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HEAT TRANSFER IN THE AXISYMMETRIC
FLOW OF A NON-NEWTONIAN SECOND-
ORDER FLUID BETWEEN TWO ENCLOSED
DISCS OSCILLATING WITH DIFFERENT
ROTATORY TORSIONAL OSCILLATIONS

Sanjay Kumar* and Kavi Raj Singh**

Abstract

The heat transfer problem in the axisymmetric flow of a non-Newtonian
incompressible second-order fluid between two enclosed discs oscillating
with different rotatory torsional oscillations has been studied. The flow
functions H, G, L, m and the energy functions ¢, 1 are expanded in the powers
of amplitude of the oscillation € (taken small). The steady and unsteady parts
of the velocity and energy functions have been calculated successfully. The
behaviour of the dimensionless temperature T*, Nu, (average Nusselt’s
number on the lower disc) and Nu,, (average Nusselt’s number on the upper
disc) increasing or decreasing trend of t,(elastico-viscous parameter), T
(phase difference parameter), and N (rotatory torsional oscillation velocity
ratio) is represented through graphs. The behaviour of the graphs is discussed
along with the conclusions obtained.

Keywords: Heat transfer, axisymmetric flow, second-order fluid, torsionally
oscillating discs.

1. INTRODUCTION

The non-Newtonian fluids differ from Newtonian fluids in at least two ways:(1)
they exibit normal stress effects, such as rod climbing and die-swell and (2) they
exibit shear thining or shear thickening which is the decrease or increase in
viscosity with increasing shear rate respectively [1]. Both these phenomena
introduce non-linearities into the equations. Non-Newtonian fluids models have
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been used extensively in many areas of chemical industries, polymer processing
coal slurries based fuels etc.

The study of torsional oscillation of bodiew in fluid is of special interest as it
provides a method of measuring the material constants of the fluids. The torsional
oscillations of Newtonian fluids have been discussed by Rosenblat [2]. Sharma and
Gupta [3] have considered the flow of a non-newtonian second-order fluid between
two infinite torsionally discs. Sharma and Singh [4] have solved the problem of
Sharma and Gupta [3] when the discs are subjected to uniform suction and
injection. The flows past a torsionally oscillating plane, induced by torsional
oscillation of an elliptic cylinder and past an oscillating cylinder have been
discussed by Chawla [5], Riley, N. etl. [6] and Bluckburm [7] respectively.

Smith [8] have observed the experimental cooling of radial flow turbines. Soo
et.al. [9] have investigated the nature heat transfer from an enclosed rotating disc
for viscous fluid. Singh, Agrawal and Singh [10] have solved the problem of heat
transfer in the flow of a non-Newtonian second-order fluid between two enclosed
counter torsionally oscillating discs. Thereafter Singh and Agarwal [11] have
discussed the problem of heat transfer in the flow of a non-Newtonian second-
order fluid between two enclosed torsionally oscillating discs with different
permeability in the presence of magnetic field. In the present paper the behaviour
of temperature and Nusselt numbers on the lower and upper discs has been
investigated when both the discs are enclosed in the cylindrical casing and
performing different rotatory torsional oscillations in non-Newtonian second-order
fluid.

2. FORMULATION OF THE PROBLEM

The constitutive equation of an incompressible non-Newtonian second-order fluid
as suggested by Coleman and Noll [12] can be written as:

Tij = =P8y + 2pndij + 2Hze;j + Apscyj 1)
where, dij = 1/2 (uyj + wj;)

ey =1/2 (i + aj;) + Ul (2)
and Cij = dim d,rj':l

p is the hydrostatic pressure, 7;; is the stress-tensor, u; and a; are the velocity
and acceleration vectors.

The constitutive equation (1) together with the momentum equation for no
extraneous force:
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p (aui/at +u™ uirm) =t 3
and the equation of continuity for incompressible fluid
ui. =0 . (@)

where, p is the density of the fluid and (,) represents covariant differentiation,
form the set of governing equations.

