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ONE DIMENSIONAL COMPLEX ORNSTEIN-UHLENBECK
OPERATOR

YONG CHEN*

ABSTRACT. We show that for any fixed § € (=3, 0) U (0, 5), the complex
Ornstein-Uhlenbeck operator
- 0? 9 O 9. 0
Lo = 4cosf —ely = 0z
o 0z0:  * "oz © oz

is a normal but nonsymmetric diffusion operator.

1. Introduction

In [16], the authors show that for a continuos-time stationary L?-exponential
ergodic Markov process, if its infinitesimal generator .4 is a normal but non-
symmetric operator then all its power spectrums of real-valued observables are
monotonic on [0,00) if and only if the eigenvalues of A satisfy the so-called IR-
ratio rule:

[Imz| 1

[Rez| = V3’

Shortly after that, the authors apply the above IR-ratio rule to several finite state
normal but non-symmetric Markov operators in [7].

However, few normal but non-symmetric diffusion operators are well-studied

in the literature. For example, the following 2-dimensional Ornstein-Uhlenbeck

process
-2 SRR fE) w

is used to model the Chandler wobble, i.e., the variation of latitude concerning
with the rotation of the earth, by M. Araté, A.N. Kolmogorov and Ya.G. Sinai [3]
(see also [1, 2]) and to model the motion of a charged test particle in the presence
of a constant magnetic field in [4, pp. 181-186]. But as far as we know, many
mathematical properties such as the normality of the generator of (1.1) are still
not written down in the previous literature.

Vz e o(A)\{0}.

Received 2017-6-25; Communicated by A. Boukas.

2010 Mathematics Subject Classification. Primary 60H10, Secondary, 60H07, 60G15.

Key words and phrases. Ornstein-Uhlenbeck semigroup, complex Hermite polynomials, nor-
mal operator, normal diffusion operator.

* This work was supported by China Scholarship Council (201608430079).

357



358 YONG CHEN

For simplicity, we can assume that A\ +iw = €', a = cos § and then rewrite the

generator as a complex-valued operator:

< 02 g 0 0
Ly = 40089a 55 e‘eza e_‘e’az (1.2)
where 0 € (=%, §) is fixed and 8f = %(% gg),% = 5(% + ig—g) are the

Wirtinger derivatives of f at pomt z = x+iy with z,y € R. In [8], it is shown that
the eigenfunctions are the complex Hermite polynomials and form an orthonormal
basis of L?(v) where dy = %e o

In this paper, we will firstly show that Ly can be realized as an unbounded
normal operator (see [19, p. 368]) in L?(vy) but nonsymmetric when 6 # 0. Sec-
ondly, we extend the known fact about the 1-dimensional real symmetric diffusion
operator [6, 22, 23] to the complex case. Precisely stated, we present the explicit
expression of Ly in L?(7) (see Theorem 4.3) and show that it is a normal diffusion
operator (see Theorem 4.4).

This article is organized as follows. Section 2 provides necessary information
of complex Hermite polynomials. Section 3 contains the proof of the normality of
the complex Ornstein-Uhlenbeck semigroup. Section 4 contains the main results
on the explicit expression of £ and the property of the normal diffusion operator.
Finally, some necessary approximation of identity and N-representation theorem
are listed in Appendix.

dzdy (see Proposition 2.2 below).

2. Preliminaries

Definition 2.1. (Definition of the complex Hermite polynomials [8, Def. 2.4]) We
call 0 := % and 0 := % the complex annihilation operators. Let m,n € N. We
define the sequence on C (or say: R?)
Jol’o(z) = 1,
2m+n

Tnnl2) =\ S (@) (@)

where (0°9)(2) = — £ é(2) + 56(2), (0°9)(2) = — Z (=
(see Definition 5.1) are the adjoint of the operators 0, 0 in
complex creation operator).

