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1. INTRODUCTION

Consider the Volterra integral and integrodifferential functional equations with
finite delay of the forms:

x(t) =g@) + fatf(t, s,x(s), x(s — 1))ds,

(D

and
x'(t) = F(t,x(¢), fatk(t, s,x(s))ds, x(s — 1)), )
x(t—1) =¢p®)(a<t<1),x(a)=x, 3)

for —w<a<t<+w, where x,g,f,k,F are real vectors with n components
and ° denotes the derivative. Letr"de notes the real n-dimensional Euclidean
space with appropriate norm denoted by |’| and R*the set of real numbers. Let
I = [a,+), R, = [0, +) be the given subsets of R and assume that k € C(I* x R", R™)
foras<ss<t<+o, fECU*XR"xRY,R"), FeC(UIxR*xR*xR",R") and g € C(I,R").
The function ¢ is continuous for which lim,_,_o¢(t) exists.

The sufficient literature exists dealing with the special and even more general
versions of equations (1) and (2)—(3) by using different techniques (see [3]-[5],
[8]-[19]) and the reference given therein. Owing to the importance of equations of
the these forms arising in many physical problems, the simple , unified and concise
treatment for these equations are required.

The purpose of this paper is to study the existence, uniqueness and other
properties of solutions of equations (1) and (2)—(3) under various assumptions on
the functions f, F, k and g. The main tools employed in the analysis are based on the



2 Haribhau L. Tidke

applications of the Banach fixed point theorem (see [3, 4]) coupled with Bielecki
type norm (see [2, 4]) and the integral inequalities with explicit estimates given in
[6] and [7].

2 Existence and Uniqueness

Our methods involve Banach’s fixed—point theorem and we now introduce the
appropriate metric space setting. Let § > 0 be a constant and consider the space
of continuous functions C(I, R™) such that supie; % < o and denote this special
space by Cg(I,R™). We couple the linear space Cz(I,R™) with suitable metric,
namely

o (=Y (@)
dg (x,y) = sup e

with a norm defined by

o _ [x(®)]
Ix|g = SUP h-ay

The above definitions of dg’ and |- | are the variants of Bielecki’s metric
and norm [2].

The following Lemma proved in [4] deals with some important properties of
dg and [-]g.
Lemma 1 If B >0 1s a constant, then:

. dg is a metric,

ii. |-l isanorm,

iii. (Cg(IL,R™),|-|g) is a Banach space,

iv. (Cg(LR™),[-]5) isa complete metric space.

2.1 Solution to Integral Equation:

We are now ready to present the main result concerning the existence and uniqueness
of solutions of equation (1).

Theorem 1 Let >0, M>0 be constants. Suppose that the functions f and g in
equation (1) satisfy the conditions

f(ts,%,y) = f(t,5,% )| < M[|x — %] + |y — 7], )
and

d, = s,tlé?eﬁ(—j_@ﬂ [; f(t,5,0,0)ds| +|g(O)]} < oo. (5)
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If % < 1,, then the integral equation (1) has a unique solution x € (g (I, R™).
Proof. One can easily write the following equivalent formulation of equation (1),

x() = g(t) + [ f(t,5,x(s),x(s — ))ds — [} f(t,5,0,0)ds + [ f(t,5,0,0)ds, for teL 6)

Now we will prove that (6) has a unique solution and therefore, so the equation
(1). Let x € Cg(I, R™) and define the operator 7 by

(T)(6) = g(&) + [ f(t,5,%(s), x(s — 1))ds — [} f(t,5,0,0)ds + [. f(¢t,5,0,0)ds, for tE]L %)

Next we shall show that 7" maps Cg(I, R") into itself. From (7) and using the
hypotheses we have

w0 _ [(Tx) ()]
Tx|p = SUP” Be-a)

1 t
= SUP 5i=qy {lg®O1 + [, 1f(t,5,0,0)|ds}
1 t
+st1,e1§) ) fa |f(t,s,x(s),x(s — 1)) — f(t,s,0,0)|ds
1 t
<d,+ Stlé?mfa M[|x(s)| + |x(s — 1)|]ds

M, o Mt
Sd1+E|x|B +st1g)mfa|x(s—1)|ds,for tel

(®)
We consider the following two cases.
Case 1: g < t < 1. From (8) and using hypotheses, we have
© M © M t
ITx|p = dy + 5 lxlg + Stlgmfa |p(s)lds,
M © M 1
< dy + 2 lxlp + tg[l}lg)mfa | (s)]ds,
1 M,
=d; +M [ |¢(s)lds +21xlg,
M, o
= d1 +d2 +E|x|ﬁ) < 0,
9)
where
(10)

dy = M [ 1¢(s)]lds.

