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AMEASURE FOR TIME DEPENDENT QUEUEING
SYSTEM WITH FEEDBACK AND SERVICE IN
BATCHESOF VARIABLE SIZE

P.C Garg & SK.Sivastava

Abstract

This paper investigates the transient solution of a single channel queueing
system with feedback in which the units are occurring singly and are served in
batches of variable size. Inter arrival time and service time are exponentially
distributed. Time dependent probabilities of exactly i arrivals and j departures
are obtained explicitly. The marginal probability of exactly i arrivals and the
mean number of arrivals are obtained. Some particular cases of interest are
also obtai ned.

1.INTRODUCTION

The queueing problem considered here is that in which the customers arrive singly
and are served in batches of variable size with a further provision that a batch of
units are given another chance of service, if required. In the present study, the
concept of Pegden and Rosenshine is applied to find out the time dependent
probabilities for the exact number of arrivals and departures of a single channd
gueueing problem in which the batch of units is given the alternative of rgoining
the system with a definite probability after being served once .However, it isassumed
that batch of units leaves the system definitely after getting the service for the
second time.

The practical situation which corresponds the above problem can be that of a
dry cleaner, who dry cleans the clothes in a machine. He dry cleans the clothes
satisfactorily either in one service or in two services. After dry cleaning the clothes
once, some batch of clothes requirere cleaning and are sent to thequeuefor service.
The drycleaner can know the total number of clothes to be dry cleaned and the
number of clothes dry cleaned by a given time.

The queueing system investigated in this paper is described by the following
assumptions:

Received 13.10.04



110 P.C. Garg & SK. Sivastava

1. Arrivals arepoisson with parameter A and the service time distribution of each
batch is exponential with parameter .

2. The capacity of the server is a random variable. The size of the batch is
determined at the beginning of each service and is either equal to the total
number of units or to the capacity of the server detennined afresh before each
service whichever is less. The probability that the server can serve m units is

k
a, so that Z a, =1. wherek is the maximum capacity of the server.

m=1

3. The probability of regjoining the batch of units to the system is p and that of
leaving the systemisq, p + q =1

4. The batch at the head of the queue ether is to be served for the first time or
second time. The praobability that it joins the server for thefirst timeis assumed
to be C, and that for the second timeisC,, C+C,= 1.

5. If thequeuelength is greater than the capacity of the server but the batch at the
head of the queue to be served for the second time consists of units less than
the capacity of the server, then only that batch consisting of these units to be
served for the second time will join the server.

6. The Stochastic processes involved, viz,
(a) arrival of units
(b) departure of units
are statistically independent.

2. DEFINITIONS

p©,,(t) = Probability that thereare exactly i arrivals and j departures by timet and
the next batch of units isto depart for the first time.

p®, (t) = Probability that thereare exactly i arrivals and j departures by timet and
the next batch of unitsisto depart for the second time.

Pi'j(t) = Probability that there are exactly i arrivals and j departures by timet.
P, (0= p, (1) + p, (® (1)
Initially PO,,(0) =land p® () =0, i>0

The difference-differential equations governing the system are
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P P (t)=—A PP00(t) 2
%P(O)i,i—m (1) == + 1) PO i (1) + L PO giom (1) + Fzmu ac (PP izmey (1) + P9 icm—y (1))
=,
m-1 0
upa CP%in(® | i>m 1<m<k 6)

Il
LN

Y

% PO (1) = (0 + ) P (1) + L POy (1) + iu&/cl(P(l)i,jfy (1) + P9, (1)

y=1

+upe,P (1) i = j+k, O<j<k (4)

%P(O)i,j (1) ==+ ) PO (1) + A POy (1) + ip,aycl(P(l)i,i—l(t) +qPYia(t))