In three dimensional cyclindrical set of co-ordinates (r,8,z), the system
consists of a finite disc of radius r; (coinciding with the plane z = 0) performing
rotatory oscillations of the type rQ cost of small amplitude (= Q/n), about the
perpendicular axis r = 0 with angular velocity Q in an incompressible second-
order fluid forming the part of a cylindrical casing or housing. The top of the casing
(coinciding with the plane z = z, < ry ) performing rotatory oscillations of the
type NrQ cost placed parallel to and at a distance equal to gap-length z, from the
lower disc. The symmetrical radial steady outflow has a small mass rate m of radial
outflow (‘—m’for net radial inflow). The inlet condition is taken as a simple radial
source flow along z-axis starting from radius r,. The lower disc z =0 is
maintained at constant temperature T, while the upper disc z = z, at constant
temperature T,.

Assuming (u,v,w) as the velocity components to the cylindrical system of
co-ordinates (r, 6, z), the boundary conditions of the problem are:

z=0 u=0v=RealrRe™ w=0T=T,
z=2yu=0v=Real Nre® w=0T=T, (5)

Where the gap length z, is assumed small in comparision with the disc radius
.. The velocity components for the axisymmetric flow compatible with the
continuity criterion can be taken as:

U=—¢H'({,1) + (Ru/RIM (§,7)/§
V=2¢8G({, 1)+ (R./RIL((T)/E
W =2H((, 1) (6)
and for the temperature we take
T =Ty, + (11 Q/C){@(E, 1) + §2P((, 1)} ()

where, U=u/0zy, V=v/0z, W =w/z, are dimensionless velocity
components along the co-ordinate axis (r,8,z) and H({,1), G({,7), L({,7) and
M'(¢, 1), ¢({, 1), Y({,t)are the dimensionless functions of the dimensionless
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variables ( =z/z, , é=r/zpand T=nt. R, (=m/2 npzy1,), R, (=
L/2 mpz,14) are dimensionless numbers to be called the Reynolds number of net
radial outflow and circulatory flow respectively. R,(= 2zy%/v;) is the flow
Reynolds number and v, (= p,/p) is the kinematics Newtonian viscosity.

The small mass rate 'm’ of the radial outflow is represented by
m = 2mp fOZO rudz (8)

Using the expression (6) and (7), the boundary condition (5) transform for
boundary conditions for the velocity and energy functions as follows:

G(0,7) =real(e'"), G(1,7) = Nreal (e')

L(0,7) = 0, L(1,7) = 0

H(0,7) = 0, H(1,7) = 0

H'(0,7) = 0, H'(1,7) = 0

$¢0,71)=1/E=S o(1,7)=0

Y(0,7) =0 Y(1,7)=0 ©)

where, E[= Qv /{c,(T, — Tp)}] is the Eckert number.The conditions on M on the
boundaries are obtainable from the equation (8) for m as follows:

M@O,7)-M(1,7)=1 (120)
Which on choosing the discs as streamlines reduces to
M(1,7) = 1M(0,7) =0 (11)

Using equation (1) and expression (6) in equation (3) and neglecting the
squares and higher powers of R,,/R, (assumed small), the following set of
dimensionless equations is obtained as:

—(1/p20) 0p/ 0% = —n2 2o{§0H — (Rpn/R;)(OM'/€)} + 022 (H” —
2HH' = G?) + 0%2(Rou/R;) (2HM /§) —
2%20(R,/R)(2LG /&) + v, 2/ 2, {H”f -
(Rm/R)(M"/§)} -
(2v2/20)[(n2/2){(Rm/R,)(OM""/]) — EOH"} +
02E(H™ — HH™) + (R /R Q2 /E)(H'M + H'M" +
H'M"+ HM™) — (R,/R,)(202%/&)(L'G + LG")] -
(4v302%/20){(Rin/R)(1/28)(H'M + HM" "+ H'M") —
(RL/R)(1/28)(2L'G"+ LG") + (§/4)(H™* — G* —
2H'H")} (12)
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0 = —n z,{§0G — (R, /R,)(OL/§)} — 202%20§(HG' — H'G) —
02225(Rpm/R;)(2M'G /) — 0220 (R,/R)(HL'/E) + v1 2/2, {§G” +
(RL/RIL"/} + (2v2/20)[(n2/2){§G" + (RL/R)(OL"/)} +
(R,/R)(@*/O)(H'L' + H"L + HL" + H'L") + (Q?§)(HG" — H'G") +
(Rn/R)QO* /(MG + M"G)| + 2v302/2){E(HG — H'G') +
(R,/R)(/E)(H'L'+ H"L + H'L") + (Rm/R,)(1/6)(2M"G" + M'G")}

