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ABSTRACT

In this paper welook for the exact solutionsof certain typesof nonlinear and variabl e coefficient K-dV Burger and
modified K-dV equations by using modified tanh method. In particular, the solitary wave solutions are found.
Such equationsarisein avariety of contextsin physical and biological problems.
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1. INTRODUCTION

Mathematical modeling of blood flow through a stenosed artery becomes important since the main cause
of more than half of all mortality in industrialized countries is hardening of artery or atherosclerosis.
During the blood flow, deposits of fatty substances, cholesterol, cellular waste products, calcium and other
substances build up in the inner lining of an artery. This build up is called plague. Plaques can grow large
enough (stenosis) to significantly reduce the flow of blood through an artery. It is for this reason that the
study of the effects of a stenosis on blood flow in arteries becomes extremely important. By treating the
arteriesascircularly cylindrical, long, thin, homogeneous and isotropic elastic tubes with abump. In essence,
the arteries are inhomogeneous and have variable radius along the axis of the tube, the blood as an
incompressible Newtonian .fluid whose viscosity changes with the radial coordinate, and by employing
the reductive perturbation method in the longwave approximation to the nonlinear equations of that model,
Hilim Demiray has studied weakly nonlinear waves in such a medium and obtained the variable coefficient
Korteweg-deVries-Burgers (KdV-B) and modified Korteweg-deVries equation [15-16].

U, +pyUU, —poU + pgle, —ph(t)u, =0, )

U, + U, + poUe + pshy(t)u, =0. 2)

2. EXACT SOLUTIONSOF EQ. (1)

Based on the method of auxiliary equation, we first transform the partial differential to atotal differential
equation by defining a variable [2]

x=p(r)C+a(r) ©)
By using this expression Eq. (1) can be expressed as
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[ip(rm%q(r)“ @) ()+2a2()z(x)d”} { (r)}z(x)

dt
v [a az(r)} 209+ kU (9 p() 2 i, () %
d’u(x) du(x) 4
oo hh@pE) == ao() 0, (4)
For the solution of Eq. (4) we make ansatz [13]
u(x) = Z a(1)z(x), (5)

where a are all functions of 1 to be determined, | is a positive integer which can be determined by balancing
the highest order derivative term with the highest order nonlinear term in Eq. (1), and z(X) satisfies the
following auxiliary ordinary differential equation [13]

dz )
&:b+ z(x)°, (6)

Where b will be determined later. Eq. (6) has the following general solution s:

(i) 1f b<0,then

2(x) = —/-btanh(v-bx), or  z(x)=—./~b coth (/-bx).

(i) 1f b>o,then

z(x) =+btan(x/bx), or  z(X)=-v/bcot(xbx).

@) Ifb=0,
z(x) =-1/x

Using the balancing procedure we get | = 2 for EqQ. (4). This suggest the choice of u(x) in Eg. (5) as

u(x) = a,(t) + a,(t) z(x) + a,(1) Z*(x) . (7)

Substituting (7) along with (6) into Eq. (4) and then setting the coefficientsof z(x)' = (j =0,1,...,3) to
zero inthe resultant expression, one obtains a Set of equationsinvolving 8,(t), &(t), a,(t), p(t) and q(t) as

2u, p(r)az (1) + 24u,p*(1)a,(1) =0,
— 6 p*(1)a, (1) +3u, p(1)a (1)a, (1) + 6u, p°(1)a (1) =0,
ID( )

Gy (1)~ 8u,p* (1) &, (1) b+ py p(7) 8 (1) ()

), . 920
dr ’

3u,p(7)a(r)a,(1)b +

—u,h(7) p(r) ay(t) + 8u,p°(r) a(t) b + a(t) +
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259 o, (b + 1,p() & (D + 20,p (V2D (1) b+ 161, () 20

L da(v) dP(T)
dr

- 21,h(1) p(r) &, (1) b - 2, p*(r) & (1) b+ 2= La,(1)b =0,

20,p(2)a2(x)b - 20, (1) P(x) &y (1) + 1, P(x) @2(1) + 241, (1) 8 (1) 3y (2)
2509 o0+ 2B ¢, 4) - 20, PP (D 2, (0) + 40H, PP () (9D O,

2, p*()al(v) bﬂ%

. 2,(1) b+ 1, p(7) 8 (7) & (t) b+ 2, p° () &y (1) b?

 day ()
dr

—ph(m)p(o)a(r)b+ Ca(1)b=0.

