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Generalized Hyers-Ulam Stability of a
Quadratic Functional Equation in Quasi-
B-Normed Spaces

K.Ravi* and S. Sabarinathan**

Abstract : Inthispaper, we obtainthe genera solution and investigate the generaized Hyers-Ulam stability
of anew quadratic functiona equation

f(Bx+y)+ f(2x+y)+5f (x—y) =18f (X) + 7 f (y)
in quasi-B-normed spaces using fixed point method. A counter-exampleisalso presented for asingular
case.
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1. INTRODUCTION

The concept of stability for afunctional equation arises when one replaces a functional equation by an
inequality which actsas aperturbation of the equation. Thefirst stability problem of functional equation wasraised
by S.M. Ulam[13] about seventy five years ago and inthe next year the Ulam'sproblemswas partialy answered
by D.H. Hyers[6]. Intheyear 1950, T. Aoki [1] generaized Hyers theoremfor additive mappings. Theresult of
Hyerswasgeneralized by Th.M. Rassas[12] for approximate linear mappings by alowing the Cauchy difference

operator CDf (x,y) = f (x+y)—[f(X)+ f (y)] to becontrolled by s(||x||p +||y||”) .In 1982, JM. Rassias
[10] treated the Ulam-Gavruta-Rassias stability on linear and non-linear mappings and generalized Hyers' result.
INn 1994, afurther generalization of theTh.M. Rassias' theorem wasobtained by P. Gavruta[5] who replaced the
bound € (||X||p +| yllp) by ageneral control function ¢(x, y) . Thestability problems of several functional equations

have been extensvely investiaged by anumber of mathematicians, posed with creative thinking and critical dissent
who have arrived at interesting results (see[3], [5], [11]).

In1996, G. Isac and Th.M. Rassias| 7] werethefirst to provide applications of sability theory of functiona
equationsfo the proof of new fixed point theoremswith applications. The stability problemsof several various
functional equations have been extensively investigated by anumber of authorsusing fixed point methods (see[2],
[9], [14], [16]).

Thefunctiona equation f(x+y)+f(x—y) = 2f(X)+2f(y) (1.1
issaid to beaquadratic functional equation becausethe quadratic function f (x) = ax* isasolution of thefunctional
equation (1.1).
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Inthispaper, we achieve the general solution of anew quadratic functional equation
f(Bx+y)+ f(2x+y)+5f(x—y) = 18f(X)+7f(y). 1.2

Further, weinvestigate the generdized Hyers-Ulam stability in quasi-3-normed spacesviafixed point method.
Using Ggda's example, we also provide counter-example for asingular case.

2. PRELIMINARIES

For the sake of convenience, we recall some basic concepts concerning quasi-3-normed spaces. L et 3 be
afixedred number with 0 < <1 andlet K denoteeither R or C.

Definition 2.1. Let X bealinear space over K. A quasi-B-norm ||| isareal-valued functiononX satisfying
thefollowing conditions:
1. |¥|>0forall xe X and |X|=0 if and onlyif x=0.

2. |ax|=\ x| forall 2eKandall xe X -
3. Thereisaconstant K >1 suchthat |[x+ y| < K (x| +]y]) v x,y € X.

Thepair (X, ||) iscalled quasi-B-normed spaceif || isaquasi-B-normon X. Thesmallest possibleK is
called the modulusof concavity of | .
Definition 2.2. A quas-3-Banach spaceisacomplete quasi-3-normed space.
3. GENERALIZED SOLUTION OFEQUATION (1.2)

Inthe following theorem, we obtain the genera solution of the functional equation (1.2).
Theorem 3.1. Let X,Y bevector spaces. Afunction f : X — Y satisfies(1.2) ifandonlyif f satisfies(1.1).

Proof. Assumethat f satisfiesthefunctiond equation (1.2). Replacing x=y =0 in(1.2), onegets f(0) =0.
Plugging (x, y) into (0, X) in(1.2), we obtain

f(—x) = f(x) (3.2
fordl x e X . Substituting (x, y) as(x, —X) in(1.2), by usng (3.1) and smplifying further, wefind
f(2x) = 4f (x) (3.2
forall x e X . Switching (x, y) to (x, —x+Y) in(1.2) and using equation (3.1), we get
f(2x+y)+5f(2x—y)+ f(x+y)—-7f(x—y) = 18f (X) (3.3

forall x,y € X . Replacing (x, y) by [g,o] in (3.3), on obtains that

1
f g] = 2109 34
forall x e X . Switching (x,y) to (x,—y) in(3.3), wehave
f2x—y)+5f(2x+y)+ f(x—y)—7f(x+y) = 18f(x) (3.5

foradl x,y e X . Now, summing the equations(3.4) and (3.5) and thendividing by 6 intheresulting equation,
wefind