(13)

—(1/pzy) Op/0¢ = 2n0 zy0H + 40%zyHH —
G'G")+ 2*(22H'H" + 2HH") — 2(Rp/RD*(H'M" +
H"M") +2(R,/R)N*(LG"+ L"G")} —

(Rm/R)(H'M" + H"M") + (R,/R,)(L'G" + L"G"} (14)

The energy equation in terms of cylindrical set of co-ordinates (r, 8, z) for
axisymmetric flow can be written as:

pC,(0T /0t + udT /dr + waT /0z)
= k{0°T/0r?> + (1/r ) 0T /0r + 0°T/0z%*} + ® (15)
where, ® =1} d (16)

C, is the specific heat at constant volume, @ be the viscous — dissipation
function, r} is the mixed deviatoric stress tensor, k is the thermal conductivity, p
is the density of the fluid. On differentiating equation (12) w.r.to ¢ and (14) w. r.
to & partially and then eliminating 0%p/ad{a¢ from the equation thus obtained, we
get:

—n zy{EOH" — (R, /R,)(OM"/E)} — 2 N%2,6(HH" + GG') +

(Rimn/R)(20% 2o /E)(H'M" + HM'"') — (RL/R,) (207 20 /&) (LG + L'G) —

(01 2/20){(Rm/R)(M™/§) — §H™} —

(2v,/20)[(n2/2){(Rm/R,)(OM™ /&) — EH™} — 02E(2H"H'" + H'H™ +

HHY + 4G'G") + (Rp/R)(2? /) (2H"M" + HYM' + 2H"M"" + 2H'M™ +

HM") — (R,/R,)(20?/&)(2LG "+ L'G'+ LG")] —

(2v302%/20){(Rin/R)(1/E)(HYM' + 2H"'M" + 2H"M"" + H'M™) —

(R,/R)(1/E)(BL'G"+2L'G' + LG") — E(H'HY + 3G'G" + 2H"H'")}  (17)
On equating the coefficient of & and 1/¢ from the equation (13) and (17), the

obtained equations are:
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G" = ROG + 2¢R(HG' —H'G) — 1,06 — 2 ety (HG"—H'G") —
2er,(HG —H'G) (18)

L" = ROL+2eR(M'G — HL") — 7,0L" — 2 ety(H'L' + H'L+ HL" +
HL +2MG"+2M'G") -2 et,(H'L' + H'L+ H'L" + 2M" G’ +

M'G" (19)
HY = ROH" + 2eR(HH"" + GG') — 1,0HY — 2 e, (H'HY + HH" +
2H"H"' +4G'G") — 2 er,(H'HY + 2H"H"" + 3G'G") (20)

M® = ROM" + 2eR(H'M" + HM'" — LG’ — L'G) — 1,0M™ —
2et,(2H""M" + H"M' + 2H"M"" + 2H'M™ + HM" — 4L'G" —
2L'G' — 2LG"") — 2 er,(HYM' + 2H""'M" + 2H"M"" +
H'M™Y —3L'G" —2L"G' — LG"") (21)
On substituting the expression (7) of temperature in equations (15), (16) and

then equating the coefficient of £2 and independent of &2, the differential equations
thus obtained are:

V" = eRP[oy/e — 2H' { + 2HY —H"? = G'*> — 7, (H"OH" +
G'9G") — 2ety(H'H"* + HG'> + HH'H" + HG'G") -
3et,(HH"? + H'G'"?)] (22)

4y + ¢" = eRP.[0d/e +2M" Y + 2HP' — 12H' + 2(R,y/R)H ' M" —

2(R,/R)LG —1,{12H'0H' — (R, /Ry)(H OM" +
M"9Hg) + (R,/Rz)(G'aL'}] (23)

where, B. = u,C,/k is the Prandtl number.

