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SPECTRAL MULTIPLIERS FOR THE DUNKL LAPLACIAN

SALLAM HASSANI AND MOHAMED SIFI*

ABSTRACT. In this paper we prove LP-boundedness properties of spectral
multipliers associated with Dunkl laplacian in the Zg Dunkl setting.

1. Introduction

A fundamental object in harmonic analysis is the multiplier operator. Mul-
tipliers related to numerous classic kinds of orthogonal expansions were widely
investigated. In particular, Stempak and Trebels (cf. [14]) studied multipliers
of non-Laplace type in a one-dimensional Laguerre setting. Some earlier results
concerning multiplier operators of Laplace type for discrete and continuous orthog-
onal expansions can be found in [3, 6, 10, 12] among others. A general treatment
of Laplace type multipliers in a context of symmetric diffusion semigroups can
be found in Stein’s monograph (cf. [13]). In this paper, we focus on the Dunkl
multiplier operator P,, which is defined, for a suitable function f, by

P f(z) = Fo(mFof)(—z), =€R%,

where m is a bounded measurable function and F, denotes the Dunkl transform
(see the next section).

Consider the reflection group G generated by o;, 7 =1, ..., d, the reflection with
respect to the hyperplane perpendicular to e;, the j-th coordinate vector, that is
to say for every z = (z1, ..., 14) € R?
<z e >

oi(x) =2—-2
! lej|?

ej,
where ey, ..., eq is the standard basis of R?, < .,. > is the usual inner product on
R? x R? and |.| is the associated norm.

The finite reflection group G is isomorphic to Z4¢ with the associated measure
h2(z) dx given by

d d
() = [ LIyl = [] 0 @), (11)

j=1
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where k1, ..., kg are nonnegative real numbers (let us note that h, is homogeneous
d
of degree v, = > 5, K;).
Associated with these objects, the Dunkl differential-difference operators 77,
j=1,...,d, are given by (cf.[7])

F(@) = Floy(x))

T f(x) = 0 f(2) + K

d
The Dunkl Laplacian is defined by A, = Z(Tf)2, or more explicitly by

Jj=1

d
*f(x) | 2k; 0f(x) f(@) — f(o;(x))
Auf(@) = Z ( 0%x; tT dx; i z? )
J=1 J
Following Stein (cf. [13]), we say that m is a multiplier of Laplace transform type

when
7mw:WP/ g (t)dt, y e RY (1.2)
0

where ¢ is a bounded measurable function on R .
The aim of this paper is to prove the following theorem, where we denote by
LP(RYh2), 1 < p < +00, the space of measurable functions on R? such that

1

£ = ([, PR ))7 < +00 i1 < p <+,

[ flloo.x = ess sup |f(y)] < +oo otherwise.
yeR4

Theorem 1.1. Assume that m is of Laplace transform type. Then, the Dunkl
multiplier Py, is bounded from LP(R?, h%) into itself, for every 1 < p < +o0, and
from LY(R? h2) into LY (R9, h2).

In order to prove Theorem 1.1, we investigate how to define the multiplier op-
erator P,, in terms of its kernel, as a limit of truncated integrals more precisely,
we represent P, as a principal value integral operator when it acts on the space
C(R9) of the C*° functions with compact support in R? (see Proposition 4.2).
Then, after proving LP- boundedness properties for the maximal operator associ-
ated with the principal value integral operator (see Proposition 4.3), we extend
the Dunkl multiplier P, to L?(R% h2), 1 < p < +00, as a principal value integral
operator that is bounded from LP(R?, h2) into itself, when 1 < p < oo, and from
LY(R4, h2) into L1>°(R9, h2) (see Proposition 4.4).

