z]; — 0 in P-probability. Since

Y-2Y-Z,<2y-U"Y -U",+[Z-U"Z-U"),)
for every n, it follows that
Y-2Y-Z,;=0 as.P. (3.26)

Since Y, Z are P-martingales such that Z; = Z;n, and Y; = Yiar, (3.26) implies
Y: — Yo = Z; — Zy for all t. Recall that by construction, Yy =0, Y = fth and
hell (X), X € Cy(M, M?,...,M?). Thus (3.5) holds. O

We now come to the proof of Theorem 2.2. Let Z" € F(M*', M?,..., M%) be
such that E[|Z— Z;|] — 0 for all t. We have to show that Z € F(M*, M2, ..., M%).

Using Lemma 3.3, get a sequence of stopping times oy 1 oo and a subsequence
{n’} such that Y7 = Z" satisfies for each k > 1, E[/[Z, Z],,] < 0o and

ENV[YI —Z,YI — Z],, ] = 0as jtoc.

Fix k and let Z; = Zipg,. We will show that Z € F(M', M?,..., M%). This
will complete the proof in view of Lemma 3.2. By relabelling, we assume that

EN[Z" - Z, 2" — Z],, ] — 0 as n 1 co. (3.27)
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Since Z™ € F(M*, M2, ..., M) and E[\/[Z"™, Z™],,] < o< (at least for large n, say
n > n*), using Lemma 3.4, for n > n* we can get U™ € Cp(M*, M2, ..., M%) such
that

E[V/[U" — Zn,Un — Z"],, | < ~. (3.28)

3=

(3.27) and (3.28) give

e/ - Z,Um - 2], ] = 0,

Thus Z € F(M*', M?,...,M?) in view of Lemma 3.5

Now we turn to proof of Theorem 2.1. Let £™ € Kp be such that £" — ¢
in LY(Q, F,P). Let " = X2 where X" € F(M!, M?,...,M?%). Let us define
Zr = X . Then Z™ € F(M?!, M2, ..., M%) and the assumption on £" implies

7! — Zy = E[¢ | 7] in LY(Q, F,P) Vt.

Thus Theorem 2.2 implies Z € F(M*', M?,..., M?) and thus £ = Z7 belongs to
Kr.

4. Sigma-martingales

Let M be a martingale, f € L(M) and Z = [ fdM. Then Z is a local mar-
tingale if and only if f € L. (M). In answer to a question raised by P. A. Meyer,
Chou [3] introduced a class ¥,, of semimartingales consisting of Z = [ fdM
for f € L(M). Emery [7] constructed example of f, M such that f € L(M)
but Z = [ fdM is not a local martingale. Such processes occur naturally in
mathematical finance and have been called sigma-martingales by Delbaen and
Schachermayer|6].

Definition 4.1. A semimartingale X is said to be a sigma-martingale if 3¢ € L(X)
such that ¢ is (0, 00) valued and

t
M, = / hsd X (4.1)

0

is a martingale. Our first observation is:

Lemma 4.2. Every local martingale N is a sigma-martingale.

Proof. Let 1, T 00 be a sequence of stopping times such that Ny, is a martingale,
op =inf{t >0 : [Ny >nor |N_| >n}An

and 7, = 0, ANy It follows that Niar, is a uniformly integrable martingale and

an = E[\/[N, N];, ] < cc.

Define

1 = 1
he = Tt () + > T ay vl (8):

n=1
Then h being bounded belongs to L(N) and M = [ hdN is a local martingale
with

tsgg E[V[M, M];] < oc. (4.2)
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Thus M is a uniformly integrable martingale. Since h is (0, 00) valued by definition,
it follows that N is a sigma-martingale. (I

This leads to

Lemma 4.3. A semimartingale X is a sigma-martingale if and only if there exists
a uniformly integrable martingale M satisfying (4.2) and a predictable process
P € L(M) such that

t
X, = / badM,. (4.3)
0

Proof. Let X be given by (4.3) with M being a martingale satisfying (4.2) and
1 € L(M), then defining

t

1
QSZW, Nt:/o gsdX,

it follows that N = [ gipdM. Since gy is bounded by 1 and M satisfies (4.2), it
follows that N is a martingale. Thus X is a sigma-martingale.