3. SOLUTION OF THE PROBLEM

To determine the value of the energy and velocity function ®, ¥ and G, L, H and
M we expand these functions in the ascending powers of the amplitude of the
oscillation & (assumed small) as:

G(¢, 1) = Xe"Gn({,7)
L 1) = Xe"La(d, 7)
H({,7) = X e"Hn({, 7)
M(¢, 1) = Xe"My({, 7)
¢ 1) = Xe"pn((,7)
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(¢, 1) = Xe"Pn(d, 1) (24)

Substituting the expression (24) into equations (18) to (23) and neglecting the
coefficient of 2 (assumed negligible small) and equating the terms independent
of £ and coefficient of ¢, the set of equations is obtained as follows:

144
Gy =
14
G, =

"o__
Ly =

n
Ly =

H() w —

144
0=

n
1 =

o + Py =

ROGy — 1,0G," (25)
RaGl - ZR(HOIGOI - HoGOI) - T10G1” - ZTl(HoGOI” -

Hy"Go') =2 1,(Hy'Gy'" — Ho""Gyo') (26)
RALy — 7,0L" @7)

RALy' — 2R(GoMy' + HoLy') — t,0L," — 27, (LoH,"" +
HOIILOI + HOIILOII + HOLOIII + ZGOIMOII + ZMOIGOH) _
271,(Ho'""Lo + Ho''Lo + Ho'Ly + 2GodM{ + 2M(G,") (28)

ROH," — 1,0H," (29)
ROH! + 2R(HoH,'" + GoGy') — T10H, ™ — 27, (Hy'Ho™ +
HoH," + HoHy + 4Gy'Gy' — 2 1, (360'60” + Hy'Hy™ +
2Hy"™) (30)
ROMY — 1,0M," (31)
ROM. + 2R(Hy'MY + HoMY — LGy — LoGo') — T10M; ™
—21 (2Ho"" My + +2Ho'Mo™ + 2Hy" My +Ho™ M +
HoMo” — 4Lo' Gyl — 2Lo" Gy — 2LoGy") — 2 5 (2Ho "My +
+2Hy"" My + Ho""Mg + HyMo™ — 3LoG§ — 2LoGy — LoGy'")

(32)
RP.0yq (33)
RP.[0; — 2Hy'"Po + 2Hohy — Hy'? — Go* — 7, (Ho""0Hy —
Go 0Gy,')] (34)
RP.0¢y (35)

41 + &7 = RP[0d + 2(Ry/RLMoo + 2Ho o — 12Hg? +

Taking

Z(Rm/Rz)HOHM(I)I - 2(RL/RZ)LOIG(,J_TI{leO,aHé -
(Rm/R,)(Ho""0My + My 0Hy'") + (R, /R,)(Gy'dLo")}] (36)
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Gn($,7) = Gns(Q) + €7 Gne(DLn(8,7) = Las () + €Lt (9)
Hn(3,©) = Hns(0) + e Hpt (OIMn (3, 7) = Ms(0) + "My (9)

Gn(§, 1) = dns(©) + €2 dpe(DWn (S, D) = Yns () + % Y ()

And then using expression (24) and the expression (37), the boundary

conditions (9) and (11) for n = 0,1 are transformed as follows:

(37)

Gos(0) =0 Go:(0) =1 G15(0)=0 G:(0)=0
Gos(1) =0 Go:(0) =N Gs(1)=0 G:(1)=0
Hy(0) =10 Hy:(0) =0 H;(0)=0 H;(0)=0
Hyps(1) =0 Hy: (1) =0 Hs(1) =0 Hi;(1) =0
H'os(0) =0 H's:(0) =0 H(0) =0 H's:(0) =0
H'os(0) =0 H's:(0) =0 H(0) =0 H's:(0) =0
Los(0) =0 Lo:(0) =0 L15(0) =0 L;:(0)=0
Los(1) =0 Lo;(1) =0 Li,(1)=0 L;,(1)=0
Mys(0) =0 My:(0) =0 M;5(0) =0 M;:(0)=0
My (1) =1 My (1) =0 M;s(1) =0 M;:(1) =0
M'ys(0) =0 M':(0)=0 M'5(0)=0 M':(0)=0
M')s(1) =0 M:(1)=0 M'is(1)=0 M':(0)=0
Yos(0) =0 Yo (0) =0 P15(0) =0 $1:(0) =0
Pos(1) =0 Poe(1) =0 Yi5(1) =0 P1(1) =0
$os(0) =S $oc(0) =0 $15(0) =0 $1:(0) =0
$os(1) =0 $oc(1) =0 $15(1) =0 $¢1:(1) =0 (38)