Case 2: 1 <t < oo From (8) and using hypotheses, we have



4 Haribhau L. Tidke

%} M o M 1 t
ITx|g < di + 5 lxlg +Stlé?m{fa |p(s)lds + [] |x(s — D]ds},

= dl + d2 +E|X|ﬁ + Stlé?mfl |X(S - 1)|d$
(11)
By making the change of variable (i.e. s —1 = g), we obtain
t t—1 t
— = < ]
i s = Dlds = 7 Ix@)ldo < [[lx(@)ldo.
Using (12) in (11), we get

ITx|® < d, +d +—M||°°+ M ft|()|d
x|7 < X su x(o)|do,
p=hT Ty TSR )

M M M
<d,+d,+=|x|g +=|x|g =dy +dy + 2= |x|5 < co.

pg!"\B " pTIB g !B (13)
This proves that the operator T maps C (I, R™) into it self.

Now we verify that the operator T is a contraction map. Let x,y € C(I, R™).
From (7) and using the hypotheses, we have

[(T)@O-Ty) O]
eB(t-a)

dg’ (Tx, Ty) = sup
tel
1 t
< sup iz [y MIIX(8) = ¥(5)| + x(s = D) = y(s = Dl}ds
M 0 M t
<glx—ylg+ Stlé?mfa [lx(s = 1) —y(s = Dl]ds

M ;0 M t
< Edﬁ (x,y) + stlg)mfa [lx(s = 1) —y(s — 1)|]ds.

(14)
We consider the following two cases.
[ee] M 0 M t
dg (Tx, Ty) < 5 dg (6 y) +sup g [, [16(5) — ¢()ds
M e
< 7 dg (x,5).
(15)

Case 2: <t < . From (14) and using hypotheses with change of variable, we
obtain

[ee] M [ee]
dg (Tx,Ty) <2 7 dg (x, ).
(16)
Since 22 < 1, it follows from the Banach fixed point theorem that T has a unique
fixed pointin C (I, R™), , which is the required solution of equation (1). The proof
is complete.
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2.2 Solution to Integro-differential Equation:
The result concerning the solutions of equation (2)—(3).
Theorem 2 Let >0, M >0, L > 0 be constants. Suppose that the
functions F and k in equation (2) satisfy the conditions
|F(t,x,y,z) - F(t,f,)_/,Z_)l = M[lx - fl + |y - yl + |Z - Z_l],
|k(t,s,x) —k(t,s,x)| < L|x —X|, (18)

and g, = x| + stlé?eﬁ(—i_a)ﬂ [LF(t,0,[ k(s,0,0)da, 0)ds|} < o.

If M% < 1, then the integral equation (2)—(3) has a unique solution
X € Cﬁ (1, Rn)
Proof. Let x € C(I, R™), and define the operator T by
(Tx)(t) = xo + f;F(t, s, x(s), f:k(s, g,x(0))da, x(s — 1))ds
— [LF(t,0, [ k(s,0,0)do, 0)ds
t s
+fa F(t,0, fa k(s,0,0)do, 0)ds, for te€l (19)
The T maps Cg(I, R™) into itself and is a contraction map, one can be completed

by closely looking at the proof of Theorem 1 given above with corresponding
modifications. Here we omit the details.

3 Explicit estimates on the solutions via inequalities

In this section, we obtain estimates on the solutions and study the continuous
dependence on initial data and on the functions involved therein to the equations
(1) and (2)—(3) under some suitable assumptions.

We need the following versions of the inequalities given in ([6], p. 20), see also
([7],p. 11, Remark 1.2.1), and ([ 7], p. 29). We shall state them here for completeness.

Lemma 2 Let u(t) € C(I,R,), 7(t,0),; T(t o) € C(D,R,), where
D={(t,o)€El*:a<o<t<ow}and c> Olsaconstant

If u(t) <c+ f;r(t, o)u(o)do, for t € I, then u(t)

<c exp{ftA(s)ds} for t €

where A(t) = r(t, t) +f r(t 7)dT.