Given an initial distribution f € C,(R?), there is a function

u € C*(R?x]0, +00[) N Cy(R? x [0, +00[)
satisfying

{ Agu(z,t) = Ou(z,t), (x,t) € R¥x]0, +00];
u(.,0) = f.
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For smooth and rapidly decreasing initial data f an explicit solution is easy to
obtain, it involves the generalized heat kernel
-1

c _UzP+1y®) T Y
= x, - —Fr ¢ P E.(—, ——
£8) (215 Vv
where E,; denotes the Dunkl kernel (see the next section) and ¢, is the Mehta type
constant .
=2
et :/ e 1% h(x)dx = Hc;_l.
Rd i !
The Dunkl type heat kernel satisfies the following properties
Do) = i [ P B (i, ) Bl IR (13)
Rd
/d Iy (z, y)hi(y)dy = 1 (1.4)
R
et _ dsl-lu)?

iz, y) < We (1.5)
The Dunkl type heat kernel allows us to define a generalized heat operator (or
Dunkl type heat operator). More precisely for every f € LP(R?, h2), with 1 < p <
oo and for every ¢ > 0, we set

HE f () { Joa F@)TE (2, ) (y)dy, iig;

For every p satisfying 1 < p < oo, the family {H/ f}i>0 is a symmetric diffusion
semigroup (cf. [5]) in the sense of Stein on LP(R? h%). Moreover, the Dunkl
multiplier P, is actually a spectral multiplier associated with (—A,). Then, by
[13] P, is bounded from LP(R9 h2) into itself, for every 1 < p < co. In Theorem
1.1, we prove as a new result that P, defines a bounded operator from L!(R¢ h2)
into L1'>°(R%, h2). Moreover, in Proposition 4.4 we establish a representation of
the operator P, as a principal value integral operator in LP(R% h2),p > 1.

As an application of Theorem 1.1, we can show LP-boundedness properties for
the imaginary powers of (—A,). We define, for every S € R, the function

t=8
t) = —— teR,.
(bﬁ( ) F(l _ Zﬁ) ) € +
A formal computation based on the formula
. 1 oo ,
A = / et ldr, A >0,
L(iv) Jo

gives
oo B ) :
maw:WP/ g5 (0)dt = [y2, y € RY, e R,
0

For every 8 € R, the i3- power A% of A, is defined by (—A,)"” = P,,,. From
Theorem 1.1, we deduce the following result.

Corollary 1.2. Let 3 € R. Then, the operator (—A) is bounded from LP(R?, h2)
into itself, for every 1 < p < +o0 and from L*(R%, k%) into LV >°(R%, h2).
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This paper is organized as follows. In section 2, we collect some definitions and
results related to Dunkl’s analysis. In section 3, we establish some estimates for
the Dunkl heat kernel and its derivatives. Finally, we prove the main result of this
paper.

Throughout this paper we will always denote by C' a suitable positive constant
that can change from line to the other one. Also, we will use repeatedly without

saying it that, for every k € N, sup zFe™* < oco.
z2>0

2. Preliminaries

This section is devoted to the preliminaries and background. We only focus on
the aspects of the Dunkl theory which will be relevant for the sequel. For a large
survey about this theory, the reader may especially consult [7, 8, 4, 11].

First of all we recall that for every f € S(RY), g € CL(R?), one then has the
following property of integration by parts (cf. [9])

[ T i@a@hi e == [ f@T g @ (2.1)
The operators 9; and T} are intertwined by a linear isomorphism V,; of @, 5 Pn
determined uniquely by -
Vi(Pn) =Pn, Ve()=1, T;Vy=Vs0;, j=1,..,d

with P, the subspace of homogeneous polynomials of degree n in d variables.
An explicit formula of Vj; is not known in general. However, in our setting, the
operator V;; is given according to [16] by the following integral representation

d
an(!E) = / f(,’Eltl, ...,.’L’dtd H n] 1 + t _)Hj—ldt,
(-1 e

I(kj+ 1)
with M, = fF('ij)

For every y € C?, the simultaneous eigenfunction problem

T]ﬁu(x5y) = yju(x,y), 1 S] < d7
u(0,y) = 1.

has a unique solution x — E,(z,y), which is given by
E.(\ ) =V (e (x), zeR%

Furthermore = +— E,(z,y) extends to a holomorphic function on C? and it satisfies
the following basic properties: E,(x,y) = E,(y, ) for z,y € C¢, |E,(iz,y)| < 1
for x,y € R? and E,(A\r,y) = E.(x, \y) for z,y € C? and X € C.

