International Journal of Control Theory and Applications

CONTROL THEORY . )
AND APPLICATIONS ISSN '+ 0974-5572

This title

is <2
in Scopus
s J‘

“9 INTERNATIONAL SCIENCE PRESS
‘Gurgaon, Haryana (ndia)

© International Science Press

Volume 10 + Number 19 -« 2017

Some I-convergent Triple Sequence Spaces of
Fuzzy Numbers Defined by Orlicz Function
(Paper Id: 59)

Sangita Saha' and Santanu Roy’

! Research Scholar, Department of Mathematics National Institute of Technology Silchar,; Assam, India,
Emails: sangitasahal31(@gmail.com
? Assistant Professor& Head, Department of Mathematics National Institute of Technology Silchar, Assam, India

Abstract: In this research paper, using an Orlicz function the notion of some /-convergent triple sequence spaces of
fuzzy numbers is introduced. We make an effort to investigate some basic algebraic and topological properties of the
introduced sequence spaces and also derived some inclusion results between these spaces.

Keywords: Filter, Fuzzy numbers, Ideal, I-convergence, Normal, Orlicz function, Triple sequence.

1. INTRODUCTION

The basic mathematical concept of a set was extended by the introduction of the fuzzy set theory. Fuzzy set
theory, compared to other mathematical theories, is perhaps the most easily adaptable theory to practice. The
concepts of fuzzy sets and fuzzy set operations were first introduced by Lofti A. Zadeh [41] in 1965 and after his
pioneering work done on fuzzy set theory, a huge number of research papers have been appeared on fuzzy theory
and its applications as well as fuzzy analogues of the classical theories. Fuzzy set theory is a powerful hand set
for modeling, uncertainty and vagueness in various problems arising in the field of science and engineering.
Several mathematicians have discussed various aspects of the theory and applications of fuzzy sets such as
fuzzy topological spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy
mathematical programming and so on.

The theory of sequence of fuzzy numbers was first introduced by Matloka [18] and Matloka showed that
every convergent sequence of fuzzy numbers is bounded. After a detailed study on the sequences of fuzzy
numbers, it was proved by Nanda [19] that the set of all convergent sequences of fuzzy numbers forms a
complete metric space. The notion of ideal convergence, as a generalization of statistical convergence was
introduced by Kostyrko et . al. [14] in 2000-2001, which depends on the structure of the ideal / of the subset
of the set of natural numbers N. Later, it was further developed by various researchers such as Salat et. al. [27-
28], Kumar and Kumar [16], Tripathy and Tripathy [40], Das et. al. [4], Tripathy and Sen [40], Tripathy and
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Hazarika [37], Sen and Roy [32], Khan and Khan [13], Esi and Sharma [7], Giirdal and Huban [11], Nath and
Roy [21-22] etc.

The summability theory of multiple sequences was first studied by Agnew [1] and certain theorems for
double sequences was derived by him. Sahiner et. al. [25], Sahiner and Tripathy [26] introduced and investigated
the different types of notions of triple sequences at the initial stage. Recently statistical convergence of triple
sequences on probabilistic normed space was introduced by Savas and Esi [31]. Later, Esi [9] introduced statistical
convergence of triple sequences in topological groups. Recently more works on triple sequences are done by Esi
[8], Kumar et. al. [14], Dutta et .al. [6], Tripathy and Goswami [36], Nath and Roy [20] and many others.

Using the notion of Orlicz function, the scope for the studies on sequence spaces was enhanced by
Lindenstrauss and Tzafriri [17], who used Orlicz function to construct the Banach space

2, :{ (xk):iM(%J<oo, for some p> 0 },
k=1

with the norm

I = inf{ p>o:iM(Mng}_
k=1

P

In the later stage different classes of Orlicz sequence spaces were introduced and studied by Parashar and
Choudhary [23] and discussed some properties of the sequence spaces defined by an Orlicz function M which

generalized the Orlicz sequence space /,,. More works on Orlicz sequence spaces can be found in ([2-3], [6],
[10-11], [24], [29-30], [33-35], [38]).

2. PRELIMINARIES AND BACKGROUND

In this section, some fundamental notions and definitions are defined, which are closely related to the paper.

Throughout w,c,c,,?,, denote the spaces of all, convergent, null and bounded sequences respectively and N, R
and C denote the sets of natural and real numbers respectively.

A fuzzy number on R is a function X : R — L(=[0,1]) associating each real number ¢ e R having grade of

membership X(#). We can express every real number r as a fuzzy number ,. as:

;(t):{ L if t=r

0, otherwise

The a-level set of a fuzzy number X, 0 <« <1, is defined and denoted by [X]* ={t e R: X(¢) > «}.
A fuzzy number X is said to be convex if X(¢) > X(s) A X(r) = min(X(s), X (7)), where s <t <r.