¢(2) + 50(2) for ¢ € CH(R?)
in L?(v) respectively (the

In [8, Theorem 2.7, Corollary 2.8], the authors show that J,,, ,(z) satisfies that:

Proposition 2.2. The complex Hermite polynomials {Jpm n(z) : m,n € N} form

an orthonormal basis of L*(y) where dy = %e_m En . Thus, every function

f in L%() has a unique series expression

f = Z me,nJm,n(Z)

m=0n=0

where the coefficients by, ,, are given by

n = (fa Jm,n> = /]R2 me,n(Z)d7
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Moreover, for any 6 € (=%, 5) and each m,n € N,
LoJmn(2) = —[(m+mn)cos +i(m —n)sin 0], . (2). (2.1)

The real Hermite polynomials are defined by the formula!

_ (_l)n 12/2 d" —z2/2 _
Hn(l')— \/me @6 777,—1,27....
The following property gives the fundamental relation between the real and the
complex Hermite polynomials [8, Corollary 2.8].

Proposition 2.3. Let z = x + iy with x,y € R. Both {Jy:(2) : k+1=n} and
{H(z)H,(y) : k+1=n} generate the same linear subspace of L*(7).

3. The Normality of the Complex Ornstein-Uhlenbeck Semigroup

The Ornstein-Uhlenbeck process (1.1) can be rewritten as a complex-valued
process:
dZ, = —e'Z,dt + V2 cos0d¢, t >0,
(3.1)
Zyg=z€C,
where § € (=%, %), and (; = Bi(t)+iB3(t) is a complex Brownian motion. Solving
for Z gives

t
7, = ¢~ (cos0Fism 0 (5 4 \/m/ (cosOFisin®)s e,y (3.2)
0

Thus, the associated Ornstein-Uhlenbeck semigroup of Eq.(3.1) has the following
explicit representation, due to Kolmogorov, for each ¢ € Cy(R?) (the space of all
continuous and bounded complex-valued functions on R?),

Pip(x) = Ex[p(Zy)] (3.3)
1 *% —(cos O+isin 6)t
= on( e Ty Jy, © TRl z —y) dyrdye,

(3.4)

where y = y; +iy2 and z,y € C and we write a function ¢(y1,y2) of the two real
variables y; and ys as ¢(y) of the complex argument y; + iys (i.e., we use the
complex representation of R? in (3.3-3.4)). The change of variable formula yields
the following Mehler formula [8, p. 584].

Proposition 3.1. (Mehler formula) For each ¢ € Cj,(R?),

Pyp() = /(C e (costrisind)iy /] — e=2tcosty) dy(y), (3.5)
where , ,
1 +
1100) = 5 o { - e (3.6
T 2

INote that Hy(z) = %612/2%6712/2 in [14, 20] and Hy,(z) = (—1)"6“”2/2d,Tn,,,e’“EQ/2
in [8, 11], here we use the definition in [23].
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Similar to the real Ornstein-Uhlenbeck semigroup [20, Proposition 2.3], using
the rotation invariant of the measure v and Lebesgue’s dominated convergence

theorem, it follows from Proposition 3.1 that v is the unique invariant measure of
P;. In detail, for each p € C(R?),

/ Prp(z) dry(z) = / o(z) dy () (3.7)
C

C
and

Jim Pre(@) = [ edat), veec (5:5)

Denote the associated transition probabilities on C as Pi(x, A) = P14(x) for
each A € B(R?). Along the same line of the real case [6, 20, 23], for each p > 1, it
follows from Jensen’s inequality that for each ¢ € Cj(R?),

1Pl = [Pl v = [| [ etz an
< [ 6@ [lep At )
_ /C ol (z) dy(z)  (by (3.7))

_ r
— ll%c.)