Conversely, given a sigma-martingale X and a (0, co) valued predictable process
¢ such that N = [¢dX is a martingale, get h as in Lemma 4.2 and let M =
JhdN = [h¢dX. Then M is a uniformly integrable martingale that satisfies
(4.2) and h¢ is a (0, 00) valued predictable process. O

From the definition, it is not obvious that sum of sigma-martingales is also a
sigma-martingale, but this is so as the next result shows.

Theorem 4.4. Let X', X? be sigma-martingales and a1, as be real numbers. Then
Y = a1 X' +asX? is also a sigma-martingale.

Proof. Let ¢', ¢? be (0, 00) valued predictable processes such that
t
M} = / pLdX:i, i=1,2
0

are uniformly integrable martingales. Then, writing ¢ = min(¢?, ¢?) and 1! = £

3
it follows that
t i
N = [ari= [ ax:
0 0

are uniformly integrable martingales since 7 is bounded by one. Clearly, ¥ =
a1 X'+ ay X? is a semimartingale and ¢ € L(X?) for i = 1,2 implies £ € L(Y) and

t
/O £.dY, = ayN! 4+ ayN?

is a uniformly integrable martingale. Since & is (0, 00) valued predictable process,
it follows that Y is a sigma-martingale. (Il

The following result gives conditions under which a sigma-martingale is a local
martingale.
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Lemma 4.5. Let X be a sigma-martingale with Xg = 0. Then X is a local
martingale if and only if there exists a sequence of stopping times 7, T oo such
that

E[V[X, X]:, | <oo Vn. (4.4)

Proof. Let X be a sigma-martingale and ¢, ¢, M be such that (4.1), (4.2) holds.
Let ¢s = (Z% and as noted above, (4.3) holds. Then

.6l = [ woaat, .
Defining 9% = 4314y, |<k}, it follows that
Xk = / t YR dM,
is a uniformly integrable martingale. Nc?ting that for £ > 1
[X_XRX_XWZKF%VHKMWMLML

the assumption (4.4) implies that for each n fixed,

E[y/[X — X%, X — X*], ] =0 as k - o.
The Burkholder-Davis—Gundy inequality (p = 1) implies that for each n fixed,
E[ sup |X;— XF|] = 0ask — oc.

0<t<7y

and as a consequence Xt[n] = Xinr, is a martingale for all n and so X is a local
martingale. Conversely, if X is a local martingale with Xy = 0, and o,, are stop
times increasing to oo such that Xs,, are martingales then defining ¢, = inf{¢ :
| X¢| > n} and 7, = oy A (G, it follows that E[| X, |] < co and since

sup | X¢| <n+ |X., |

t<7p
it follows that E[sup,<, |X¢[] < oo. Thus, (4.4) holds in view of Burkholder-
Davis—Gundy inequality (p = 1). O

The previous result gives us:
Corollary 4.6. A bounded sigma-martingale X is a martingale.

Proof. Since X is bounded, say by K, it follows that jumps of X are bounded by
2K. Thus jumps of the increasing process [X, X| are bounded by 4K? and thus
X satisfies (4.4) for

T, =inf{t >0 : [X, X]; > n}.

Thus X is a local martingale and being bounded, it is a martingale. (I

Essentially the same argument also gives that if a sigma-martingale X satisfies
| X¢| < & where £ is square integrable, then X is a martingale, in fact a square
integrable martingale.

Here is a variant of the example given by Emery [7] of a sigma-martingale
that is not a local martingale. Let 7 be a random variable with exponential
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distribution (assumed to be (0, 00) valued without loss of generality) and & with
P(( =1)=P(¢ =—1) =0.5, independent of 7. Let

Mt = fl[f,oo) (t)
and F; = o(M, : s < t). Easy to see that M is a martingale. Let f; = 319 00)(t)
and X; = fg fdM. Then X is a sigma-martingale and

1
[, Xe = =5 170 (8).