Lemma 3 Let u(t), p(t) e CULR), 7(t0),5 r(t o) € C(D,R,),where

D={(to)el*a<og<t<ow}and ¢>0 i8a constant. If
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u(t) < c + [ p()[us) + [ (s, yu(o)dol,
for t € I,then

u®) < c[1+ [ p()exp(f; [p(0) + A(0)]do)ds],
for t € I, where A(t) is as in Lemma 2.

3.1 Uniqueness of solutions without the existence part:

The following theorem shows the uniqueness of solutions to (1) without the existence
part.

Theorem 3 Suppose that the function f in equation (1) satisfies the condition

|f(t,S,X,y) —f(t,S,f,)_/)l < p(t,S)[lX—fl + |y_37|]1 (20)

5}
where P(t, 0);527(15, o) € C(D,R}), where D is as in Lemma 2. Then the
problem (1) has at most one solution x € Cg (I, R™).

Proof. Let x and y be two solutions of (1) and u(t) = |x(t) — y(t), t € I.
Then we have

u(®) < [ 1f (t,5,%(5),x(s = 1)) = f(t,5,y(s),y(s = D)|ds  (21)
< fatp(t, s)[u(s) +|x(s = 1) —y(s — 1)|]ds.
We consider the following two cases.

Case 1: a <t < 1. From (21) and using hypotheses, we have

u(t) < [, p(t, $)[uls) + 1(s) — p()[ds < [ p(t,s)u(s)ds. (

Now, a suitable application of Lemma 2 to (22) (with ¢=0 and 7(t,s) = p(t,s)
yields

22)

lx(t) —y(®)| < 0. (23)

Case2: 1 <t < co. From (21) and using hypotheses with change of variable
(s —1 = o), we obtain

u(t) < [ p(t,s)u(s)ds + [, p(t,s)p(s) — ¢(s)lds
+ [ p(t,$)|x(s — 1) — y(s — 1)|ds (24)
< fat [p(t,s) + p(t s + D]u(s)ds.
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Now, a suitable application of Lemma 2 to (24) (with ¢=0 and
r(t,s) =p(t,s) +p(t,s + 1)) yields

lx(®) —y(®)] < 0. (25)
From (23) and (25), we have x(t) = y(t) for t € I.. Thus there is at most one
solution to (1). This completes the proof.

The following theorem shows the uniqueness of solutions to (2)—(3) without
the existence part.

Theorem 4 Suppose that the function Fk in equation (2)—(3) satisfy the
conditions

IF(t,x,y,2) = F(t,£,7,2)| < q@O[lx = x| + [y -y + |z —z]], (26

|k(t,s,x) — k(t,s, x)| <r(ts)|x— x|, (27)

where q € C(I,R;),7(t, a) r(t o) € C(D,R,), where D is as in Lemma
2. Then the problem (2)—(3) ha< st most one solution ¥ € Cp(I, R™).

Proof. Let x and y be two solutions of (2)—(3) and u(t) = [x(t) —y(t), t € I.
The proof can be completed by closely looking at the proof of Theorem 3 given
above with suitable modifications and application of Lemma 3. Therefore, here
we omit the details.

3.2 Estimate on solutions:
The following theorem concerning the estimate on solution of (1).

Theorem 5 Suppose that the function f in equation (1) satisfies the condition
(20). If x(t), t € I, is any solution of equation (1), then

1 t (28)
()] < [ds + [, p(1,5)|$(5)|ds]exp(, B(s)ds),
fora <t <1and
x(©] < [ds + [, p(L )9O dslexp(f, C()ds),

for 1 < t < oo, where B(t) and C(t) follow the definition of A(t) as in Lemma 2 and

ds = sup| [} f(t,5,0,0)ds + g(t)| < oo.
tel

Proof. By using the fact that the solution x(t) of equation (1) satisfies the
equivalent equation (6) and the hypotheses, we have

(O] < 1g(®) + [, f (5,5, 0,0)ds| G0
+fat lf(t,s,x(s),x(s —1)) — f(t,50,0)|ds
<ds+ [, p(t,)[|x(s)] + |x(s — D|]ds.
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We consider the following two cases.
Case 1: a < t < 1.. From (30) and using hypotheses, we have
1 t 31
2(©)] < ds + [} p(L9)IB()Ids + [ p(t )lx(s)ds. OV

Now, a suitable application of Lemma 2 to (31) yields
1 t
[x(0)] < [ds + [, p(1,5)|p(s)|ds]exp([, B(s)ds). (32)

Case 2: 1 <t < co.. From (30) and using hypotheses with change of variable
(s-1=0), we obtain

()] < ds + [, p(L,$)|$()|ds + [ p(t,s)|x(s)]ds

) (33)
+ [, p(ts)|x(s — Dlds
<ds + [, p(1,5)|p(s)|ds
+ [0 [p(t,s) + p(t,s + D]|x(s)|ds.
Now, a suitable application of Lemma 2 to (33) yields
x(O)] < [ds + [, p(L,9)|p(s)|ds]exp(f,, C(s)ds). o

This completes the proof.
Next, we obtain the estimate on solution of the problem (2)—(3).