Applying (37) and (38) in the equations (25) to (36), the values of the

dimensionless velocity functions Gys({), Go: (), Los(0), Lot (), Hys({), Hy: ({),
Mys(¢) and M, ({) are obtained as follows:

Gos({) = Los(§) = Lot (§) = Hos(§) = Hoe(§) = Mo ({) =0
Go: () = (sinha(1 — ¢) + sinh a{)/sinha
Mos(9) = 3¢% =203 (39)

where,a = A+ iB
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A=[R{r, + (1 + Y2} 21 + 2)]"/*

B = [R{(1 + t2)¥/2 — 1,}/2(1 + 1)]*
Go(¢,7) = real part of {e" Gy, ()} (40)
To find the expression of the dimensionless temperature T* = % the
a= ‘b

dimensionless energy functions ¢, (¢, 1), ¢1(¢, 1), Yo ({, ) and (¢, ) are to be
calculated from the differential equations (33) and (36) which do not contain

G15(0), G1¢(§), L15(), L1 (), H15(), H1£($), M15($) and M,($). Hence there
is no need to calculate velocity functions.

Using the values of velocity functions (39) and expression (37) the differential
equations (33) to (36) are converted into the differential equations in terms of
steady and unsteady part as follows:

Pos(O) = 0; . — (JZIRE) o = 0 (41)
Y1) = 0; t— (J2RE) Yoo = —RB(1+ 1G> (42)
b= 0; b — (VZIRE) dor = 0 (43)
t=0; o — (V2IRE,) ¢re = —4ipy, (44)

The solutions of the above set of differential equations (41) to (44) subject to
the boundary conditions (38) are given as follows:

Yos(§) = Yo () = 9P15({) =0

2 .
Y1:({) = ¢; cosha  + ¢, sinha { — a*RPr(1+ity) 1

2sinh?a  (4a%-a?)

[cosh 2a(1 —

2 .
) + N2 cosh2al — 2N cosha(1 — 2¢) ] + %(1 +
N? — 2N cosha) (45)

bos(H=SA -0, $oe(§) =0, $15() =0

¢1:(¢) = ¢y cosha{ + ¢, sinha,;{ — 4 [%ﬁsinh a;{ + ;Laicosh a;{ —

a?RP.(1+itq) 1
2sinh2a (4a%-a

% {cosh2a(1 —{) + N? cosh 2a{ —
1

a’RP,(1+it7)
2a%sinh?a

2N cosha(1 — 2()}] + (1+ N2 —2N cosha) (46)

where, a; = A;(1+1i) =/2RP.(1+1)
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The constants ¢4, ¢,, c3 and ¢, used in the set of differential equations (45) to
(46) are determined with the help of boundary conditions (38) in terms of energy
functions.

The energy functions
Y(,7) = e real part of {e2"y4,(D)} (47)
¢, T) = dos(¢) + & real part of {271, ()} (48)
provide us the dimensionless temperature as:
= oo @D + E9E DY = E(pC D) + (1)

The average Nusselt’s number Nu, on the lower disc and Nu,; (Nusselt’s
number on the upper disc) are obtained as:

Nug = = [(9/ G, Dm0 + {0 0, 00|

T* — T-Tp
Ta—Tp

Nuy = = [0 @ mn + {E2D 0 @0 |

4. RESULTS AND DISCUSSION

The variation of the dimensionless temperature T* with ¢ for different values of
elastico-viscous parameter 7, = 1,3,5att=n/3,B. =6, N=2,E =5, ¢ = 2,
€ = 0.01, R = 5 is represented through Fig. 1. It is evident from this figure that
the temperature decreases with an increase in 7; throughout the gap-length and
attains maximum value 1.0 at the lower disc while minimum in the interval
0.5 < { < 0.6. The behaviour of temperature for different values of torsional
oscillation parameter N = 2,3,4 at the rest identical parameter and numbers shown
in Fig. 3 is similar to it’s behaviour with 7; represented in Fig. 1.