(8)

Thisis aset of coupled nonlinear ordinary differential equations. To solve the previous system we will

use the symbolic computation technique of Maple to get the following solutions

124
T)= y T)=—F7—,
3,(1) =& ay(7) 50pp D
3y _
2= g P10, J_
Q(T):I (25h(T)pohbt, +3u5 — 25“2“1“36‘0)
250/-b p?

Where a is a constant. Finally, the solution u(x) of Eq. (4) turns out to be
If b<O0, then

u(x)=a, - (5102—“;} [tanh (v_bx)] — {zsi;j [tanh (WDX)2, o

Mskly skl

u(x)=a, - [5:; e j[coth (V-bx)] - [2:”5 j[coth (V-bx)]?

Hakly Hally
If b>0, then
u(x) =a, + [50 iit‘i/_] [vb tan (+/bx)] + ( SuSuJ [tan (\OX)]?,  or
u(x)=a,- (ﬁ] [vb cot (vbx)] + (25%“1 j [cot (vbx)]?
If b=0, then

1203 3u3
u(Xx)= .
(=2~ ( 50u3u1\/_ X] ( 25bpp,X?

)

(10)
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Where x asin Eq. (3)

x—=__He + J‘ (250 (%) popigh, + 343 — 25“2“1“330)

10u,v/—b 2507 -by,”

Asan exampleto illustrate the properties of the solution we plot the first solution in Fig. (1), if wetake
the constant integration=0and b=-1Lp,=-La,=Lp,=p,=p, =landh(r)=r1

0.7

Figure 1: Which isa Salitary Wave Solution of Eq. (1)

3. EXACT SOLUTIONSOF EQ. (2)
By using the transformation £ = p(t) x+ q(t) , we write EQ. (2) as

[— PO+ q(r)} a,(x) Z(X) +— )+ al(r) 2(X) + U (X) p(2) “(X)
P d“(s () p(r) d“(x) (11)

Again using the balancing procedurewe get | = 1, u(X) = a,(z) + a,(7) z(x) , Substituting Eq. (5) and Eq.
(6) in Eq. (11) we get a set of algebraic equations

2u,p (1) 8y(t) a,(r)? =0,

day (1)

e +21,p(t) 8 (1) &' (1)b =0,

By, p°(1) &y (1) + u,p(r) & (1) =0,

dp( ) Q( )

——Ca()b+a(r)

dao (v)
dr

b+ ush, (1) p(r)a ()b

+ 1, p(r)a(v) ag (r)b+ 2, p°(r) @y (1) b* =

dp(f) Q( )

Cay(7) + a,(7)

+ 1 P(1) & (1) b+, p(1) (1) 35 ()
+ 3P (1) & (1) hy (1) + 8, p*(r) & (1) b=0. (12)
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After solving the set of coupled nonlinear differential equations, one obtains

—6
%(1)=0, a(1)=a, p(r)=—V::““";‘1,

a(x) =[—V‘6“W‘1] ] {— ey (%) +“L‘fb} dr. (13)
6, 3

Finally the solution u(x) of Eg. (11) becomes

If b<O,then
u(x)=—a~-btanh (v-bx), or  u(x)=-a~/~b coth (/-bx),
If b> 0, then
u(x) :aix/B tan (\/Bx), o u(x)=- 81\/6 cot (\/Ex)],
If b=0, then

u(x)=-a/x (14

Where x asin Eq. (3)

X = \/_6M2M4a1 C+ { \Y _66“214431]." |:_ M3h2(T) + M4§fb:| dr.
()

6u,

As an example to illustrate the properties of the solution we plot Fig. (2) The first solution,
If we take the constant integration=0and b=-1Lpu,=-La =14 p,=p,=land h(t)=r.

-1 10.0

Figure 2: Which isa Salitary Wave Solution of Eq. (2)

4. CONCLSION

In this study, we have applied the modified tanh method to obtain the generalized solitary wave solutions
of the K dV Burger and the modified K dV equations. Also, the obtained solitary wave solutions obtained,
solutions are shown in Figs. 1 and 2.
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