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Further Result On Skolem Mean Labeling

A.Manshath* V. Balgji** P. Sekar*** and M. Elakkiya****

Abstract : In this paper, we prove If a<b<c, thesix star K,,uK  uK UK, UK, UK,  isaskolem
mean graph if |b—c|<4+4a for a=2,3,4,.. b =234,..and 4a+b-3<c<4a+b+3.
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1. INTRODUCTION

In[3], we proved thefollowing theoremsto study the existence of skolem mean graphs. We proved the
threestar K, UK, /UK,  isaskolemmeangraphif |m—n|=4+Ifor1=1,2,3,...;m=1,2,3,...and
I <m<n.Thethreestar K, , UK, UK, isnotaskolemmeangraphif [mn|>4+1 forl=1,2,3,...; m
=123, ...and |I<m<n. The four star K,, WK, , UK, UK, isa skolem mean graph if
[men|=4+2lforl=2,3,4, ... ;m=2,3,4, ...and | <m<n. Thefour star K, VK, , UK, UK, is
not askolemmean graph if m—n|>4+ 2l for1 =2, 3,4, ...... 'm=2,3,4,...and | <m<n. Thefivesar
Ky WKy UK UK, UK, isaskolemmeangraphif Im—n|= 4+ 3l forl =2, 3,4, ...... :m=2, 3,4,
...andl<m<nandthefivestar K, , UK, UK, /UK, UK, isnotaskolemmeangraphif|m-n|>4
+3lfor1=2,3,4,...; m=23,4,...and|l <m<n. Further, weprovethefour sar K, , UK, ;UK UK,
, isaskolemmeangraphif [mn|=7form=1,23,...and1 <m<n; Thefour star K, ;UK , ;U K, _
U K, ,isnot askolemmeangraphif |m-n|>7form=1,2,3,...and1<m<n; Thefivestar K, ; UK, |
UK, ;U K, (UK, isaskolemmeangraphif [m-n|=8form=1,2,3,...and 1<m<nandthefivestar
Ky WK UK UK U Ky isnot askolem mean graph if Jm—n| >8form=1, 2,3, ... and
1<m<n.

2.[2] SKOLEM MEAN LABELING
Definition 2.1.
The six star is the digjoint union of Ki aKip, Koo KigKie and Ky ¢ It is denoted by

KoUK, pU K, UK, UK, UK, .
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Definition 2.2

Agraph G=(V, E) withp verticesand g edgesissaid to be askolem mean graphif there existsafunction
ffromthevertex set of Gto {1,2,3,..., p} suchthat theinduced map f* fromtheedgeset of Gto {2,3,4,..., p}

defined by

f'e=uw) =

f(u) +f(v)
2
f(u)+f(v)+1
2

the resulting edges get distinct labelsfromtheset {2,3,4,..., p}.

Note 2.3.

Inaskolemmeangraph, p > q + 1

Theorem 2.4

if f(u) +f(v)iseven

if f(u) +f(v) isodd, then

If a<b<c, thesixgar K, , UK, , UK, , UK, UK, UK, isaskolenmeangraphif |b—c|< 4 + 4a for
a=234,.. b=234,..and 4a + b-3 < c<4a+b+3.

Proof :

Case(a) Consider the graph G=K, UK, UK, UK UK UK, if a<b<c, where
c=4a+b+ 3 fora=234,..andb=2,34,...

Let ustakethecasethat|b—c|< 4+ 4a for a=2,3,4,...b=2,34,..and c = 4a + b + 3

We haveto provethat G isaskolemmean graph.
Thevertex and edge set of G isgiven asfollows
We haveto provethat G isaskolemmean graph.
Thevertex and edge set of G isgiven asfollows

VG = {ttu{t:i<i<au{upuU{u:1<j <aju{viu{vy:1<k<alu

(whu{w, :1<h<aju{xju{x:1<s<blu{yluly, :1<r <c}.
EG) ={tt:1<i<a}v{uy:1l<j<atu{w, 1< k<afu{ww :1< h<a}u

ThenGhas4a + b + ¢ + 6 verticesand 4a + b + ¢ edges.
Therequired vertexlabeling f : V(G)—{12,34,...4a + b + ¢ + 6} isdefined asfollow

1, f(u)=2; f(v)=3; f(w)=4; f(x)=5;

f(t)
f(y)
f(t)
f(u)
f(v)
f(W,)
(%)

4da+b+c+5;
2i+5
2a + 2] +5

d4a + 2k + 5
6a+2h +5

8a+ 2s+5

forl<i< a;
for 1< j<a;
for 1<k < a;
for 1<h< a;

for 1< s<b;

{xx;: 1< s<b} u{yy, 1< r<c}.
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f(y)=2r+4 forl<r<c-2;
f(yc_l) =4a+b+c+4and

f(y) =4a+b+c+6

The corresponding edgelabelsare asfollows:

Theedgelabel of tt; isi + 3forl <i <ajuyisa+j+4forl<j <a VV,is2a+k+ 4 for
1< k<a WW,_ is 3a+h+5 for 1<h< a; XX  is 4a+s+5 for 1<s<b; and yy, is
2r+da+b+c+9

2
da + b+ c + 6.

Hencetheinduced edge labels of G aredistinct.