It follows from the B.L.T. theorem [17, p. 9] that {P;},., can be uniquely extended
to a strong continuous contraction semigroup {7}’},-, on LP(v) for each p > 1

2. Let A, be the (infinitesimal) generator, then A, is closed and D(A,) = LP(v)
(i.e., densely defined) [15, 17].

’ dy(z)

Lemma 3.2. Suppose Y = (Y1, -y Un), 7 = (21,...,2n) € C™ and Y = MZ,
where M = (M;;) is an n-by-n unitary matriz over the field C. If z;;i=1...,n
are independent, each being centered complex normal such that E |27|2 =02, then

Yi, i = 1...,n are also independent, each being centered complex normal such that
2 2

Ely|” = o

Proof. Tt follows from [9, Theorem 1.1] that y;,4 = 1...,n are centered complex

normal. In addition, we have that

Elyg;) =Y MiElzez) My = 0> My My, = 0”555,
k

k,l
where d;; is the Kronecker delta. Thus, y;,¢ = 1...,n have independent identical
distributions with variance o2. ([l

Proposition 3.3. For each 0 € (=3, T), denote the semigroup P; depending on
6 in (3.3) by P?, then for each ¢ € Cy(R?)

P} (P)*¢(x) = (P!)" P! ¢(x), (3.9)
where (PP)* is the adjoint operator of PY in L?(v). Furthermore, when restricted

on Cy(R?), (P?)* = P °.

2Namely, TP is the closure (see [17, p. 250]) in LP(«y) of the operator P;.
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Proof. Set o = €l?. For each ¢, € C,(R?) and t > 0, we have that
(PLo.0) = [ D)) [ ol VI— e ey dy (o)
C C

:/¢mmmm/wmef1fKMWmmw> (3.10)
C C

:/¢wmmm/wwmm+1—KMWmmw> (3.11)
C C

= <¢a Pt_aw>a
where (3.10) is deduced from Lemma 3.2 by taking n = 2 and
e*at 1— e—QtRca
M= [_, /T _ ¢ 2tRea e—at ’

and (3.11) is deduced from the rotation invariant of the measure y. Therefore,
the adjoint operator of P/ in L?(v) satisfies that (P?)* = P, when restricted on
Cy(R?) for each § € (—Z, Z). Thus, for each ¢ € C,(R?),

27 2
Pte(Pta>*¢(37)

_ /(C2 qb(e—&t(e—atx +4/1— e—QtReazl) +4/1— e—2tReo¢22) d’y(zl)d’y(zg)
= / p(e 2oy 4 /1 — e~4tReaz) dry(z) (3.12)
C

= / e (e %z 4+ /1 — e 2Reazy) 4 /1 — e=2tReazy) dy(z)dy(22)
(C2
= (Pta)*Pt0¢(x)a
where (3.12) is deduced from the well-known fact that if Z;, Z; are two inde-
pendent standard complex normal random variables, then e=®\/1 — e—2tRea 7z,
V1 —e 2tReaz, and V1 — e~#*Rea 7 have the same law [9, Theorem 1.1]. O
Theorem 3.4. {Tg}tzo

L%() and thus the generator A is a normal operator in L*(7).

is a semigroup of normal operators (see [19, p. 382]) in

Proof. Since T? is the closure of the contraction operator P, in L?(v), it follows
from (c) of Theorem VIIL.1 in [17, p. 253] that the adjoint operator of T2 equals
to that of P;. It follows from the density argument that (3.9) can be extended to
each ¢ € L*(v), i.e.,

THTP) ¢ = (T)"TPo, Vo€ L2(y).
Thus {Tf} £0 is a semigroup of normal operators. It follows from [19, Theo-

rem 13.38] that the generator Aj is a normal operator in L?(7y). O

4. The Normal Diffusion Operators in C

The first aim of this section is to show the explicit expression of the generator

As.
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Definition 4.1. For any 0 € (—%, T), define

D(Ly) = {f €L (y), D> (m* +n® + 2mncos20) [(f, Jmn)|* < oo} (4.1)

m=0n=0
and
Lof =— Z Z m —+mn)cosf +i(m —n)sinb](f, Jm.n)Imn(z). (4.2)
Theorem 4.2. If(b € C’TZ(RQ), then ¢ € D(Ly) and
2,0 0.0
Lop = [400898 55 "€ %9, "¢ az]¢ (4.3)

Theorem 4 3. Let As be as in Theorem 3.4 and Ly be as in Definition 4.1. For
any 0 € (=5, %), Az = Ly, i.e., D(Az) = D(Ly) and Az = Loy on D(Ly).