Fig. 2 depicts the behaviour of T* with ¢ for different values of phase
difference parameter t = n/12,n/6,n/3att; =3, B, =6,N=2,E=5,¢ =
0.01, ¢ =2,R=5. It is observed from this figure that the temperature is
maximum at the lower disc, decreases with an increase in ¢ upto the approximate
value of { = 0.6 and start increasing thereafter upto the upper disc. It is also seen
that T* decreases with an increase in 7 € [n/12,1m/6] wherever at T = /3 the
value of T* lie between it’s value at T = w/12 and T = /6.

The behaviour of Nusselt’s number Nu, with & at the lower disc for different
values of elastico-viscous parameter t; = 1,3,5 at t=mn/3, B.=6, N = 2,
R=05E=5§&, =5, €¢=0.01 is represented through Fig. 4 and for different
values of N = 2,3,4 at 7; = 3 with rest similar parameter values through Fig. 6.
The average Nusselt’s number Nu, is increasing with an increase in t; and N in
Fig. 4 and Fig. 6 respectively. It is also evident from these figures that the heat is



Heat Transfer in the Axisymmetric Flow of a Non-Newtonian Second-Order... 265

flowing from the lower disc to fluid and then fluid to the upper disc of the system.
The behaviour of Nu, with t is shown in Fig. 5. It is clear from this figure that
Nu, is also increasing with increase in t € [r/12,m/3]. Thus the heat flux is
flowing from the lower disc toward the upper disc in this case also.

The variation of average Nusselt’s number Nu,, with & for different values of
elastico-viscous parameter t; = 1,3,5att =n/3, B, =6, N=2,R=05,E =5,
& =5, € = 0.01 is represented through Fig. 7. It is evident from this figure that
at T, = 3, Nuy, is positive throughout the gap-length which shows that at t; = 3
the heat is flowing from the lower disc to upper disc via fluid wherever the heat
flux is flowing from upper disc towards the lower disc at t; = 1,5 . Fig.8 shows
that heat is flowing from lower disc towards the upper discat t = 0,7/6,7/3 and
the value of Nu,, increases with an increase in &.

The variation of average Nusselt’s number Nu,, with & for different values of
elastico-viscous parameter N = 2,3,4att=n/3,B. =6,N=2,R=5,E =5,
¢o =5, € = 0.01 is represented through Fig. 9. It is seen through this figure that
Nuy, is positive at N = 2 wherever Nu,, is negative at N = 3, 4. It is also observed
from this figure that Nu,, is negative for N > 3 and Nu,, is positive for N = 2. It
is also exhibited from this figure that for N > 3, Nu,, decreases with an increase
in N and heat is being flown from the upper disc towards the lower disc in the
whole of the radial region.

T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Fig.1 Variation of dimensionless temperature T with ¢ for different
values of elastico-viscous parameter r,
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Fig. 2 Variation of dimensionless temperature T with ¢ for different
values of phase difference parameter t

15 -

-20 4

v T v T v T z T v
0.0 0.2 0.4 G 0.6 0.8 1.0

Fig. 3 Variation of dimensionless temperature T with ¢ for different
values of torsional oscillation parameter N
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Fig.4 Variation of Nusselt's number Nu_with £ for different values of
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Fig.5 Variation of Nusselt's number Nu_ with g for different values of
phase difference parameter t
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Fig. 8 Variation of Nusselt's number Nu, with g for different values of
phase difference parameter t
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Fig.9 Variation of Nusselt's number Nu, with g for different values of
torsional oscillation parameter N

5. CONCLUSION

The results of the present paper at N = —1 are in good agreement with those of
Singh and Vikas [14] for m (constant magnetic field) = 0.

From Fig. 1, 2, 3 and 4 it is concluded that temperature is minimum in the
middle of the gap-length and decreases with an increase in t; and N. Hence the
fluid becomes more and more cooler with an increase in elastic-viscous parameter
7, and rotator oscillation ratio N. It is also evident from Nu, > 0, that the heat
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flux is flowing from the lower disc in the fluid and fluid to the upper disc wherever
Fig. 7 and Fig. 9 show that the heat is being transferred from upper disc to fluid
and fluid to the lower disc at t; = 1,5 and N = 3, 4 respectively. The behaviour
of heat flux in Fig. 7, 8, 9 isreversedat N = 2, 7, = 3and t = /3.
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