Considering the definition of E,, together with the explicit formula for V,; gives

us
d

Eﬁ(xvy) = HENj(xjvyj)' (2'2)

Jj=1
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The Dunkl kernel E,; is of particular interest as it gives rise to an integral transform
which is taken with respect to the measure h2(z)dz. More precisely, for f €
L'(R?, h2), the Dunkl transform of f, denoted by Fyf, is defined by

Fuf@) =it [ 1B i)y, e R

Let us point out that the Dunkl transform coincides with the Euclidean Fourier
transform when k1 = ... = kg = 0 and that it is more or less a Hankel transform
when d = 1.

We list some known properties of the Dunkl transform:

(i) The Dunkl transform is a topological automorphism of the Schwartz space
S(RY).

(ii) (Plancherel Theorem) The Dunkl transform extends to an isometric auto-
morphism of L?(R%, h2).

(iii) (Inversion formula) For every f € S(R?), and more generally for every
f € LY(R4, h?) such that F,.f € L*(R%, h2), we have

f(x):]:,%f(_x), xERd'
(iv) A formula connecting Dunkl transform and Dunkl Laplacian is the following

Fo(Auf)(z) = —|zPFuf(z), z € RY, feCP(RY). (2.3)
3. Some Estimates Involving Dunkl Kernel

We will establish in this section three technical lemmas. In order to do that, we
first recall some facts related to Dunkl’s kernel and the confluent hypergeometric
function.

In the one dimensional case, F, can be expressed in terms of Bessel functions
(cf. [15]). Specifically
Ep(,y) = joy (izy) + %jw% (izy),

where

Ja(2)

ZO{

P 2n
=T(a+1) Z(_n”n!r( /2)

Ja(z) =2°T(a +1) T
= n+a+1)

are normalized Bessel functions.
The integral representation of the Dunkl kernel E, is given by

D(k+1/2) 1 .
E.(z,w) = —/————= / e (1 —t) L1+ t)"dt = e Fy (K, 26 + 1, —22w).
L(1/2)(x) J
(3.1)
where 1 F} is the confluent hypergeometric function defined by (cf. [1])
= (@), 2"
Fi(a,b,z) = —, b¢{0,-1,-2,...}.
1 1(&, 72) ;(b)n nl’ ¢{ ) ) ) }
The function 1 F; has well-known asymptotic expansions. They are of the form

1Fi(a, b, z) = %ezz“_b(l + W + (9(#)), Rz >0, (3.2)
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T s a(l+a—b) 1
1Fi(a,b,z) = T a) (—2)"*(1+ . + O(|Z|2)), Rz<0. (3.3)
Specializing, we thus obtain
_T@2r+1) ., e K2
Ex(zw) = gapie e () (1= g o+ O()) o= doo, (34)
r2k+1) _,, Che1 1—r2 1
E.(z,w) = me (—2w) (1- 770 +O(|zw|2))’ 2w — —oo (3.5)

Also, the next properties of the Dunkl kernel and the confluent hypergeometric
function are very useful in the sequel

|0Y B (z,y)| < [y|*Eu(z,y), z€R, yeC, a €Z;. (3.6)
— 1Fi(a,b,2) = F b 0. 3.7
o L 1(a, b, 2) Ok 1la+m,b+m,2), m> (3.7)

Now, we establish some estimates involving Dunkl kernel that we will needed in
the following section. In the sequel we assume that K = Ky UKy, where K; (resp.
Ks) is a compact subset of ]0, +o00[ (resp. | — 00,0[) and we denote by W; the
classical heat kernel given by

e—lz—yl?/4t
(4mt)d/2 7
Lemma 3.1. Let kK > 0. Then

(i)

Wz, y) = z, y e RY ¢ >0.

I (u,v) < C t*“*%e’(“zﬂz);“, luv| < t;
—(lu|—|v 4
t (V) = | |—ne a \\/\E\) /t7 | U| —

(i) T5(u,v) < Ct=""2¢=2"/20 ¢ 50 and 2u| < |v| < co.
(iii) }rg( v) — (uv)~ “Wt(u,v)’ < OVE(uww) =" Le= (=0 /4y > ¢ > 0.