+upe,PO(t) ,i> j+k, j>k+1 (5)
%P(O)i,i (t)=—A P9 (t) +Zi: Zk:;,tam (PP (1) +qP%iy (1), 1<i <k (6)
% POL (t)=—A PP (t) +Zklzk: ua, (PP (1) + P (1), i >k +1 ©)

% D icm (1) = =(h + ) PY5im (1) + A PPigim (1) + Zm na G, (PYii-my () + P i-m (1))

m-1 k
+1pP i (1) (Zaycz + Za.vj, =m; Isms<k ®
y=1 y=m

d

e POi(0) == (h+ ) PO () + A PYa (1) + ZJ: na,C, (P (1) +q P (1))

+upc, P (1), i > j+k; 1< <k (9)

d PP (1) = =0 + ) P (1) + APYi1(t) + i“&/CZ(Pmi,ify (1) + P9, (1))

o

P, PO (t) i 2 4k j2k+1 (10)
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Where

PO (1) =0

For j<0
PY(t)=0

3. SOLUTION OF THE PROBLEM

Using the Laplace transform f (s) of f(t) given by f(s) = J.efﬂdt’ Re(s) >0 in the
0

equations (2)-(10) along with the initial conditions and solving recursively, we
have

_ 1
P = St (11)
JRE 1 .
P = , 121
PP100 = 517 14 (s+A+n—-ppGA,) (12)
Where A = Z;ay,ogn<k
=
=1 n>k
_ (l—C Ar 1) = 1 i >
Pliow = (s+x) Z el | b ermrrw (13)
LM petom i 1 — .
Do) - — F(I)m 9),1< <
P( i,j (S) - rr%:j (S+ x)bvaJ y:ml—j (S+ }\‘ + H_ HpclAy) 1( ) J (14)
=0 i —}Li . (9 + ZI: i 2" wp-cAn, - j-1)
P( i (S) - Mot (S+7\.+ )' m; *1 " TFan (S_,’_;\‘)(Bml'j)
C (1—8ml,j) nl—j—l 1 i )
1 F”mj(s),1£1<1 (15)

(S+A+w) " Sty (S+A+R—ppcA,)

Where
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Fm, (s) :[ar +dm,,r Zk: a\/J (PPm,,0(s) + gPm, 4 (s)),1< r <k

y=r+1

_ 2oon A" e (e, +m
F(J)mJ (S) — Z 2( o J J
=l

o=1 m_,=j-a+l (S+A+ H)mli

Zay) Fm,_, (9)

m]—a y=1

Njio

+Z SOy m uzp(aa+6mj,jZk:aa)(l—clAnH—Hoc—l)

a=1 nj_,=j-a+lm;_,=j-a y=a+1
1-8m J-a N —j+a-1
Ci j—a j-a) j-a 1

Fim,
(S+2)"a " S+ A+ )" e mHJ (S+A+p—ppcA,) J

y=o+1

LD YD VAR PT S [aa+6mj,j Zk)ay]

1 ""ﬁ“ 1
(5+M) ™" o iva (STA+R—HPCA,)

Eli-o)
F™m_, (s)

+FPm;(s),2<j<k

_ Com & 1 =
Fim (s)= A nc,(a, +8m;,j D a) —Fm_,(9)
! cxz:; ml,u;owl o ? : v;rl&/ (S+ A+ ”’)mf j-a J
K Nj-a m .
+ Z D A" M n’p(a, +0m, | Za{)(l CAN, , —j+a-1)
a=1 nj, L=J—a+l mj_, L=)-a y=a+l
Cil—ﬁm. \j-a) Njo—j+a-1 1
j—a

E— — F™m,_ (9)
(S+A+w)" M (54 A) e yzmgjfu (S+A+p—ppcA,) ’

k m; . . k
Y, 2 AN ape T (3, +8myj Y a)

a=l m,=j-a y=o+1

1 mlﬁx—l 1
(5+ 1) =M —j+a (s+A+p—upcA,)