A fuzzy number X is said to be normal if there exists #, € R such that X(z,)=1. A fuzzy number X is

called upper semi-continuous if for each ¢ >0, X '[0,a+¢)), forall 4 e L is open in the usual topology of R.
The set of all upper semi continuous, normal, convex fuzzy number is denoted by R(L), whose additive and

multiplicative identities are denoted by ( and 7 respectively.
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Let D be the set of all closed bounded intervals X = [X X R] on the real line R. Then y <y ifand only
if x* <y*

and x* <y® Let d(X,Y) = max (|X"-X*|,|Y"-Y" |). Then (D,d) is a complete metric space.

Also d : R(L)x R(L) — R defined by d(X,Y)=sup d([X]"[Y]"), for X,Y e R(L) is ametricon R(L).

0<a<l

A non-void class 7 < 2% (power set of non-empty set X) is said to be an ideal if [ satisfies the following

conditions:

(i) A,Be I=>AuUBel and (if) Aec [ and Bc A= Bel.
Anideal 7 < 2% is said to be non-trivial if /% and X ¢ 1.

A non-trivial ideal 7 < 2% is said to be admissible if / contains each finite subset of X.

A non-trivial ideal / is said to be maximal if there does not exist any non-trivial ideal J#/ containing / as a
subset.

Throughout the paper, the ideals of p¥¥<¥ will be denoted by 7, and ,(w"),, (¢%), ,(c"), 5(c,” ) denote

the spaces of all, bounded, convergent in Pringsheim’s sense and null in Pringsheim’s sense fuzzy real-valued
triple sequences respectively.

A non-empty family of sets < 2* is called a filter on X if
(HDeg F@i)4, Be F>ANnBeFand(iii)A e FandAcB—= Be F.
For any ideal 7, a filter F(/) is defined as F(/)={ K N:N\K el }.

A subset £ of yxnxn is said to have asymptotic density S(£) if

P 49 _r
O(E)= p}]irrgw ZZZZ £(,1,k) exists, where . 1s the characteristic function of E.
o n=1 [=]1 k=1
A triple sequence is a mapping x: N x N x N — R(C).
A triple sequence X = <Xn,k>, X, € R(L) of fuzzy numbers is a triple infinite array of fuzzy numbers

X, forall n, LkeN.

A triple sequence X = <ank> of fuzzy numbers is said to be convergent in Pringsheim’s sense to the fuzzy
number X, if for everye>0, 3 n, =ny(e).l, =1,(¢),k, =k,(¢)€ N, such that d(X,,X)<e for all

nxnyl21,k=k,.

A triple sequence X = <ank> of fuzzy numbers is said to be 7, -convergent to the fuzzy number X, if for

all >0, {(n,Lk)ye NxNxN:d(X,,X,)>e }el, and written as /, —lim X,, = X,.
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A triple sequence X = <Xn,k> of fuzzy numbers is said to be I,-bounded if there exists a real number p
such that
{(nL,k)e NxNxN :d(X,,,0)> u} el,.
A triple sequence space g of fuzzy numbers is said to be solid or normal if <Yn,k> € E” whenever
(X,,)€E" and d(¥,,,0)<d(X,,,0) forall n, LkeN.

A triple sequence space g7 of fuzzy numbers is said to be monotone if g# contains the canonical pre-
image of all its step spaces.

A triple sequence space gf of fuzzy numbers is said to be symmetric if <X”(nlk)> e E, whenever

<ank> € E" where 7 is a permutation on N x N x N.

A triple sequence space g of fuzzy numbers is said to be sequence algebra if <Xn,k ® Yn,k> € E”, whenever
(X, ) (Y )€ E".

A triple sequence space gf of fuzzy numbers is said to be convergence free if <Yn,k> € E” whenever
<ank> €E" andX , = 0 implies Y, = 0.

Let M be an Orlicz function and p = < pn,k> be a triple sequence of bounded strictly positive real numbers.

In this paper, the following I-convergent fuzzy triple sequence spaces are introduced:

- Pk
3(c“F))(M,p)={X:<Xn,k>e ,(w"): I,-lim {M (Mﬂ =0, for some p>0 and X,eR(L)(,
P

- - Puik
3(cOI(F))(M,p)= X= <Xn,k> e ,(wh): I, -lim{M {M]] =0, forsome p>0;,
P

- - Pl
SN M,p)=1X=(X,, e ;(w"): sup {M (Mj] <o, forsome p>0 |},
n,lk p
X =<ank>€ ,(w"): there exists a real numberyu >0 such that

") _ -
(M, p) = dX,

- Pnik
(nLk)e NxNxN: |M 0) > uyel,, for some p>0
3

Also we introduce
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(' M p)= ("M p) S (07)M, p)

and (¢, " )M.p)= 3¢, NM.p) (L) M. p).
To prove some results in the paper, the following Lemma’s will be used.