Proof. Due to (3.4), (3.5) and |E, (\/— \/—)| <Cif % < 1, we can deduce (7).
Suppose now that 2|u| < |v] < co and ¢ > 0. If |uv| < ¢, (¢) implies (ii). Also if
|luv| > t, by using (i) we can write

I‘?(u ’U) < C|uv|7:~c71/2 |UU| 71;2/1615 < Ot—"— 2671) 2 /20t
T Vi

and (i7) is shown. If wv > ¢, then using (3.4) and the duplication formula we
obtain

t
T (u,v) = (uv)_”Wt(u,v)(l + 0%)).
Thus, (i4) is proved. O
Lemma 3.2. Let k > 0 and u,v € K. Then

(i)
t=r—3, t>1;
<SCO§ 1 Gui-pn?
e St

’—F“ U, v)
O0<t<l.

(ii) ‘aa—;l“f(u,v)‘ <Ot > 1.



SPECTRAL MULTIPLIERS 41

—(u— v) /8t

(i) 8u2 (u,v)—(uv)’“a—zgwt(u,v) <C< ,uv >0 and 0 <t < 1.

. 7(u+u) /8t
(iv) | 25T (u,v) E—

<Cs
Proof. Let u,v € R and ¢t > 0, due to (3.6) we can write

,uv < 0 and 0 <t < 1.

c_1 U v U v _(w240?)
( ,v)‘< B (|2t|+| I)E (e 0ty

According to (3.4), (3.5) and | Ex( et )| <Cif Iuvl < 1 we deduce (7).
Due to (3.1) and (3.7), we are lead after sunphﬁcatlons to WI‘?(u, v)

V2 7%@{ v?

= e t _——

¢k (2t)" 4¢2

2KV 0 v | 0?

Ty A L2 2= S S ) + B ) W)

to show (ii), we use that E.(0,v) = 1Fi(a,b,0) = 1. In order to establish (#ii)
we estimate three different parts on the last equation using (3.3) and (3.4).
Thanks to (3.2), (3.5) and (3.7), we obtain, for 0 < ¢ < 1, —uv > t and u,v € K,

et

€% 1 Fy(k+2,26+ 3, —%)Wt(u, v)

92 ; 52 P e—(utv)?/8t
Wrt (u,v)‘ < C(twwt(u, —v) + %Wt(u, —v)) <C——
Then (iv) is proved. O
Lemma 3.3. Let k > 0. Then
(1)
—(uZ+0v2)/8t
e fuv] < t;
N 7587@7@)2/& )
‘atl—‘ u ’U)‘ S C (’LL’U) ﬂ;z uv > t,
(—uv)~rle \/%t , —uv >t
P e—v? /40t
(i1) ‘aff(u,v)‘ < CtT, t>0 and 0 < 2Ju| < |v| < .
rtg
9 . . ) 7’17167(7171;)2/815
(i11) &Ft (u,v) — (uv) EWt(u,v) < C(uw) 7 uv > t.

Proof. Due to (3.7) and using that
a1 Fi(a+1,b,2) =a1Fi(a,b,z)+ a—bz.lFl(a +1,b+1,2),

we can write

0 . w2, (u—v)? 1 uv
gt = e T {((2t)ﬁ+5/2 ~ gy Bl 2+ L =o)

2K UV
— W.lFl(li—F 1,2/4,—'— 1,—7)}
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Using that 1 Fy(a,b,0) = 1, then (7) is deduced for |uv| < ¢. We now use (3.3) in
order to obtain

et (w—v)?. et
‘(’% Sow(uv) (1+7)§CW

By similar arguments we can prove the third inequality of ().
When |uv| < ¢, (i7) can be inferred immediately from (7). Also, if uv > ¢, from
(i) we deduce that for 0 < 2Ju| < |v| < o0

Iy (u,v)

(uv)™", wv > t.

eV 2/32t ( ) 1/2 L 671}2/3215 |v| 671;2/4015

= —Kk—1/2 hd} -

‘8 ]‘—‘t u ’U)‘ < C—— n ( n ) (’U/U) S c tn_;’_g/g \/E — tﬁ+3/2 :
From (3.1) and (3.7), we can write %F’f(u,v)

~% (9 n v
- \/_Cile : W K 9
(2t)" {(% (w,0)B (\/ﬂ \/%)
2K u v dkuvest uv
W - —F(—,— —  F 1,2 2, —— .
+ t(U,U)( 5/ ( = _2t)+ CPESVEDE 1Fi(k+1,26+ . ))}

Using (3.3) and (3.4) we get that,

O 1o, ) = (we) = 2w, (u, ) +O(t(u 19w, u, v)), w > t.

ot ot ot
It is not hard to see that
C (u—v)2
‘ 8tWt u,v)| < 1%376 7
and (iii) easily follows. O

4. Proof of Theorem 1.1

In order to prove Theorem 1.1, we need to establish a pointwise integral rep-
resentation for the Dunkl multiplier operator P,, as a principal value integral
operator. In the sequel we assume that m satisfies (1.2).