Theorem 6 Suppose that the function Fk in equation (2)—(3) satisfy the
conditions (26) and (27) respectively. If x(t), t € I, is any solution of the problem
(2)—(3), then

. (35)
[x(0)] < [da + [ a()|p(S)ds][L + [ q(s)exp(f; [q(o) + B(a)]do)ds],

for g <t<1 and

1 ¢ s (36)
IX(O)] < [dy + [, a()I@()ds][1 + [, (a(s) + q(s + D)exp([, [q(0) + q(o + 1) + C(0)]do)ds],
for 1 <t < oo, where B(t) and C(t) follow the definition of A(t) as in Lemma 2 and
t s
dy = supl| [ F(s, [ k(s,0,0)do,0)ds + xo| < oo,
tel

Proof. Let x be any solution of (2)—(3). One can easily prove this result looking

at the proof of Theorem 5 with corresponding modifications and application of
Lemma 3. Thus, we omit the details.
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4 Continuous Dependence

In this section we shall deal with the continuous dependence of solutions of equations
(1) and (2)—(3) on the initial data, functions involved therein and also on parameters.

4.1 Dependence on initial data

We shall deal with the continuous dependence of solutions of equations (2)—(3) on
initial data.

Theorem 7 Suppose the hypotheses of Theorem 4 are hold. Let x and y be the
solutions of the problem (2)—(3) with the initial conditions

x(t—1)=¢@)(a <t <1),x(a)=x (37
yt—1)=y@t)(a<t<1),y(a) =y (38)

respectively. Then

1x(0) = y(O < [1%0 = Yol + f, a(®)Ip(s) = w()ds[L + [, a(s)exp([ [q(0) + B(0)]do)ds], (39)
fora<t<1 and

x(&) = (O < [IX0 = Yol + [, 4(5)|b(5) = (s)lds]
X [1+ [} () +q(s + D)exp([; [4(0) + q(0 + 1) + C(0)]do)ds],  (40)

for 1 <t < oo, where B(t) and C(t) follow the definition of A(t) as in Lemma 2.

Proof. By using the fact that x(t) and y(t) are solutions of equations (2)—(3) and
u(t) = |x(t) —y(t)| for t € I. Then by the hypotheses, we have

x(8) = (O] < |x0 = Yol + [ IF (s, x(5), [}, k(s,0,x(0))do, x(s — 1))

—F(s,y(s), J, k(s,0,y(0))da, (s — 1))|ds
< %0 = Yol + J, a()[u(s) + [ 7(s,0)u(0)dolds (41
+[,a@lx(s = 1) = y(s ~ Dlds.

We consider the following two cases.

Case 1: a <t < 1. From (41) and using hypotheses, we have

x(t) — y(O)] < 1x0 — Yol + [, a(s)Ip(s) — W(s)|ds

(42)
+[Lq()[uls) + [5 (s, 0)u(o)do]ds.
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Now, a suitable application of Lemma 3 to (42) yields

x(t) = y(O)] < [1%0 = Yol + [ 4($)|b(s) — P(s)lds]
x [1+ J; q(s)exp(J; [a(o) + B(0)]do)ds].

Case 2: 1 <t < oo. From (41) and using hypotheses with change of variable
(s-1=0), we obtain

X(6) = ¥(O)] < |%0 = Yol + f,; a()Ip(s) = (s)lds (44)
+ 1 [q(s) + (s + DI[u(s) + [ (s, o)u(o)do]ds.

(43)

Now, a suitable application of Lemma 3 to (44) yields

1X(6) = ¥ ()] < [1%0 — Yol + [ 4()I$(s) — 1(s)|ds] (45)
x [14 f} [a(s) + (s + D]exp([] [q(0) + q(o + 1) + C(0)]do)ds].

This completes the proof.