Lemma 2.1- Every normal sequence space EF is monotone. .

Lemma 2.2- For two triple sequences p = <pn,k> and ¢ =<q,,,k>, ("N (p) 2 (e, (q) if and

..o P
only if 1(1nn[1k)16111(f[ P . j >0, where K e F(I,) (Nath and Roy [21]).
” nlk

3. MAIN RESULTS

In this section, we examine some basic topological and algebraic properties of the introduced sequence spaces
and obtain some inclusion relation related to these spaces.

Theorem 3.1- If M is an Orlicz function and p = < pn,k> is a triple sequence of bounded strictly positive

numbers, then the sequence spaces ,(m'")(M,p), (m,""” (M, p) and 0" (M, p) are closed with respect to

addition and scalar multiplication operations.

Proof. We prove the result for the space ,(m, " )(M, p) and the result for the other spaces can be proved in

a similar manner. Let <Xn,k>,<Yn,k> e ,(m'"")M,p).

Then there exists positive numbers p, and p, such that the sets

—_ - Pnik
A=3(n,l , k) e NxNxN: MM > €l .4
o) 2 an
3 Y 5 Dnlk
B=<(nl,k)e NxNxN: [M{MH 2% el,.
P>

Let o, 5 be two scalars and let p = max(2|a| o 2| ﬂ| p,). Since M is continuous, the following inequality

holds:
[M{d (X +BY i 0)]} <D [M(d X > O)J:| +|:M[d T 0)}:| ’
P P P>

where D =max (1,2""), H= sup p,; <.
i,j.k
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From the above inequality, we obtained

c

i - Pk
(nd,k)e NxNxN: |:M[d (aX,y + Py O)J:| S

£
P 2

— — Pl — — Pulk
{@,Z,HGNWXN:D[M(MH Zg}u{m,z,memmwl)[M[MH 5}1
P Pa

c(@Xy, + Y e (m" )M, p).

This completes the proof.

Theorem 3.2- Let the sequence p=<pn,k> be bounded. Then (c)")M,p) < ,(c"") (M,p)c

L("Y(M, p) and the inclusions are proper.
Proof. From definition, the inclusion ,(c!”)(M,p) < (") M,p)c ,(¢"7)M,p) follows.
To show that the inclusion (c"”)(M,p) < ,(¢'"")(M,p) is proper, we cite a counter example.
Example 3.1- Let I,(P) denote the class of all subsets of N x N x N such that 4 € I,(P)
implies that 3 n,,/),k, € N such that
A NxNxN—-{(n,Lk)e NxNxN:nzn, ,l21,k>kg}.

Let M(x)=x" and n,,/,,k, € N be fixed such that

. l,for 1<n<n,, 1<I<1,, 1<k<k,
nlk

3, otherwise

We define the sequence <Xn,k> as:

X, =1, forl<n<ny, 1<I<l,, 1<k<k,.

For n>ny, I >1), k>k, and (n+1+k) even,

w, for 4-n'<t<5
n+1
X, ()= 1< 6-t, for 5<t<6
0, otherwise
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nt - 1 —1
R or n <t<4
4n—1 f
X,p()= 45—t for 4<t<5
otherwise .
0, otherwise

Then (X, )€ J(X7)(M, p), but (X, ) ¢ ()M, p) . Thisimplies ,(c')M,p) = ,(£1") (M, p).

Theorem 3.3- The sequence spaces ,(m'")(M,p) and (m}"”)(M,p) are complete with respect to the
metric ¢ defined by

[ d (X, . Y,)
G(X7Y)=1nf P >0: SLIIEM D Sl’p>0 > where J =max (LH)a H= SUp p,,i -
n,l, n,lk

Proof. We prove the result for the space ,(m,")(M, p).

Let <X( i)> be a Cauchy sequence in ,(m/")(M,p) where X"’ =< ank(i>> '

. X,
For a fixed x, >0, » >0 is chosen such that M 5 >1.
Foragiven ¢>0, 3 n, € N such that

T(X(i) ,X”))<i, forall i,j>n,.