For any stopping time o, it can be checked that o is a constant on ¢ < 7 and thus
if o is not identically equal to 0, o > (7 A a) for some a > 0. Thus, /[X, X], >

%1{T<a}. It follows that for any stop time o, not identically zero, E[\/[X, X],] = o0
and so X is not a local martingale.
The next result shows that [ fdX is a sigma-martingale if X is one.

Lemma 4.7. Let X be a sigma-martingale, f € L(X) and let U = [ fdX. Then
U is a sigma-martingale.

Proof. Let M be a martingale and ¢ € L(M) be such that X = [¢dM (as in
Lemma 4.3). Now U = [ fdX = [ fi)dM. Thus, once again invoking Lemma
4.3, one concludes that X is a sigma-martingale. (]

We now introduce the class of equivalent sigma-martingale measures (ESMM)
and show that it is a convex set. Let X! ..., X% be r.c.ll. adapted processes
and let E°(X!, ..., X9) denote the class of probability measures Q such that
X1 ..., X% are sigma-martingales with respect to Q. Let

Es(X!, ..., X)) ={QeE5(X!,..., X% : Qis equivalent to P}

and

E3 (X, ..., X%

= {QeE(X!, ..., X% : Qis absolutely continuous with respect to P}.
Theorem 4.8. For semimartingales X', ..., X%,

ES(XY, ..., X%, E3(X',..., X% and E3(X',..., X%
are convexr sets.

Proof. Let us consider the case d = 1. Let Q!,Q? € E*(X). Let ¢!, ¢? be (0,00)
valued predictable processes such that

¢
i = [ oax.
0
are martingales under Q;, i = 1,2. Let ¢, = min(¢pl, $?) and let
t
M, = / PsdXs.
0

Noting that M; = fot E8dM? where & = ¢4(¢%)~! is bounded, it follows that
M is a martingale under Q%,5 = 1,2. Now if Q is any convex combination of
Q',Q?, it follows that M is a Q martingale and hence X; = fot(qﬁs)’ldMS is a
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sigma-martingale under Q. Thus Eg(X) is a convex set. Since E*(X1, ... X9) =
ﬁg-i:lIES (X7) it follows that E*(X1!,... X9) is convex.
Convexity of E§ (X1, ..., X%) and ]]:}E,(Xl, ..., X% follows from this. |
For sigma-martingales M* M2 ... M the classes C(M*', M2 ..., M) and
F(M?',...,M?) are defined exactly as they were in case M*',..., M are mar-

tingales. In particular, they remains subsets of the class of martingales M.

Lemma 4.9. Let M*',...,M? be sigma-martingales and let ¢/ be (0,00) valued
predictable processes such that

N = [ siamg (4.5)
0
are uniformly integrable martingales. Then
C(M*, M?,..., M%) =C(N', N2, ... N9, (4.6)

F(M', M?,..., M%) =F(N*, N%,...,N%.
Proof. Let 93 = (¢2)~1. Note that M7 = [¢IdNI. If Y € C(M', M?,..., M?)
is given by

d t
=Y [ pai peron) (4.8)
j=1"79

then defining ¢/ = f747, we can see that ¢/ € L(N7) and [ fidM’ = [ ¢g/dN7.
Thus

d t
vi=%" / glANI, g € L(N9). (4.9)
j=1"0

Similarly, if Y € C(N*, N?,..., N9) is given by (4.9), then defining f7 = ¢7¢7, we
can see that Y satisfies (4.8). Thus (4.6) is true. Now (4.7) follows from (4.6). O

5. Integral Representation with Respect to Martingales
Let M, ..., M? be sigma-martingales.

Definition 5.1. A sigma-martingale N is said to have an integral representation
with respect to M1,..., M9 if N € F(M*, M?,..., M) or in other words, 3Y €
C(M*, M2?,...,M?) and f € L(Y) such that

t
N, =N, +/ fodY, Vit (5.1)
0

Here is an observation needed later.

Lemma 5.2. Let M be a P-martingale. Let Q be a probability measure equivalent
to P. Let & = Z—S and let Z be the r.c.l.l. martingale given by Zy = Ep[€ | F].
Then

(i) M is a Q-martingale if and only if M Z is a P-martingale.