The second aim of this section is to show that the operator Ly defined above
satisfies the following theorem, which is named as the normal diffusion operator
analogous to the symmetric diffusion operator given by Stroock [6, 22, 23].

Theorem 4.4. The densely defined linear closed operator Ly defined in Proposi-
tion 4.1 is a normal diffusion operator. Namely, it satisfies that:

1) Ly is a normal operator on D(Ly).
2) 1e D(Lg) and L1 = 0.
3) There exists a linear subspace

D {oeD(L)NL () : Lod € '), Io] € D(La) }

(
such that graph(Le|D) is dense in graph(Ly).
4) For any @€ (—%Z,Z), deﬁne

(¢, ¢), = 7 [Lo(¢p)) — Lo (V) — PV Lo(9)]

for ¢, € D. Then (-, ~)9 : Dx D — L?(v) is a non-negative definite
bilinear form on the field C.

5) (Diffusion property)If ¢ = (¢1,...,¢0,) € D™ and F € C%(C”), then F o
¢ € D(Ly) and

Ly(F o ¢)
aQF _ 82}7‘ - 82F e
_COSQZ (61, &;) VD7, ¢+(¢>i,¢j)gmo¢+2(¢i»¢j)gmo¢
1,j=1 ' Z
oF - - 0F -
4 ; Lodigy o6+ Lodiy— o6 (44)

6) Ly has an extension Ay to L' () with domain D(A;) such that
={oeDANNL*(7): Aip e L*()},
i.e., the closure of Lo in L*(v) is Aj.

Proofs of Theorems 4.2-4.4 are presented in Section 4.1.
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4.1. Proofs of Theorems.
Proposition 4.5. Let Ly be as in Definition 4.1. Then Lg is closed on L?(7).

Proof. Suppose that fi € D(Lg) such that fi, — f, Lofx — g in L?(7), we will
show that f € D(Lyp) and Lyf = g. In fact, by Fatou’s lemma and Parseval’s
identity, we have that

o0

Z (m? 4+ n? + 2mn cos 20) |(f, Jm,n>|2

m,n=0

oo

< likm inf (m? +n? + 2mn cos 20) |(fr, Jm.n) B
— 00
m,n=0

= lim inf L6 £
= Jlgll* < co.
Thus f € D(Ly). For each m,n > 0, we have that
kl;r&([(m +mn)cos®+i(m —n)sinb|fr, + g, Jm.n)
= ([(m+n)cosO +i(m —n)sinb|f + g, Jm.n)
It follows from Parseval’s identity and Fatou’s lemma that

1Lof =gl = > [(m+n)cosd+i(m —n)sind]f + g, Jmn)|*

m,n=0
. . = . . 2
<liminf » [([(m+n)cosd +i(m — n)sin 0] fx + g, Jmn)]
koo m,n=0
= liminf || Lo fr — gH2 =
k—o0
Thus Lof = g. 0

Remark 4.6. Suppose that H,, ,,(z,y) = Hy,(2)H,(y) is the Hermite polynomial
of two variables. Then it follows from Proposition 2.3 that

DS Tl = D0 IS Hu) |

m-+n=lI m-+n=Il
Together with

(m+n)? > m24n?+2mn cos 20 = (m+n)? cos 0%+ (m—n)?sin 0 > (m+n)? cos 62,
we deduce that

D(Eg):{feL2 ZZm—i—n ) 1(f. T <oo}

{feL2 Zozom+n f, >2<oo}, (4.5)

that is to say, D(Lp) is independent to #. In fact, the right hand side of (4.5) is
exact the Sobolev weighted space H,%, please refer to [12] for details.
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Proposition 4.7. For any 0 € (=75, §), Lg is a normal operator on D(Ly) such
that 1 € D(Eg) and L1 = 0.
Proof. Suppose that f,g € D(Lp). It follows from Parseval’s identity that

o0

<£0f7 g> = - Z[(m —l-ﬂ) cos + l(m - n) Sin9]<fa Jm,n><g7 Jm,n>

m,n

=— Z(f, Imn)[(Mm+n)cosd —i(m —n)sinb|(g, Jmn)