From _(9), j>k+1
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The laplace transform P, .(s) of the probability that exactly i units arrive by
time t can be obtained by using the equations (11) - (15) and is given by

P.©S :Zi: (PYi(9)+P9%,(9)

A :
Tyt 2 0 (16)

and the laplace transform of the mean number of arrivalsis
. = A
2iR(=5 (17)

For finding the inverse transform of the equations (11)-( 17) dencting the
convolution as usual by * and the inverse transform of

k
1
1;! (S+ M+ 1 — HPCAY by f, .- () Which can be calculated by making the
partial fractions, we have
Po(t) = ™ (18)
POo(t) = Ae™ o, (D), izl (19)
b = MepN0-cA, ) (oS L e erar )02
PYi0 t = s -1 Hi—r+1 S i) o12,..ralt)y 12
(20)
P(O)i,j (t)= ZI: }\‘i—mj l/lcllfam,.J (e—m)mpj *f m, - ool — = 1(1) * F(ij(t), 1<j<i (21)

ml:j

i )\’i—m_ C ti—m_ e—(Mu)t )
P, ()= Y A * Fm, (1)
m;=j+1 (I - mJ)I

i n; o ) o ~ 6m_,j % ti—n_
2 3 N Rl gAn - -Det Y (€)= i
nj=j+1 m;=j —-n):

e fm —j.,n —j-11t)* F'm (1), 1< j <1 (22)
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Where

Fm, (t) = (a +3m, Zk: a)*(PYm,,0(t)+qP%m,,0(t)) , 1<r<k

y=r+l

j-1 m; m —Mj

Fm, (t)= z A" " pe,(a+ dm, j z a)

()t (j-a)
—e *FIm_ (t)
=j-a+l y=a+1 (m m] (1)’ e

+Z Z Z A" n®p(a, +3m, j Za,/)(l CAN_, —j+a-1)

a=l nj, L =j—a+l mj_ =j-a y=0+1

C(1 bm J a)( —M)bm; d-a g tmjinj —Qa e—(x+u)t %
(mJ - nj—a)!

fm_, —j+0,..n , —j+a-Lt)*F9m (1)

+qZ > AN e nG T (8, +Om, Za,)

a=1l mj,=j-a y=a+1

(e77ht)?5mj_7va'*OL * F(J'*Ol) mj—cx (t) + F(l)mj(t) , 2< j <k

) k mj Kk o .
F'm)=> > A" " pc,(a, +8m,j > a) —" e Wt FIm, (1)
a=l m,=j-a+l y=o+1 (mj - mjfu)'

Njio

+Z Z D A" Mau’p(a, +8m, j Za,/)(l cAN_, —j+a-1)

alnl_J(HlmlJa y=o0+1

» ™ B N
g Ot o ] n'];’ 76 ¢ M=o, T (€M) R My, — e — o =2 * FIm (1)
L

+qz Z }\‘m mJ o HC(l Mg ,j—a) (a/ +8m J Z a\/) ( —M)bmjia,j—a

a=l mj, =j-a y=a+l
s M, =+ 0oy — o= 1) *FIm_ (1), j2k+1

P (t)= (“) N 23)
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The arrivals are following the Poisson distribution as the probability of the
total number of arrivals are not affected by the assumption of the system and the
inverse transform of the mean number of arrivalsis At.

From (11)-(15), we have

Y PP PO ()=
and hence
ZOO: i (PP (1) + P9 (t) =1

I}
o

j=

a verification.