(i) M is a Q-local martingale if and only if MZ is a P-local martingale.

(iii) If M is a Q-local martingale then [M, Z] is a P-local martingale.

(iv) If M is a Q-sigma-martingale then [M, Z] is a P-sigma-martingale.
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Proof. For a stopping time o, let n be a non-negative F, measurable random
variable. Then

Eq[n] = Ep[n¢] = Ep[nE[¢ | Fo]] = Ep[nZ].

Thus M, is Q integrable if and only if M,Z, is P-integrable. Further, for any
stopping time o,

EQ[MU] = EP[MUZU]- (52)
Thus (i) follows from the observation that an integrable adapted process N is a
martingale if and only if E[N,] = E[Ny] for all bounded stopping times o. For (ii),
if M is a Q-local martingale, then get stopping times 7,, T oo such that for each n,
Min-, is a martingale. Then we have

EQ[MO'/\TT,,] = EP[MU/\TTLZO'/\T"]' (53>

Thus Minr, Zinr, is a P-martingale and thus M Z is a P- local martingale. The
converse follows similarly.
For (iii), note that

t t
M,Z; = MyZ +/ M,_dZ, +/ Zo_dM, +[M, Z), (5.4)
0 0

and the two stochastic integrals appearing in (5.4) are P local martingales, the
result follows from (ii). For (iv), representing the Q sigma-martingale M as M =
J ¥dN, where N is a Q martingale and 1) € L(NV), we see

(M, Z] = /Ot Ysd[N, Z]s.

By (iii), [N, Z] is a Q sigma-martingale and hence [M, Z] is a Q sigma-martingale.
O

The main result on integral representation is:

Theorem 5.3. Let M, ..., M? be sigma-martingales on (Q,F,P). Suppose Fy
is trivial. Then the following are equivalent.

(i) All bounded martingales admit representation with respect to M*, ... M?.
(i) All uniformly integrable martingales admit representation with respect to
M, ... M2
(iii) All sigma-martingales admit representation with respect to M*,... M?.

(iv) P is an extreme point of the conver set Es(M*Y,..., M9).
(v) E§(M?, ..., M%) = {P}.
(vi) EE(Ml,...,Md) = {P}.

Proof. Since every bounded martingale is uniformly integrable and a uniformly
integrable martinagle is a sigma-martingale, we have
(iil)= (i) = (@i).
(i) = (i) is an easy consequence of Theorem 2.2- given a uniformly integrable
martingale 7, let & = lim;_,o Z¢, so that Z; = E[ | F;]. For n > 1, let us define
martingales Z" as follows:

Z{" = E[€lqe1<ny] | ]
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where take the r.c.l.l. version of the martingale. It is easy to see that Z" are
bounded martingales and in view of (i), Z" € F(M?', M?,..., M%). Moreover, for
n>t
E[|1Z{" — Zi]] < E[¢1fi¢15ny]

and hence for all ¢, E[|Z} — Z;|] — 0. Thus Z € F(M*, M?,..., M%) by Theorem
2.2. This proves (ii).

We next prove (ii) = (iii). Let X be a sigma-martingale. In view of Lemma
4.3, get a uniformly integrable martingale NV and a predictable process 1 such that

X:/de.

Let N, = Ny +f0t fsdYs where Y € C(M*, M?,...,M?). Then we have

t
&:&+/ﬂwm
0

and thus X admits an integral representation with respect to M, ..., M¢?.

Suppose (v) holds and suppose Qi,Qy € ES(M*', M2,..., M%) and P = aQ; +
(1 — @)Qq. It follows that Q1, Q2 are absolutely continuous with respect to P and
hence Q1,Q2 € ]E,%(Ml,MQ, ooy M?). In view of (v), Q1 = Q2 = P and thus P is
an extreme point of ES(M?1, M?2,... M%) and so (iv) is true.

Since Eg(M', M?,..., M%) C Ey(M*, M?,..., M%), it follows that (v) implies
(vi).