= (f, L-p9)-
Thus, the adjoint operator of Ly is L} = L_g. The equality (4.5) implies that
D(Ly) = D(L-6) = D(Lp).
And for each f € D(Ly) such that Lgf € D(L}), we have that

LoLof = z:(m2 +n? 4+ 2mn cos 20)(f, Jmn)Jmn(2) = LoL}f.

m,n

Therefore, Ly is a normal operator on D(Ly). 1 € D(Ly) and Lyl = 0 is trivial. [0

Proposition 4.8. Denote by D = span{Jy,n, m,n > 0} the linear span (also
called the linear hull) of complex Hermite polynomials. Then

D {6eD(L) L") : Los € LH(y), 16" € D(Lo)} (4.6)
and graph(Ly|D) is dense in graph(Ly).
Proof. The equality [8, Theorem 2.5]

mAn
m4ny—3 rTor ml!n! m—rzn—r
Tmin(2) = (minl2Z™E)7E Y ()Y e T Ymen 2 N
—o : e

and the equality [8, Corollary 2.8]

mAn
m!n!
mzn _ _ | _ '2m+n B 3 >

imply that D = span {Jp,n, m,n >0} = span{z™z", m,n > 0}. But f(z) =

z™z™ belonging to the right hand side of (4.6) is trivial. Thus (4.6) holds.
Since D is a dense subset of L?(v) (see Proposition 2.2), D is dense in D(Lg)
Note that Ly is a closed operator, we get that graph(Ly|D) is dense in graph(Lg)
(]

Proof of Theorem 4.2. First, it follows from Proposition 2.2 that (4.3) holds when
¢ € D =span{Jy n, m,n > 0}.
Second, suppose that ¢ € L?(7) satisfies that the sequence
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is rapidly decreasing, then we will show that ¢ € D(Ly) and (4.3) is satis-
fied. In fact, it follows from Proposition 5.8 that the Hermite expansion ¢(z) =
> o n=0 @mn Hp (2) Hp (y) satisfies that

P1+p2
ky, ko 8

TV G gyee —0asl— o0, Vhi ks, p1,ps €N,

L2(y)

(¢ — 1)

where ¢y = >, ) @mnHp(2)Hy (y). Thus,

op1tp2

M e (=)

0zP10zP2 _>Oa’SZ—>OO7 Vkl’k27p17p2 e N.

L2 ()

It follows from Proposition 2.3 that

m+n<l m4+n<l

Thus, as [ — oo, we have that in L?(v), ¢; — ¢ and

Lo = — Z [(m + n)cos @+ i(m — n) sin 0]by, nJm.n(z)
m—+n<l
P D 0
7[400508262 —elag—e Z&]d)l
P 50 0
— [400896282 —etzg-—e z£]¢

Since Ly is closed, we have that ¢ € D(Ly) and (4.3) is satisfied.

Finally, it follows from Proposition 5.5 that if ¢ € C’% (R?) then there exists
an approximation of identity B.¢ € C2°(R?) such that for all p; + p» < 2 and
kiky > 0, afiyh 2L (Beg) — ahiyke 20 in L2(7) as € — 0. In ad-
dition, it follows from Proposition 5.6 that the sequence (B¢, H,,(z)H,(y)) is
rapidly decreasing. Thus, as € — 0, we have that in L?(7), B.¢ — ¢ and

2
Lo(Bcgp) = [4cos b 9 —— eigz2 — eiieii]Be(b

020% 0z 0z
P 50 0
—)[400896282—6 25, "€ z£]¢>
Since Ly is closed, we have that ¢ € D(Ly) and (4.3) is satisfied. U

Proof of Theorem 4.3. First, it follows from the density argument (see Proposi-
tion 5.5) and Lebesgue’s dominated convergence theorem that the Mehler formula
(3.5) is still valid for ¢ € C2(R?), i.e.,

Tp(x) = /C plem(cosOHisinily 4 /1 — e=2teosty)dy(y), Vo € CY(R).