Firstly we prove the following result.

Lemma 4.1. Let k = (k1,...,5q) € RY and f € C°(R?). Then

/ o(t) |y|2 —tlyl® Fuf(y ))( )dt, a.e. x € R

Proof. Assume that d = 1, when d > 2 we can proceed in a similar way. Let
g € C°(R), by using Plancherel theorem we claim that

/ Py G / 2 / e B(0)dt Fo () () i 0) )b (9)dy
- / o(1) / lyl2e~ 10 F () () F 9 (0)h2 (9) .
0 R

The interchange of the order of integration is justified by using Holder inequality
and that F, is an isometry in L?(R, h2). Plancherel theorem leads to

[ Pas@at@i s = [~ o) [ 7 (e EW) @l o)
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Since |Ey(iz,y)| < C, |zy| < 1 and |Ek(iz,y)| < Clay|™", |zy| € [1, 400, we can
deduce that

/1/:6 /00
0 /x|

(y)dy

Ex(iz,y)|lylPe™ " | Fu(F) )| 2

<C [ P07 |FL ) el h ).

Then, since |y|'F, f is bounded on R, for every [ € N, and g € C°(R) we get, after
simplifications,

Lo [ [l

<o [ Jo@ el #z@as) ([ 7wl i) < o

We conclude that / P f(2)g(x)h2(2z)dz

“(x)dzdt

o) )

h2 dy’g

/ / o(O)F; (e Fof () ) (w)dt f g ()b (w)de.

Thus, the proof of this lemma finishes. O
Proposition 4.2. Let f € C>*(RY). Then,

Ppf(z)=— lim (a(e)f(w)+/ f(y)K,‘?(w,y)hi(y)dy), a.e. v € RY,

e—0t ly—z|>e
where - 5
K7 (x,y) =/ o(t)5; Ut (@ y)dt, w,y R, w #y,
0
and « is a bounded function on Ry. Moreover, if the limit $(07) = lim ¢(¢)

t—0+
exists, then

Pof(x) = Co(07) f(x) — Tim ( /| . WKL (@ )i w)dy), ae. xR,

e—0+

where C' is a positive constant.

Proof. Assume that d = 1. When d > 2 we can proceed in a similar way. By
Lemma 4.1 and ( , the Dunkl multiplier can be written as

/ oOF (e Fu(-Anf))) @)dt, ae. xR (A1)

By interchanging the order of integration and using (1.3), we can write

Fo (e Fu( = Anh) ) (@)
= 022/ (—Anf)(z)/eftyzEn(ixvy)En(—iz,y)hi(y)dyhi(Z)dz
R R
:/R(—A,{f)(z)l“f(x,z)hi(z)dz, t>0. (4.2)
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Let a > 1 such that suppf C K, where K = [—a, —%] U[%, a]. Due to mean value
Theorem and (3.6), we can assert that
. t=(nt3) 1
If(z,y) - el Cop tzluyck (4.3)

On the other hand, (2.3) yields
/(_Anf)(z)hi(z)dz = lim Cn]:n(_Anf)(y) = lim Cn|y|2]:nf(y) =0. (44)
R y—0 y—0

According to (4.1), (4.2) and (4.4)(suggested by (4.3)), we are lead to

(o) —(H+%)
Pty = [ ) [ (~500)) (T2 - MO0 T

Using (1.4) and (4.3), we deduce that the last integral is absolutely convergent.
By (4) we can rewrite P, as

me(x)

)hi(z)dzdt.

X[Loo ()t~ H2)
c 2r e
Assume that € is small enough, for instance, 0 < ¢ < % We now analyze the

integral

— —lim i o(t) /|z—m|>e(ANf)(2)(F?($,Z)_

e—0

)hi(z)dzdt.