f@x+y)+f@x—y) = 6f(X)+ f(x+y)+f(x—y) (3.6)

fordl x,y e X . Plugging (x,y) into

g, y] in(3.6), weobtain
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4 f(x+y)+ f(x—y)] = 6f(X)+ f(Xx+2y)+ f(x—2y) (3.7)
foral x,y e X . Interchaning xandyin(3.7) and using (3.1), we get
Adf(x+y)+ f(x=y)] = 6f(y)+ f(2x+y)+ f(2x—Yy) (3.8

fordl x,y e X .Udng (3.6) in(3.8) and thendividing theresulting equationby 3, wearriveat equation (1.1).
Conversely, supposef satisfies(1.1). Replacing (x, y) by (2x, x+ y) in(1.1), weget

fBXx+y)+ f(x—y) = 8f(X)+2f(x+Y) (3.9
forall x,ye X .Plugging (X, Yy) into (x, x+Y) in(1.1), onefindsthat
f@x+y)+ f(y) = 2f(X)+2f(x+Y) (3.10)
foral x,y e X . Summing the equation (3.9) withthe equation (3.10), we have
fBX+y)+ f@x+y)+ f(x—y) = 10f(X)— f(y)+4f(X+Y) (3.11)
forall x,ye X . Multiplying theequation (1.1) by 4, weobtain
4f(x+y) = 8f(x)+8f(y)—4f(x—y) (12)

fordl x,y e X.Udng(3.12) in(3.11), we ariveat (1.2), which completesthe proof.
4 .GENERALIZEDHYERS ULAM STABILITY OFEQUATION (1.2)

Throughout thissection, weassumethat X isalinear space, Y isaquasi-B-Banach spacewithnorm |||, . Let

K bethe modulusof concavity of |, . Wewill investigate thegeneralized Hyers-Ulam stahility of the functional

equation (1.2) in quas-B-normed spaces. For notationa convenience, givenafunction f : X — Y , wedefinethe
difference operator

D, f(xy) = f(Bx+y)+ f(2x+y)+5f(x—y)—18f(x)—7f(y), ¥x,y € X.
Lemmad4.l. (see[15]).Let j €{—1,1} befixed, s,ac N with g>2 and ¥ : X —[0,) beafunction

suchthat thereexistsan L < 1 with ‘P(an) <a®L¥(x) foradl xe X .Let f:X —Y beamapping satisfying
H f (ax)—asf(x)HY < Y(X) (4.1
fordl x e X, thenthere existsauniquely determined mapping F: X — Y suchthat F(ax) = a*F(x) and

1
709 —Foal, < ooy * ¢ (42)

foral xeX.
Theorem 4.2. Let j €{—1,1} befixed. Let ¢: X xX —[0,00) beafunction suchthat there exists an

L < 1with q>(21' X, 2] y) <4Pop(x,y) foral x,ye X .Let f:X — Y beamapping satisfying

[P, FOuy), < otxy) 4.3)
foral x,y e X . Thenthereexistsaunique quadratic mapping Q: X — Y suchthat

1 -
I£09—Qul, < wp—u*™ (44

B
o(x,—x) +K [g] (¢(0,0) +¢(0,x)) - (4.5)

K
forall xc X, where O(X) = g8
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Proof. Substituting x=y=0 in(4.3),weget

[fOl, < & = 0(0,0). (4.6)
Replacing (x,y) by (0,x) in(4.3), weobtain
I5f (x)—5f(=x) +18f (Q)], < ¢(0,%) 4.7

foral xc X .Usng(4.6)in(4.7), wehave

K
[f0—f(x, < Z7(@0.0)+¢(0.x) (4.8)
fordl xe X . Plugging x into —x in(4.3), weget

6F(2X)—24f () +7F(X)—7F (=), < @(x,—x) (4.9)
foral xc X .Using(8) and (9), weobtan

B
|6 (2x)—24f (x)], < K @(X,—X)+K[g] (¢(0,0)+ ¢(0,x))

for all xe X . Therefore, <p(X) forall xeX.ByLemma4.1, there exists a unique

f(x)—% f(X) )
mapping Q: X — Y suchthat Q(2x) = 4Q(x) and

I9-Ql, 5 g (4.10)

1
Al
foral x e X . Itremainsto show that Q isaquadratic map. By (4.3), wehave
|4 "Dg f (2% 2My)|, < 4 (27,27 y) < 4 (47 L) p(x, ¥) < L"g(x, )
foral x,ye X axdneN.So HDQ f(x, y)”Y =0 fordl x,y € X . Thusthemapping Q: X — Y isquadratic,
asdesired.