On the other hand, suppose (vi) is true and Q € IE),SD(Ml, M?,...,M?%). Then

1= 2(Q+P) e Eg(M', M?,...,M?). Then uniqueness in (vi) implies Q; = P
and hence Q = P and thus (v) holds.

Till now we have proved (i) <= (ii) <= (iii) and (iv) < (v) < (vi). To
complete the proof, we will show (iii) = (v) and (iv) = (i).

Suppose that (iii) is true and let Q € Eg(M', M?,..., M?). Now let ¢ be
the Radon—Nikodym derivative of Q with respect to P. Let R denote the r.c.l.l.
martingale: R; = E[¢ | F;]. Since Fy is trivial, Ng = 1. In view of property (iii),
we can get Y € C(M*', M?2,..., M%) and a predictable processes f € L(Y) such
that

t
R =1 +/ fodYs. (5.5)
0
Note that .
Wﬂki/ﬁﬂKﬂy (5.6)
0

Since M7 is a sigma-martingale under Q for each j, it follows that Y is a Q sigma-
martingale. By Lemma 5.2, this gives [V, R] is a P sigma-martingale and hence

t
V;’“:/O fslqp<mydlY, R (5.7)

is a P sigma-martingale. Noting that

WhaéfﬂmYL
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we see that ,
V= / 2l <imdY, Y], (5.8)
0

Thus we can get (0,00) valued predictable processes ¢’ such that

t
vt = [ okave
0

is a martingale. But U* is a non-negative martingale with U¥ = 0. As a result U*
is identically equal to 0 and thus so is V*. It then follows that (see (5.6)) [R, R] = 0
which yields R is identical to 1 and so Q = P. Thus I~E§(M1,M2, oo, MY s a
singleton. Thus (iii) = (v).

To complete the proof, we will now prove that (iv) = (i).
Suppose P is an extreme point of E$(M?!, M2, ... M%). Since M’ is a sigma-
martingale under P, we can choose (0, 00) valued predictable ¢’/ such that

t
5= [
0

is a uniformly integrable martingale under P and as seen in Lemma 4.9, we then
have

F(M*, M?,..., M%) =F(N', N2,...,N9.
Suppose (i) is not true. We will show that this leads to a contradiction. So suppose
S is a bounded martingale that does not admit representation with respect to
MY M? .. MY e S ¢ F(MY,M?,..., M%) = F(N', N2,...,N9), then for
some T,

Sy ¢ Kp(NY, N2, ... NY)

We have proven in Theorem 2.1 that Ko (N', N2,..., N9) is closed in L'(Q, F,P).
Since Kr is not equal to L(Q, Fr, P), by the Hahn-Banach Theorem, there exists
£ e L>(Q, Fr,P), P(€ #0) > 0 such that

/n{szO vn € Kr.

Then for all constants ¢, we have

/ 0L+ c€)dP = / ndP Vg € Kr. (5.9)

Since ¢ is bounded, we can choose a ¢ > 0 such that
1
P(clé] < 5) =1

Now, let Q be the measure with density n = (1 + ¢£). Then Q is a probability
measure. Thus (5.9) yields

/ndQ = /ndP Vn € Kr. (5.10)

For any bounded stop time 7and 1 < j < d, Nﬁ/\T € K7 and hence

EQ[NJ/\T] = EP[NZ/\T] = Ng (5~11)

T
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On the other hand,

EQ[qu—\/T] = EP[77N£\/T}
= Ep[Ep[nNYy 1 | Frl]
= Ep[nEp[NY, | Frl]
= Ep[nNr]

= Eq[N7]

= N}.

(5.12)

where we have used the facts that 1 is r measurable, N7 is a P martingale and
(5.11). Now
Eq[N/] = EQ[N/ 7] + EQ[NZ, 7] — EQ[N7] = NG,

Thus N7 is a Q martingale and since

t

M = / —dN?