X[l,oo[(t)t_('ﬂ_é)) 2

et = ‘/{zeK/|Z—CE|>6}(ANf)(Z) (et - = LSt

We can write for ¢t > 0

190z, 1) = (/_:6+/wf)mf(z)(rf(x,z)— M)hi(z)dz. (4.5)

c 2r s

By integration by parts, we obtain, for ¢ > 0,

() "+ ) @) () - XD
—00 T+e

26 t3
Tr—e€ —+oo
—([ + [ )re@rneamee

—0o0 x+e

+ Hl(ZZ?,ZZ? - Evt) - Ifl(xv'r + Evt) - HQ('IVI - Evt) + HQ('IVI + Evt)
_ )¢ (r+5)
+ Ii/ 1(=2) (Ff(:z:,z) — —X[l’oo[( ) )hi(z)dz
|z—x|>e€

22 c 2F 3
sl ()t~ (51 2)
R A (VIO Ukl TSR
lz—z|>e # CK2H+§

where
X[l,oo[(t)t_(ﬁ—i_;))

€ 28t

Hya,2,1) = W2(2) 2 72) (T, 2)
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and

9
Hy(,2,1) = (=) 5 (rg(x, z))f(z).
We note that

f(=2) X[1 [(t)ti(ﬁ 2)
lim o(t [ (x,2) — =20 )h%(2)d
61 0Jo ( )/IZ—LE|>E 22 ( ‘ ( 72) CH2F" % ) K(Z) ‘

e—0 CN2K+%
oo ~(st3%)
a f(2) (1 X[Loo[ (L2 )
= /O ¢(t)/R . (I‘t (x,—2) — T )hn(z)dz.

Using (1.4) and (4.3), we assert that the last integral is absolutely convergent.
Since f € C2°(R) then by mean value theorem, Lemma 3.2 (¢) and (4.3), we get

I £(2) (e Xi1,oof (B2
=l | ¢(t)/”>€ -~ (rt (x,_z)_—)hi(z)dz

(o) (o) 1
/ |¢(t)|’H1(x,x—e,t)—Hl(x,x—l—e,t)’dt§Ce/ tjdt—ﬂ), e—0t.
1 1 RT3

Also, due to Lemmas 3.1 (¢) and 3.2 (i), we deduce that for 0 < ¢ < 1,
x+e 1

_ Uzl—]2D?
Se 5t dz}. (4.6)

’Hl(l',.%'—e,t) _Hl(.%',x-f—e,t)‘ < C{% _,_/

—€

Using (4.6) it follows
/01 |¢(t)|‘H1(:E,;v —et) — Hy(x,z + e,t)‘dt =0, e 0%,
Due to Lemma 3.2 (7) and (i) and mean value theorem we can assert
/100 |¢(t)|}H2(x,x —et) — Ho(, 2 + e,t)}dt < Ce/loo W%mdt 50, e 0%

By mean value theorem and Lemma 3.2 (4) it has

1
| 60@ =¥ 1w =0 - @+ s+

2

1 %
SC’e/ dt < Ce,
0 t

21";';”(90,90 +e)|dt

0z

which goes to 0 when € — 0. Also, we write for each 0 < t < 1,

(x —€)* f(z — e)(%l"f(m, x—e€)— %Ff(m, x+ e))

= (= flw = ) 21 (@)) (ST (w0 — ) = T (w2 +0))

0z
0 0
2Kk Tk _ _ Y 1K
+x f(x)(azl"t (x,x —€) 82Ft (x,x—i—e)).
By proceeding as above and using Lemma 3.2 (i) we obtain

| ot0)|@=0 sa—=a )| S0 (0. 0-0)~ T )

z

dt -0, e > 0T.
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From the above estimates and using that A.I'f(z,2) = gtf (z,z), we conclude
that

| o0 [@pe(ries) - Xl O o

c.25t2

= [[Teow [ segmie e
xznf(x) /01 ¢(t)(/z z|<e,xz>0 (;ZZFK(I Z)dt

0?
+ / — IV (z, z)dzdt
|z—z|<e,x2<0 022 ( ) ):|

Using Lemma(3.2) (iv) we obtain

1
0?
lim [ |o(t)]