Corollary 4.3. Let X be aquasi-a.-normed space with quasi-o-norm |/, , and let Y be a(p, p)-Banach
2
spacewith (B, p)-norm |||, . Let 5, A bepositive numberswith A = ;B and f:X — Y beamapping satisfying

[Pt oy, < 81 + I
fordl x,ye X . Thenthereexissauniquequadratic mapping Q: X — Y suchthat

ol torn<®
o
[FG0-QM <7 g 2B
7 (27“* )" ” for A >?
K 7Y
foral xe X , where & = 24 +K[§]}

ok

7 in

Proof. The proof is obtained by considering ©(X, Y) = 8(||X||i +||Y||i) ,foral x,yeX and L =
Theorem4.2.
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Corollary 4.4. Let X be aquasi-o.-normed space with quasi-o-norm ||, , and let Y be a(p, p)-Banach

2
spacewith (B, p)-norm ||, . Let 3, r, s bepositive numberswith A =1 + s = EB and f:X — Y beamapping

satisfying
[Pt Oy, < 8| vl
forall x,y e X. Thenthereexistsaunique quadratic mapping Q: X — Y suchthat

o, o<
o
[f(0—-QM, =< 2“58 o8
4P (Zm )” ” f0r7\,>;
for al h L
oral xe X ,where Es = o

oh

Proof. By choosing o(x, y) = 8||x][, ||y, . for all x,yeX and L = 246
required results.

in Theorem 4.2, we obtain the

Corollary 4.5. Let X be aquasi-o.-normed space with quasi-o-norm |/{, , and let Y bea(p, p)-Banach

2
spacewith (B, p)-norm ||, . Let &,r, s bepositivenumberswith 4 =1 +s# 7'3 and f: X —Y beamapping

satisfying

Dt |, <8I, It + (1= vl )
foral x,ye X .Thmthereexistsauniquequadratlc mapping Q: X — Y suchthat
2
| | o, <
f(x)—Q(X)||, < ha
e _Z s ot forn > 2
45(2m ) a
K 7\
foral x e X , where €5 = ogF 3+K[5] .

ok

2
Proof. Bytaking o(x, y) =8 foral x,ye X and L = 7

wearrive at thedesred results.

in Theorem 4.2,

Iyl (1™ )

2
Thefollowing example showsthat the assumption A = ;B cannot be omitted in Corollary 4.3. Thisexample
isamodification of the example of Gajda[4] for theadditive functional inequality.
Example4.6. Let ¢: R — R bedefined by

x?,for| x| <1,
() = 1,for|x|>1. (4.11)

Congder that thefunction f : R — R isdefined by
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() = >27%(2'%) 412

fordl x e R . Thenf satisfesthefunctiona inequality

488

| f(3x+y)+ F(2x+y)+5F(x—y)—18f(x)—7f(y)| < %(lez +1yF) (4.13)

forall x,y e R but theredo not exist aquadratic mapping ¢: R — R andaconstant d> 0 such that
[F()-Q(X)| < d|xP, foralxeR.

4
Proof. Itisclear that f isbounded by — 3 MR- If [xP +|yP=0or|xF +|y|22§,then

2048 1024
Pyt eey) < === (IXF+1yF). (4.14)
Now, supposethat 0<|x[ +|y[< % . Thenthere existsanonnegativeinteger k such that
(4.15)

1 1
ooz < IxP+|yF< i
Hence 2 |X|2<%’ 2k|y|2<%’ and 2"(3x+y), 2"(2x+Y), 2'(x-y), 2"x, 2"ye(-11) for all

n=0,1,...,k-1.Hence for n=0,1,..., k-1,
(2 (3x+Y))+6(2"(2x+ y)) +56(2" (x— y))—186(2'x) - 7¢(2"y) = 0. (4.16)
Fromthedefinition of f and theinequality (4.15), we obtain that

D, f(x,y) = |222“¢(2“(3x+ y))+§;22"¢(2”(2x+ y))

+5§:2’2“¢(2”(x— y)) —18§jzzn¢(2“ x| —7222“4)(2“ y)l

n=0

32.221°K) 2048
(IXI +lyP). (417

< S23=
n=k

Therefore, f satisfies(4.13) for al x,y e R . Now, weclamthat thefunctional equation (1.2) isnot stable

for 4 =2 inCorollary 4.3 (« = g = p=1). Suppose on the contrary that there exist a quadratic mapping

Q:R — R andaconstant d > 0 suchthat | f (x)-Q(x) < d | x|’ foral x e R . Thenthereexistsaconstant

c e R suchthat Q(x) = cx? for all rational numbers x (see[8]). So weobtainthat
[ FCI1 < (d+]ehxF

foral xeQ.Let meN with m+1>d+|c|. If x isarationa numberin (0,4™™), then 4"x e (0,1) forall

(4.18)

n=0,1,...,m,andfor this x, we get

f(x) = i¢(4 x)zzm: e =(m+21)x* > (d+|c[)x?, (4.19)

which contradicts(4.18).
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