4.2 Dependence on the functions involved therein:

Consider the equations (1) and (2)—(3) and the corresponding equations

) y(©) = G(6) + [, f(t,5,5(s),y(s — 1))ds, (46)
V() = F(t,y(®), [ k(t,5,y(s))ds, y(s — 1)), @7
Yt —1) =p(O) @< t < 1),y(@) = yo, )

for —0o < @ <t < +oo, where y, g, f, k, Fandy aredefinedasin(1)and (2)-(3).

The following theorem deal with the continuous dependence of solutions of
equation (1) on the functions involved from right side.

Theorem 8 Suppose that the function f in equation (1) satisfies the condition
(20). Furthermore suppose that

l9(®) = g1 + [} p(1L,9)1p(s) = p()lds + [ 1 (£,5,7(5), () = F(£,5,y(s), p(s)lds < &, (49)

[} 1 (65,7(), 765 = 1)) = (6,5, 7(5), y(s = D)lds < &, (50)

where f and f are the functions involved in equations (1) and (46), &1, &2 > Oare

arbitrary small constant and y(t) is a solution of equation (46). Then the solution

x(t), t € I. of equation (1) depends continuously on the functions involved on the
right hand side of equation (1).

Proof. Let u(t) = |x(t) —y(t)|, t € I.Using the facts that x(t) and y(t) are
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the solutions of equations (1) and (46) and the hypotheses we have
We consider the following two cases.

Case 1: a < t < 1. With application of Lemma 2 and using hypotheses, we have

u(t) < erexp(f; B(s)ds). (51)

Case 2: 1 <t < co. With application of Lemma 2 and using hypotheses with
change of variable (s-1=c), we obtain

u(t) < (g + Sz)exp(fat C(s)ds). (52)

This completes the proof.

Next theorem deal with the continuous dependence of solutions of equations
(2)—(3) on the functions involved from right side.

Theorem 9 Suppose that the functions F,k in equation (2) satisfies the condition
(26) and (27). Furthermore suppose that

%0 = yol + J, a()I$(s) — P(s)lds
+ [, 1F(s,¥(5), J; k(s,0,7(0)d0), ¥(5)) = F(5,7(5), J k(5,0,y(0)do), p(s))|ds < &, (53)
L 1F @, y(5), f; k(s,0,y(0)d0), (s — 1)) = F(s,5(s), [} k(s,0,y(0)d0), y(s = D)]ds < &, (54)
where f and T are the functions involved in equations (2)—(3) and (47), &,,&, > 0
are arbitrary small constant and y(t) is a solution of equation (47). Then the solution

x(t), t € I, of equation (2)—(3) depends continuously on the functions involved on
the right hand side of equation (2)—(3).

Proof. Let u(t) = |x(t) —y(t)|, t € I. Using the facts that x(t) and y(t) are
the solutions of equations (2)—(3) and (47) and the hypotheses we have

We consider the following two cases.
Case 1: a < t < 1.With application of Lemma 3 and using hypotheses, we have
t s
u(t) < &1+ [, q(s)exp(J, [q(0) + B(0)]do)ds]. (55)

Case 2: 1 <t < . With application of Lemma 3 and using hypotheses with
change of variable (s-1=c), we obtain

u(®) < (&1 + &)[1+ [ @(s) +q(s + D)exp([] [4(0) + q(0 + 1) + C(0)]do)ds]. (56)

This completes the proof.
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4.3 Dependence on the parameters

We next consider the following systems of Volterra integral equations and
integrodifferential equations

x(t) = g(t) + J, £(t,5,%(5), (s — 1), uy)ds, (57)

x(8) = g(8) + [ £t 5,x(5), x(s = 1), w)ds, e

and
x'(t) = F(t,x(t), fatk(t, s,x(s))ds,x(s — 1), uq), (59)
x(t—1)=¢p)(ast<1),x(a)=xp, (60)
x'(t) = F(t,X(t),fatk(t, s,x(s))ds, x(s — 1), u2), (61)
x(t—1) =y(t)(a=<t<1),x(a)=yo (62)

for —oo < a <t < +oo, where p_1,u 2 are parameters and X, g, [, k, F and
y are defined as in (1) and (2)—(3).