4. PARTICULAR CASES

1. When the units are served singly according to a Poisson distribution with
parameter p the laplace transform of the probabilities P9, (t) and P®, (t) can be
obtained by putting a = 1, k = and a = O otherwise.

in the equations (11)-( 17),we have

PPo(9) = o (24)

)\‘i

PO(®) = erm)(srr e erirn eyt L (25)

A p < .-
— , i1
S+A S (S+A+p) s+ A+u—pupe)

|_3(1)i o9 = (26)

i-j 1
yempi (8+ A +n(—pc)A, +upcdy,])

F)(O)i,j (S) - Z }\-iimj Hclliamj’j E(j)mj (S), 1< J <i
m;=j

(27)

i A e —. L AT plpetm et
P (s) = Z A N S E(”mj(S)Jr Z Z 1P Jifn_fl

mio (S+A+p) M1l mj (s+A+u)"

n—j-1
; 1
y:ll (s+A+u@-pc)A, +ppc, dy,1)

E“’mj (), 1< j<i (28)
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for An=0, n=0
=1, otherwise
Where

E¥m,(s) = (Pm,,0()+ PO m, ,(9))

m;

EOm, (9= 2

mi (SHA+)™ M

m-m
AT e

(=)
F™m_,(s)

m n._. m-m 2 1-8m,j 1-8m
i i1 —m ! )
Z Z A i it UWPC G j-1
+
-n_ +1

m
Nja=j mp=j-1 (S+A+w)"

!

n],l—j+1 1

H E(jfl)mjfl(S)
y=m i1 (S+A+pd-pc)A, +ppc,dy,1)

m;
m -m (1-8mj_y,j-1)
+q Z AN ape

miy=j-1

ml,l—j+1 1

I E'm. _(9) j<2
v i (S+A+u(d=pc) A, +upcdy,)) g

_ A
RS = sy (29)

and the laplace transform of the mean number of arrivals is A/s?. The results (24)-
(29) coincide with the results of Sharda and Garg's(1986)

2. When the units are served singly according to a poisson distribution with
parameter m and there is no provision for second servicei.ec,= 0 and a = 1 for
k =1 and O otherwise.

PO, (1) is zero and hence PY;;(s) is also zero and B (s) can be obtained by
substituting p = 0, q = 1in the equations (11)-( 15),we have

_ n >0
(S+A) (s+A+p)

F?,o (s) (30)
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— Z': A
R = a2 (S+A+p@-dm, ) (s+A+p) "

5(j’mj () , 1< j<i (31)

Where

1
=0 _
D¥m, (9 = (S+A) (S+A+p)™

m;

BOm (9= 2 —t :
j moi1 (S+A+)" T (S+A+pd-0om;,,j-1)

B ¥m, (9,22

Substituting the value of Dm(s) in the equation (31),we get

_ 1

Fo® = oot

_ AN n Y& (=K +k=D! (s+ A< .

RS = [S+X+u] (s+kj — kUil (s+A+p)" 120, 0<]<1
(33)

Which coincides with eguation (5) of Pegden and Rosenshine (1982)

3. When the batch of units are served only once and there is no provision for
second servicei.eC,= 0 and P (t) is zero and hence

PY;;(s) is also zerothen P (s) can be obtained by substituting p = 0, g=1in the
equations (12), (14) and (16), we have

R, = Y (34)
5 (= " i>1
Po® = (sxmy senvpn) - (35)
B Z': AT A%m (s), 1<j<i
Pi,j (5) = o (S+ k)ﬁmj,j (S+7\. + “)i—ijrl*SmjvJ N 1= (36)
Where
7\-m|’ k
= — +om. r
HOM,(8) = (o1 7 (s A, & T O y;ay) lsr<k
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. T i y
Hom(9)=> > A" "iwp(a, +5mj > ay) ;

Hl-o
—H"m, (9

o R Byt (s+ X)Smj-a'j_a (s+A+ u)mj_mj-q +1—Smj-a'j_
and +H%m,(s) , 2<j<k
—0 koo « 1 gl
H%m (9 = A" +dmj Y a ____ —_HIm_ (s
i azzl mJ—;‘“ S i z,zzwl 2 S+ s+ A+ )™ e +1-0 -9
j>k+1
_ A :
P(s = —(s+k)i*1 120 (37)

The results (33)-(37) coincide with the results of Garg (2003).
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