X,

P iy O 0
inf{p’ >0: sup | M WXy > X ) <1,p>0 <2 forall i,j>n,.
= nlk P Xy

iy @ )
sup {M(d(X””‘ > X )]:l <1, forall i,j>n,.
n,lk P

sup

n,lk

E(ank(i) > ank(j))
o o]

, ; <1, forall i,j>n,.
(X, x0) ] J=

E(X O X (j)) (rxj
=M alk > = nik <1 <M|=|, forall i,j=>n,.
( r(X“) ,X‘”) 2 0
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- dx,"” ,ank(”)<5, forall i,j>n,.

Hence <Xn,k(j)> is a Cauchy sequence of fuzzy numbers. So 3 a fuzzy number X, such that

. 0
}l_Ianlk =X, for each n , LkeN.
Since M is continuous, so taking limit as j — oo in the equation (1),
oy ®
Sup M d(ank > ank) < 1
n,lk P
Now, taking infimum of such p's, we get

Puik. = (i)
inf{p 7 >0: sup{M[M]] < 1,} <eg, forall i>n,.
n,lk p

- g(X"') , X) <g, forall i>n,.
Now for all i>n,,
g(X,(_)) < g(X,X“’)-i—g(X“’,B) <e+K <o
~Xe ;(m"™)M,p).

Hence ,(m")(M, p) is complete.

Similarly the result can be established for the other space. B
Theorem 3.4- Let M| and M, be two Orlicz functions, then

0] Z(M, ,p)ynZ(M, ,p)c Z(M, + M, , p)
(i) Z(Mz ap)QZ(Ml oM, ,p), forZ = 3(m(§(F)), 3(m1(F))’3(€gF))'

Proof. We prove both the results (i) and (ii) for Z= ,(m]”). Similarly, the other cases can be
derived.

(i) Let (X, )e (my™)M,,p)" s(m")(M,,p). Then 3 p, , p, >0 such that such that the sets

£
B €1 and

3 - Plk
A= (nyl,k)ENXNxN: {MI[M]} >
P
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el,.

o | &

3 — Prik
B=(nl,k)e NxNxN: {MZ[MH >
P>

Let p=p, + p,. Since M is continuous, we have the following inequality:

- — Pk — — Pk — — Pk
(Ml +M2) (d(ank 4 O)J SD pl Ml(d(ank 4 0)} +D p2 Mz(d(ank 4 0)) ,
Y P TP P P TP P,

where D =max (1,2""), H= i%p"lk'

From the above relation, we obtained

—_ - Pnik
(nl, k)e Nx NxN: {(M1+M2) (MJ] z%
Yo,

— — Dtk — - Pk
g{(n,l,k)eNxNxN:D l:pM,[Mﬂ Zg}u{(n,l,k)eNxNxN:D {pMZ{MH zg
P P

}.613.

Thus (X, )€ 4(my )M, +M,,p).
(if) Let >0 be given. Since M, is continuous, so 3 7 >0 such that M, (n)=¢.

Let <Xn,k>e 3(mé(F))(Mz,p).

- - Pnik
. dX, .0
So 3 p >0 such that 1 -hm{Mz [+J] =0.

Then 3 n,, I,,k, € N such that

—_ - Dl
{MZ(M]] <n, forall n=n, [21,k=k,.
P

- Pnik
dX, 0
:{(MIOMZ) (%)ﬂ <e forall n=ng, 121,k>k,

.-.Ia-ﬁm{(MloMz) [MH o
P
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= (X s(m")(M, 0 M,.p). B
Using the standard techniques, the following result can be easily proved.

Theorem 3.5- If M,(x)< M, (x) forall xe[0,00), then Z(M, , p)c Z(M, , p) for
Z = 5™, 5", 5 (5.

Theorem 3.6- For two triple sequences p = < Pnkz> and g = <an,>,

. i g Pk
3(mOI(F))(M ,p) 2 3(m01(F) YM,q) if and only if 1%3?,(}&{ do j >0, ywhere K e F ().

Proof. The result follows immediately from Lemma 2.2. R
Theorem 3.7- The sequence spaces ,(m,")(M, p) is both normal and monotone.
Proof: Let (X, )& ,(m,"")(M,p) and (Y, ) be such that d(Y,, , 0)<d(X,, , 0), forall n, LkeN.

Let ¢ >0 be given.

Then from the following inclusion relation:

= PR - - Pulk
(n ,l,k)eNxNxN:|:M (MJ] >etoi(n ,l,k)eNxNxN::{M (d(YnzkaO)H > .
P P

it follows that | (m."))(M, p) is normal.
Also by Lemma 2.1, the space ,(m)")(M, p) is monotone. W

Proposition 3.8- The sequence spaces ,(m' )M, p) is neither monotone nor normal.