We set forth some hypotheses that will be used in our subsequent discussion
(H1) The function f in equations (57) and (58) satisfies the condition

If(t;S;x;y;ﬂ1) —f(t,S,f,}_/,[,ll)I < p(t,S)[IX - -’ZI + Iy _)_II]! (63)

_ 64
Fts 5y m) - F6s 5y, m)| < Pt —pal, &Y

_ ad J _
where P(t,5),p(t, S);ap(t; S);ap(t; s) € C(D,R,), where Dis as in Lemma
2

(H,) The function F in equation and (59) and (61) satisfy the conditions
_ _ _ _, (65
IF(t,x,9,2,1) = F(6,%,3,Z )| < qO[x = 2| + 1y = 71 + 1z = 211, )
[F(t,x,y,2,11) = F(t,X,9,2, 1) | < q(8) |y — 1z, (66)
where 4,4 € C(I,R}).
(H,) The function k in equation (59)and (61) satisfy the condition
|k(t,s,x) — k(t,s,%)| <r(ts)|x—x|, (67)
where r(t,0), %r(t, o) € C(D,R,); D is as in Lemma 2.

The following theorem shows the dependency of solutions of equations (57),
(58) on parameters.

Theorem 10 Assume that hypothesis (H,) holds. Let x and y be the solutions
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of (57) and (58) respectively. Then

1x(©) = y(OI < [, B )i — malds + J, p(L )| $(s) — (s)|ds]exp(f, B(s)ds), 68)
for a <t < 1,where

B(t) = p(t,t) + [, = p(t, T)dr
and

lx(t) =y < [, B )i — palds + [ p(L,9)|$(s) — p(s)|dslexp(f, C(s)ds), (69)

for 1 <t < o, where

Ct) =p(t,t) +p(t,t + 1) + [ = [p(t,7) + p(t,T + D]dx.

Proof. Let x(t) and y(t) be solutions of equations (57) and (58) respectively and
let u(t) = |x(t) y(t)|, t € I. Then by the hypotheses, we have

x(&) = (O] < J £ (t,5,%(5), x(s = 1), 1y) = £(£,5,(5), ¥(s = 1), )| ds
+[L1F (s, y(5),¥(s — ) — £(6,5,9(5), (s — 1), ) ds
< [, p(©)Ix(s) = Y] + [x(s = 1) = y(s = Dllds + ;6 )liy — kalds (70
< [15(6, )iy — pplds + f p(t, $)|x(s = 1) = y(s = D|ds + [ p(t, s)u(s)ds.

We consider the following two cases.

Case 1: a < t < 1. From (70) and using hypotheses, we have
_ 71
u(®) < [} L) ~ palds + J (1,91 (s) — w(Slds + J{ p(t syus)ds. T

Now, a suitable application of Lemma 3 to (71) yields

u(®) < [f, AL )iy — palds + [ p(L,9)I(s) = (s)ldslexp(f, B$)S): (7

Case 2: 1 <t < o. From (70) and using hypotheses with change of variable
(s-1=0), we obta

u(®) < f; 59w — palds + [, p(L,9)|d(s) — Y(s)lds + [} p(t, Su(s)ds
+f{ p(t,$)|x(s — 1) — y(s — 1)|ds
< [ D(1,8) s — ualds + [} p(1,9)|p(s) —p(S)lds + [} p(t, s)u(s)ds
+ flt p(t, s)u(s — 1ds

- . t (73)
< [15QL )iy — alds + [ pLIG() = Y(lds + [ [p(t,5) +p(t, s + D]u(s)ds.

Now, a suitable application of Lemma 3 to (73) yields
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w(®) < [ POLS) i = plds + [ p(L)IBS) — p()ldslexp(f; C)ds). ()

This completes the proof.

The following theorem shows the dependency of solutions of equations (59)
and (61)on parameters.

Theorem 11 Assume that hypotheses (H,)-(H,) hold. Let x and y be the solutions
of (5§9)—(60) and (61)—(62) respectively. Then
1x(©) = y(O| < [1%0 — Yol + [, G| — palds + [, q()|p(s) — p(s)lds] (75
x [1+ [ q(s)exp([; [q(0) + A(0)]do)ds],
fora <t<1 and

1X(0) = YO < [1%0 = Yol + [ A s = p2lds + [ a()|6(s) = P(s)]ds] (76)
X [1+ [} [4(s) + q(s + Dlexp(f} [4(0) +q(o + 1) + A(0)]do)ds],

for1 < t < oo, where A(t) =7(t,t) + [ =7(t,1)d.

Proof. The proof of this theorem can be completed by following the proof of
Theorem 10 with suitable modifications. We omit the details here.
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