Then T7p(x) = Pip(x) = Ey[p(Z,)] for each ¢ € C(R?).
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Second, using (3.1), it follows from Ito’s lemma and Theorem 4.2 that for each
¢ € CF(R?),

t 9 t b B t 62 B
020 =)+ [ Lelz)azir [ Loz [ o2z ).

:<p(x)+/0 Eggo(Zs)ds—\/Qcosg(/O g‘j(zs)dgs+/0 %(zs)d@).

Then
T4(@) = BulilZ0)) = ¢(0) + ol | Log(2.) 2
= p(x) +/0 E.[Lop(Zs)]ds (by Fubini Theorem)
= o)+ [ T2ppla) s
and

—1; Tt290 — ¥ 1 K 2
Arp = lgg)l = ltliI(I)l ), T:Lop(z)ds

=Lop (in L*(v)),

where to get the last equality we use the continuity of t — T?¢ for any ¢ € L?(v)
(see [15, Corollary 2.3] or part (a) of [15, Theorem 2.4]). Therefore, As = Ly on
C2(R2),

Third, since graph(Ly|C?(R?)) is dense in graph(Lg) (see Proposition 4.8) and
As is closed, we have that £y C As. It follows from Proposition 4.7 and Theo-
rem 3.4 that both £y and As are normal operators. Since Ly is maximally normal
(see [19, Theorem 13.32]), we have that Ay = Ly. O

Corollary 4.9. For any 0 € (=%, §), Lo € Ay (i.e., Ay is an extension of Ly to
LY(v)) and
D(Ly) = {¢ € D(A) N L (y): Aigp € L*(7)} . (4.7)

Proof. The proof is similar to the real case [6, p. 19]. In detail,
D(Ly) =D(Az) C {¢ € D(A) N L*(7) : Ao € L2 ()}

is trivial. Now suppose that ¢ € D(A;) N L%(y) and A;¢ € L?(v), then as t — 0,
TPo—¢ Tlo—¢

t 4

1 st
7 / T!A;¢ds (by the semigroup equation)
0

1

t
zg/o T?A1¢ds — A1 (in L*(y)),

where we use again the continuity of t — T2 for the last equality. Thus ¢ €
D(Az) = D(Ly) and (4.7) holds. O
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Proof of Theorem 4.4. By Proposition 4.5, Ly is closed. 1)-3) and 6) of Theo-
rem 4.4 are shown by Proposition 4.7-4.8 and Corollary 4.9 respectively. Since
F € C%((C”) and d_; = (¢1,...,¢n) € D", then F o d_; € C%(RQ). By the complex
version of the chain rule [21, p. 27], it follows from Theorem 4.2 that

0? w O

N o 10 R U
E@(Fogﬁ)f[élcos@azag e 82 e 8’](

0~ 0 5t 0 . oF -
— _pif b —
=—e Z;azﬁzazio ;0500

ity O OF e O oF =

Fod)

TIEY i, o i, o
n 2 2
‘ 6 OF - 023 OF -
+4C0592_;a 902 °% T 020705 °°
2F . 0. F .
+4C089 Z az¢ja a ¢ d)] azzazj d))

3,7=1
P?’F - 9 - 0°F -
+4COS€ Z 7¢ 8Z¢J8 a ¢ ¢]8228ZJ ¢)

1,j=1

=4 92 94, 0F 5y ¢ 95 0F o3
- i 9:% 92002, "9:% 07,07,
82

—|—400502 ¢Z _¢]+ ¢z (E])az@z o¢
102

oF -
+ Z £9¢z © ¢ + £9¢z ¢ (48)
Taking F'(z1,22) = 2122 in the above equation, we have that

(6,)y = 5og Lo(60) — BL(6) — SLo()

[5¢3¢ 5(/531/)] [3¢31/) 3¢0¢] (4.9)
0z 0z 0z 0z 0z 0z 0z 0z ’

Hence, ( ) , 1s a non-negative definite bilinear form on the field C. Substituting

(4.9) into (4.8), we show (4.4). Thus, 4)-5) of Theorem 4.4 are obtained. ([

5. Appendix

To be self-contained, we list the necessary results of functions slowly increasing
at infinity. Some results which can not be found in textbooks will be shown shortly
here. In this section all functions will be complex-valued and defined on R™.