2
=0t Jo |lz—z|<e,x2<0 0z

—TI'i(z, 2 ‘dt =0.
For xz > 0, using Lemma (4i7) and proceeding as in [2] we conclude that

PulN@) == im [ [“o [ - £ ST 202 ()t

e—0t

)/1 / e lyl? /4t J (47)
T dydt|. .
0 ly|<e 8y 2\/

Suppose that ¢(07) = lim;_,q ¢(¢), then by making changes of variables and using
the dominated convergence theorem we have

lim 1 ¢ —2 7e_|y|2/4td dt = —Mo¢(0" 4

i t t = 0™). .8
6—)1 0+/ ( )/y<e y2 2\/7 t y ( ) ( )
where M = f+oo 6;31//;5

Since f € COO( ) and thanks to Lemma 3.3 (¢) it follows that, for every € > 0

/ o) )
0 |z—z|>€

Then, we can interchange the order of integration on the integrals in (4.7) and due
o0 (4.8) we conclude that

0 —T(x, 2)|h2(2)dzdt < oo.

P, f(z) =— lim / o(t) 1'W (z, 2)dth2(2)dz + Cp(0T) f(x),

e—0+ |mfz|>e
for a certain C' > 0. O

In the rest of this section we analyze the LP-boundedness properties for the
maximal operator of the heat semigroup in the Dunkl setting.

Proposition 4.3. Suppose that m is of Laplace transform type associated with
¢ € L*(R4). Then the mazimal operator P}, defined by

Prf@=swp| [ @Koy o e,
e>0 lz—y|>€

Type your text
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is bounded from LP(R%, h2) into itself, for every 1 < p < oo, and from L'(R¢ h2)
into LY (R® h2), K¢ being as in Proposition 4.2.

Proof. Assume that d =1, when d > 2 we can proceed analogously. Consider the
operator

Prvioed @) =sup] [ WX a0y @) HO (@ y)h2 )y, @ € R,
€>0 1 JL(z),|lz—y|>e

where, for every x € R,

o 0
Lix)={yeR, |z/2<yl<2fz|}; and H’(z,y) :/ (1) 5; Wi, y)dt.
0
We can write

Prf(z) < Ge(IfD)(@) + Lu(f1)(@) + P o f (), z €R,
where

F)I|KE (@) B2 )y,

Gull1) () = / »

and

Le(|f)(x) = /L( [FOIEL(,9) = X(aysoy (zy)"H? (z,y)| hi(y)dy.
We are going to show the LP-boundedness properties for the operators G,;, L, and
P*

m,loc*

4.1. The operator P, For every j € Z, the dyadic interval Q; is defined by

Jloc®
Qi={yecR: 2 <[y <2/*},
and the interval ’QVJ is given by
Qj={yeR: 271 <|y <2/*?}.

It is clear that if j € Z, x € Q; and y € L(z), then y € QNJ We can write for
r€Q;, j€EZande>0

FW)X(wy>o0y (xy) "H (z, y)h2 (y)dy

L(z),|z—y|>e€

- ()5 I )Xty () HO )y,

Qj.lz—y|>e  JQ;\L(w),lz—y|>e
Let j € Z. 1t has @;\L(x) :/Q\J;U/Q\j: , where
QF ={yeR: 2z <[y < 2/*?}
and
Q; ={yeR: 2071 < |y| < |z|/2}.

For every € > 0, we get
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| P gryo0y (L H ()
Q\L(z),|lz—y[>e

<[
Qi\L(z)

cof lwl,
Qfuo; |z -y

Ok

(z, y)’dy

{EEQJ‘.

where we have used that
1
|H?(z,y)| < C——, z,yeR.
|z —yl

Then, for each z € Q;

Yy o ‘ / /()]
wosor (LY HS (2, y)dy| < © AEACLIG 4.9
E>O\/QJW) Wt G| <€ [ 9)
|z—y|>e
The operator of the right hand side of (4.9) is bounded from LP(R,h?) into itself,
1 < p < oo and from LY(R, h2) into L1>°(R, h2). On the other hand we introduce
the following maximal operator T""* defined by

T™ f(x) = sup ‘/ f)H®(x,y)dy|, = €R.
e>0 ' J|z—y|>e

By proceeding in a similar way as in [2] and using the fact that 7"* is bounded
from LP(R,dx) into itself, 1 < p < oo, and from L(R,dz) into L}'*°(R,dx), we
can see that Py ;. is bounded from LP(R, h2) into itself, 1 < p < oo and from
LY(R, h2) into LY>(R, h2).