0 %
it follows that M7 is a Q sigma-martingale. Thus Q € E*(M*,..., M?). Sim-
ilarly, if Q is the measure with density n = (1 — ¢€), we can prove that Q €
Es(M*,...,M%). Since P = 1(Q + Q), this contradicts the assumption that P
is an extreme point of E*(M', ..., M9). Thus (iv) = (i). This completes the
proof. ([l

6. Completeness of Markets

Let the (discounted) prices of d securities be given by X!, ..., X9 We assume
that X7 are semimartingales and that they satisfy the property NFLVR so that
an ESMM exists. See [6].

Theorem 6.1. (The Second Fundamental Theorem Of Asset Pricing)
Let X1,..., X4 be semimartingales on (2, F,P) such that E3 (X1, ..., X%) is non-
empty. Suppose Fy is trivial. Then the following are equivalent:

(a) For all T < oo, for all Fr measurable bounded random variables & (bounded
by say K ), there exist g € IL(X7) with

d t
Y=Y [ gix: (6.1)
j=1"79

a constant ¢ and f € L(Y') such that |f0t fsdYs| < 2K and

T
5:c+/ fody.. 6.2)
0
(b) The set E3(X*,...,X%) is a singleton.

Proof. First suppose that E5(X?!,..., X?) = {Q}. Given a bounded Fr measur-
able random variable &, consider the martingale

M; = Eq[¢ | F].
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Note that M is bounded by K. In view of the equivalence of (i) and (v) in Theorem
5.3, we get that M admits a representation with respect to X', ..., X% - thus we
get ¢ € L(X7) and f € L(Y) where Y is given by by (6.1), with

t
M, = My +/ fsdYs.
0

Since Fy is trivial, M is a constant. Since M is bounded by K, it follows that
fot fsdYy is bounded by 2K. Thus (b) implies (a).

Now suppose (a) is true. Let Q be an ESMM. Let M; be a martingale. We
will show that M € F(X,...,X?), i.e. M admits integral representation with
respect to X',..., X% In view of Lemmas 3.2 and 4.9, suffices to show that for
each T < oo, N € F(X!,..., X%), where N is defined by N; = Msr.

Let £ = Np. Then in view of assumption (a), we have

£=C+/0Tfdes

with Y given by (6.1), a constant ¢ and f € L(Y) such that U, = fot fsdYs is
bounded. Since U is a sigma-martingale that is bounded, it follows that U is a
martingale. It follows that

t
Nt:c+/ fodYs, 0<t<T.
0

Thus N € F(X1,...,X9).
We have proved that (i) in Theorem 5.3 holds and hence (v) holds, i.e. the
ESMM is unique. |

Appendix

I: For a non-negative definite d x d symmetric matrix C, the eigenvalue-eigenvector
decomposition gives us a representation

C =B"DB, (A1)
where
B is a d x d orthogonal matrix (A.2)
and
D is a d x d diagonal matrix. (A.3)

This decomposition is not unique. Note that for each non-negative definite sym-
metric matrix C, the set I'c of pairs (B, D) of d x d matrices satisfying (A.1)-(A.3)
is compact. Thus it admits a measurable selection - in other words, for each C,
we can pick (C) = (B, D) € T'¢ in such a way so that 6 is a measurable mapping.
(See [8] or Corollary 5.2.6 [17]). Of course, (A.1) implies that BCB7 is a diagonal
matrix.

II: Let D be a o-field on a non-empty set I' and for 1 < i,5 < d, A;; be signed
measures on (I', D) such that for all E € D, the matrix((\;;(E))) is a symmetric

non-negative definite matrix. Let u(F) = Zle Aii(E). Then for 1 < 4,5 < dthere
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exist versions ¢ of the Radon-Nikodym derivate %j such that for all v € T, the

matrix ((c¥(7))) is non-negative definite.

To see this, for 1 < i < j < d let f¥ be a version of the Radon-Nikodym

derivative = and let f7* = f*. For rationals r1,7s,...,7q, let

dp

Arl,rg,..‘,rd = {')/ . ZTZ’I“]]M](’Y) < O}
ij

Then p(Ar ry....ry) = 0 and hence p(A) = 0 where

A=U{A ry. 7y T1,T2,...,7q rationals}.

The required version is now given by

10.

11.

12.

13.

14.
15.
16.

17.
18.

I(y) = f9(y)Lac(y).
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