Definition 5.1. Denote by C2°(R"™) the space of smooth and compactly supported
functions on R™ [5, p. 5]). Denote by S(R™) the space of C° functions rapidly
decreasing at infinity [5, p. 105]. We say that a continuous function f(z) is slowly
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increasing at infinity if there exists an integer k such that (14—7’2)’g f(x) is bounded
in R™ with r = [z| [5, p. 110]. Denote by C7"*(R") the space of all functions having
slowly increasing at infinity continuous partial derivatives of order < m.

Notation 1. Denote by ~ the n-dimensional standard Gaussian measure:
- |$|2 n
dy(z) = (2m) " 2 exp — dz, =z eR".

Denote the density function by p(z) = Léff).

5.1. Approximation of identity of CT*(R") in L(y).

Notation 2. Set
p(x) =e P 1<y, xE€RY, (5.1)
where |z| = /2?2 4+ --- + 22 and 1p the characteristic function of set B. Divide

this function by its integral over the whole space to get a function a(z) of integral
one which is called a mollifier. Next, for every € > 0, define [5, p. 5]

aula) = (D), (5.2)

Let Lj,.(R™) be the space of locally integrable function on R". If u € L} (R"),
the function

wlo) = [ ule—pao)dy= [ ade—yuay (53

n

is said to be the convolution of u and «. [5, Definition 1.4]. It is also denoted by
the convolution operator A.u = (u * o) (z).

Lemma 5.2. Suppose that f(x) € Cg(R”), Then A.f € C2°(R") (the space of
C™ functions slowly increasing ot infinity) and for any ¢ > 1 and any k € N",
lirr(l)xkAef =akf in LI(v).

€E—>

Proof. First, for any € > 0, since a. € C°(R™) C S(R™) and f(z) € Cg(R") C
S'(R™) (tempered distributions, see Example 4 in [5, 110]), it follows from Theo-
rem 4.9 of [5, p. 133] that A.f = f x a. € C(R").

Second, since any polynomial P(z), z € R", is in LI(y), we have f, A.f €
L9(v). Thus,

1Ag = £l = tim [ 14 = 17 (o)

where B, = {x € R", |z| < a}.
Finally, given o > 0, there exists B, such that

4 = A< [ 14t = 117 ante) + G (5.4)
Note that
/ Af — F17 dy(z) < sup [Acf — fI"v(Kn) < sup [Af — fI”.  (5.5)
B, rEB, z€B,
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It follows from [5, Theorem 1.1] that A.f — f uniformly on B, as € — 0. Thus
there exists ¢g > 0 such that sup,cp_ |Acf — f| < (%)% for any 0 < € < €.
Together with (5.4) and (5.5), we have that |[Acf — f||7 < o, which proves that
Acf — fin Li(v), as e — 0.

Similar to the above proof, it follows that for any k € N, !l—% 2P A f =" f in

Li(v). O

Corollary 5.3. Suppose that f(x) € CT*(R"). Then for any p,k € N" such that
Ip| < m, 2*0P(Af) — 2*0Pf in Li(v), as e — 0.

Proof. First, if f(x) € C{*(R") then 07 € C(R™) for any p € N" such that
Ip| < m. Tt follows from Lemma 5.2 that 2* A (0P f) — 2*0Pf in Li(y) for any
k € N™. Second, for any p € N"| if u, 9Pu € L} (R") then 07 (A.u) = A (0Pu).
Finally, since CO(R”) C L}, .(R™), we have that 0P (A f) — 2*0P f in Li(y). O

Notation 3. Let a € R* and denote by B,,1 and B, concentric balls of radius
a+ 1 and a, respectively. It follows from Corollary 3 of [5, p. 9] that there exists a
so-called (smooth) cutoff function 3, (z) € C°(R™) such that: (i) 0 < 8, <1 and
suppBa C Bag1, (i) Ba(x) =1 on By, (iii) for all p € N™, sup,cp [0PB,| < ¢(n, p).
Lemma 5.4. Let the cutoff function B, prevail. Suppose that g € CF° (R™) and
set go = gBa. Then g, € CX(R™), and for any k,p € N*, lim 2*9Pg, = 2*0Pg
a—r 00
in Li(y) for any q > 1.