Proof. The result follows from the following example.

Example 3.2- Let I,(p) < 2"¥*" denote the class of all subsets of N x N x N of zero natural density.
Let I, =1,(p), A€l,, p, =1 forall n, ke N and M(x)=x".

We define the sequence <Xn,k> by:

For all (n,1,k) ¢ A,

Lo nr o k(t=1), for 1-———<i<]

1
X, ()= 1-n+l+k@t—1), for 1<t<l4——me
x() ¢-1, £ NP

0, otherwise
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otherwise X

nlk
Then (X, )€ ,(m"")(M,p).
Let K={2i:ie N}.

Consider the sequence <Yn,k> defined as:

nlk —

Y {ank’ lf‘ (n ) l,k) € K

0, otherwise

Then (Y,,) belongs to the canonical pre-image of K step space of (m'")(M,p). But
(V)& s(m" )M, p).
Therefore ,(m'")(M, p) is not monotone and hence it is not normal. M

Proposition 3.9- The sequence spaces ,(m"" (M, p) and ,(m!"™)(M,p) are not symmetric.

Proof. To prove the result, we cite a counter example.

Example.3.3- Let I,(p) < 2"¥*" denote the class of all subsets of N x N x N of zero natural density.

1, for n even and all Lke N

Let [3 :13(,0)’ M(X) =x" and Pu 2{ 2, otherwise

Consider the sequence <Xn,k> defined by:

For n=4*, ie N and forall [ ke N,

t

3Jn -2

t
3Jn -2’

0, otherwise

1+ . for 2-3In<t<0

X, (0)=41- for 0<t<3Jn-2

otherwise X, 0.
Then <ank>€ Z(M,p), for Z = 3(mI(F)), 3(mé(F)),
The rearrangement <Yn,k> of < ank> is defined as:

For k odd and for all n,/ e N,
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14— for 2-3n<t<0
3n-2

Y, (6)= 1—3n’_2, for 0<t<3n-2
0, otherwise

otherwise Y, =0.
Then <Y,,,k>§EZ(M,p), for z = ,(m'™), ,(m!").
Hence the sequence spaces ,(m'")(M,p) and ,(m)")(M,p) are not symmetric. B

Proposition 3.10- The sequence spaces ,(m"")(M,p) and ,(m,'"")(M,p) are not convergence free.
Proof. The result follows from the following example.

Example 3.4- Let I,(p) < 2"V denote the class of all subsets of N x N x N of zero natural density.

1
Let I, =1L (p), Ael,, M(x)=x and P =§ forall n,lkeN

Define the sequence <Xn,k> by:

For all (n,1,k) ¢ A,

1

1+3(n+1+k), for — <<
( 0. 3(n+l+k)

1
X, ()=1 1=-3(n+1+k), O<t<—
e (7) (n )t, for 3t h)

0, otherwise

otherwise X, 0.
Then <ank>€ Z(M,p), for Z = 3(mI(F)), 3(mé(F)),

Next the sequence <Yn,k> is defined as:

For all (n,1,k) ¢ A,

I International Journal of Control Theory and Applications m



Some I-convergent Triple Sequence Spaces of Fuzzy Numbers Defined by Orlicz Function

+ 3 , for —MStSO
n+l+k 3
3t n+l+k
Y, ()= 1_n+l+k’ for 0<t£(T)
0, otherwise

otherwise X, =0.
Then <Y,,,k>§EZ(M,p), for z = ,(m'™), ,(m!").

Hence ,m" " (M, p) and ,m}" (M, p) are not convergence frec. W

Theorem 3.11- The sequence spaces ;m""(M,p) and ,m]"")(M,p) are sequence algebras.

Proof. We prove the result for the space ,(m,")(M, p).
Let <ank>’<Ynlk> € 3(mé(F))(M,p) and 0<e<1.

Then from the following inclusion relation, the result follows:

d(ank ® Ynkl >

6) :|l7nzk -
1%

{(n , l,k)eNxNxN:M{

- — | Pnik 3 =\ |Puik
) { (n,l,k)eNxNxN:M{M} <g}m {(n,l,k)eNxNxN: {M} <£}.

P
Similarly the result for the space ;(m"")(M,p) can be established. W

4. CONCLUSION

ol

Convergence theory can be applied as a basic tool in measure spaces, sequences of random variables, information
theory etc. In this research paper, the notion of ideal convergent triple sequence spaces of fuzzy numbers defined
by an Orlicz function is introduced and studied. Few basic algebraic and topological properties of the introduced
sequence spaces are studied and also some inclusion relations between these spaces are established. The introduced

notion can be applied for further investigations from different aspects.
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