4.2. The operator L,. We have that

L (1) ()
=¢ L(z) |f(y)|/0 ‘EPW’?J) = X{ay>0}(2y) "~ a—Wt(iE y)|h2(y)dtdy
< Lo(f)@) + LA(f)(x), =z €R, (4.10)
where

e 0 0
0@ = [ 150 [ X | ) — @) g Wit )|

e 0
O = [ 101 x|t o)

Due to Lemma 3.3 (7) and (ii7), we obtain the following

Y (gy)~ r—1 . yg
LA < /1)|f<y>|{/0 i

> K 1 2
+/ tﬁ+3/2 + (zy)~ t3/2)dt}h (y)dy,



SPECTRAL MULTIPLIERS 49
and

291 2y =51 (el up? o0
e < [ i J R / )R

Then, the operators L1 and £2 are controlled by an operators of the following
type

_ Uzl=]yD?
16t

2al .
Angle) =sup| el ol o))y

Vi
the operator A, is bounded from LP(R,h?) into itself, 1 < p < oo, and from
LY (R, h2) into L*°(R,h2). Thus from (4.10), we conclude that £, is bounded
from LP(R,h?2) into itself, 1 < p < oo, and from L*(R, h?) into L>°(R, h2).

4.3. The operator G,,. The operator G, can be written as

Ge(1f)(@) = GL(f)(@) + G(f) (@), (4.11)

where
—+oo

GNE = [ WKL 0w

and

) |]/2 )
G = [ @[ [y
Thanks to Lemma 3.3 (i), we infer
|y 2

+oo +oo 6_7
@< [ 1wl [ S

2|z|

<o 2wy < CSUN (), @€ R
2|z|

+oo
where Si(f)(x) = /2 ‘ |f|(y|)|d

The operator Sy, is a bounded operator from LP(R, h?) into itself, 1 < p < oo.
Hence the operator G} satisfies the same boundedness properties.
By taking into account symmetries, Lemma 3.3 (i¢), and using a change of

variable we get
\w\/2 +oo —% )
n| <o /0 ) / s dthE (y)dy

o
< -
<omr [ W

The operator H,;, given by

|z|/2
H(f)(x) = m% / F@)IR2 ()dy

is bounded from LP(R,h?) into itself, when 1 < p < oo, and from L'(R,h?) into
LY°°(R,h2). Then, from (4.11) the operator G, has the same LP boundedness
properties. Thus the proof of this Proposition is completed. ([

y, ¢ €€R.
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From Proposition 4.3, we can deduce by using standard arguments the following
result.

Proposition 4.4. Let (k1,...,kq) € Ri. Assume that m is of Laplace transform
type associated with ¢ € L=(Ry). For every f € LP(R? h2), 1 < p < oo, the limit

lim FKL(x, y)hi(y)dy,

e—0Tt lz—y|>e

exists, for almost all z € RY. Here K¢ and o are defined as in Proposition 4.2.
Moreover, the operator P, defined by

Ppf(z) = — lim FW)KL(z, y)hi(y)dy, ae. x€RY

e—0Tt le—y|>e

is bounded from LP(R? h2) into itself, for every 1 < p < oo, and from L*(R%, h2)
into LY (R? h2).

Since C2°(R?) is a dense subspace of LP(R%, h2), 1 < p < o0, it follows that, for
every f € L2(R% h2),

Paf(@) = lim (a(07(0) - [

e—0t ly—z|>e

FO)EL (@ y)h2(y)dy), ae. o € R,

where « is a bounded function on R, and P, can be extended from L?(R%, h2)N
LP(R?, h2) to LP(R? h2) as a bounded operator from LP(R? h2) into itself, for
every 1 < p < oo, and from L'(R%, h2) into LY (R%, h2). The proof of Theorem
1.1 is finished.
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