Proof. The Lebniz’s rule implies that
P l D— l
0"gq = Zl, _l) 08,0
1<p

Denote G, = R™ — By, it follows from (i)-(iii) of Notation 3 that

107 ga — OPg| = 1¢, |(Ba — 1)0Pg + Z alﬁaap !

0<l<p !
<exla, Y |07, (5.6)
I<p
=p! — ! |
where ¢ = p! [fax cln,p—10)/l(p =D
Since g € C°(R™), we have h(z) := a* Zl<p|3p’lg| € C(R™) C Li(y).

Therefore, hlg, — 0 in L4(y) as a — oo. Together with (5.6), we have that
lim xkapga = 2F9Pg in Li(y). O

a— 00

Proposition 5.5. (Approximation of identity of C"(R") in L%(v))
Suppose that f(x) € CI"(R"™). Denote

Bef = B1 % Acf.

Then B.f € C°(R"), and for q > 1 and k,p € N" such that |p| < m, 2*0P(B.f) —
2ROP f in L(y), as e — 0.
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Proof. Lemma 5.2 implies that Acf € Cf°(R"). Then it follows from Lemma 5.4
that B.f € C3°(R") and ||z¥07(B.f) — xkap(Aef)Hq — 0. Corollary 5.3 implies
that
||9:k8p(A5f) - zkﬁprq — 0.
By the triangle inequality, we have that as € — 0,
[a* 0P (Bef) = 207 f|| < [|«*07(Bef) — a*0P(Af)||, + [|«* 0" (Acf) — ™07 f]],
— 0.
O
5.2. The N-representation theorem for S(R") in L?(7). Suppose
_ (71)l z2/2 d —z2/2
Hl(m) = We @6

is the I-th Hermite polynomial of one variable. It is well known that the set of
Hermite polynomials of several variables

{Hm = H Hp,, (), m=(my,...,my,) € N"} (5.7)
k=1

is an orthonormal basis of L?(7). Thus, every function v € L?(7) has a unique
series expression

U= Z amH,,, (5.8)
meN™
where the coefficients a,, are given by

i = [ @B (@) o).

Proposition 5.6. u € L?(y) satisfies that am =[5, u(x)Hy,(x) dy(z) is rapidly
decreasing (i.e., for r € N* > 0, a, = O(m™") as |m| — o0) if and only if
w= fp~2 with f € S(R™).

Proof. Denote the Hermite functions M, (z) = H,,(2)p?, then

/ ) H (@) d @) = [ @)t (o) do

The desired conclusion is followed from Theorem 3.5 and Exercise 3 of [10, p. 135].
O

Remark 5.7. Clearly, the smooth and compactly supported function satisfies the
above condition. In fact,

2 (R") = {u —fph:fe ch(R”)} c {u —fph.fe S(R”)}.
Proposition 5.8. Ifu € L*(v) satisfies that an, = [, uw(x)Hy, (z) dy(z) is rapidly
decreasing, then the Hermite expansion u(x) =)y amMHy, () satisfies that

ka8”(u - ul)HLZ(V) —0asl— o0, Vk,peN*

where up = 37, < G Hi (7).
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Proof. Proposition 5.6 implies that S(R™) > f = Y amHm(x). Denote f; =
wp?, then it follows from the N-representation theorem for S(R™) (see Theo-
rem V.13 of [17, p. 143]) that f; — f in S(R™) which means that: as | — oo,

™o (f — fl)HLQ(dI) —0 Vm,ieN",
The Lebniz’s rule implies that there exists a constant ¢ > 0 such that

"7 (u = w)|| oy < D 2O = il oy -

m<k+p,i<p

Thus the desired conclusion follows. O
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