Hencethegraph G isaskolem mean graph.

Case(b) Consider the graph G=K;, UK, UK, UK, UK UK, if a<b<c, where
c=4a+b+ 2fora=234,..and b=234,....

Let ustakethecasethat b—c| < 4 + 4a for a=2,3/4,...b=234,...axdc=4a+ b + 2

We haveto provethat G isaskolemmean graph.

Thevertex and edge set of G isgiven asfollows

V@) = {tJuftil<i<aju {upufu:l1<j<alu Vjufy: 1<k<au

for 1< r <c-2 Also, theedgelabel of yy., isd4a +b+ c+ 5 andyy,is

(whu{w, :1<h<a}l U{xju{x :1<s<blu {yluly, :1<r <c}.
EG) = {tt, :1<i<a} v{uu :1<i<a} u{w, :1< k<a} u{wwy, 1< h<a}
U{xx, 1 1< s<b} U{yy, 1< r<c}.
ThenGhas4a + b + ¢ + 6 verticesand 4a + b + ¢ edges.

Therequiredvertex labeling f : V(G) — {1, 2, 3, 4,...4a + b + ¢ + 6} isdefined asfollows:

f(t) = 1, f(u)=2; f(v)=3; f(w)=4; f(x)=6
f(y) = 4a+b+c+6;

f(t) = 2i+6 for1<i <a;
f(uj) = 2a+2]+6 for 1< j< a;
f(v,) = 4a+2k+6 for 1<k <a;
f(w,) = 6a+2h+6 for 1<h<a;
f(x) = 8a+2s+6 for 1<s<b;
f(y,) = 2r+3 for 1<r <c.

The corresponding edgelabelsare asfollows:

Theedgelabel of tt; isi + 4forl<i <ajuyisa+j+4forl<j <a VV,is2a+k+5 for
1< k<a WW, is 3a+h+5 for 1<h< a XX is 4a+s+6 for 1<s<b; and yy, is
2r+da+b+c+9

2
Hencetheinduced edge labels of G aredistinct.
Hencethegraph G isaskolem mean graph.

foril<r <c
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Case(c) Consider the graph G=K,, UK, UK, UK, UK UK, if a<b<c, where
c=4a+b+1fora=234,..and b=234,....
Let ustakethecasethat |b—c| < 4 + 4a for a=2,3,4,...and b =2,34,....andc =4a + b + 1.
We haveto provethat G isaskolemmean graph.
Thevertex and edge set of G isgiven asfollows
V@) = {tJuftil<i <aju {upufu:1<j<alu {Vjufy: 1<k<au

(whu{w, :1<h<a}l U{xju{x :1<s<blu {yluly, :1<r <c}.
EG) = {tt, :1<i<a} u{uu (1< j<a} u{w, :1< k<a} u{ww, :1< h<a}
U{xx, 1 1< s<b} U{yy, 1< r<c}.
ThenGhas4a + b + ¢ + 6 verticesand 4a + b + ¢ edges.

Therequiredvertex labeling f : V(G) — {1, 2, 3, 4,...4a + b + ¢ + 6} isdefinedasfollows:

f(t) = 1 f(u)=2; f(v)=3; f(w)=4; f(x)=5
f(y) = 4a+b+c+6;

f(t) = 2i+5 for1<i <a;
f(uj) = 2a+2j+5 for 1< j< a;
f(v) = 4a+2k+5 for 1<k <a;
f(w) = 6a+2h+5 for 1<h<a;
f(x) = 8a+2s+5 for 1<s<b;
f(y,) = 2r+4 for 1<r <c.

The corresponding edgelabelsare asfollows:

Theedgelabel of tt; isi + 3forl <i <ajuyisa+j+4forl<j <a VV,is2a+k+ 4 for
1< k<a WW, is 3a+h+5 for 1<h< a XX, is 4a+s+5 for 1<s<b; and yy, is
2r+da+b+c+10

2
Hencetheinduced edge labels of G aredistinct.
Hencethegraph G isaskolem mean graph.

Case(d) Consider the graph G:Kl,aUKl,aUKl,aUKLaUKl,bUKLC if a<b<c,where
c=4a+bfora=234,..and b=234,...

Let ustakethecasethat [o—c| < 4 + 4a for a=2,3/4,..and b =2,34,....andc = 4a + b.

We haveto provethat G isaskolemmean graph.

Thevertex and edge set of G isgiven asfollows

V@) = {tJuftil<i <aju {upufu:l<j<alu Vjufy: 1<k<au

foril<r <c

(whu{w, :1<h<a} U{xju{x :1<s<blu{yluly, :1<r <c}.
EG) = {tt, :1<i<a} u{uuj 1< j<a u{w, (1< k<ah u{ww, 11< h<a}
U{xx, 1 1< s<b} U{yy, 1< r<c}.
ThenGhas4a + b + ¢ + 6 verticesand 4a + b + ¢ edges.
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Therequiredvertex labeling f : V(G) — {1, 2, 3, 4,...4a + b + ¢ + 6} isdefined asfollows:

f(t) = 1 f(u)=2; f(v)=3; f(w)=4; f(x)=5
f(y) = 4a+b+c+6;

f(t) = 2i+4 for 1<i <a;
f(uj) = 2a+2j+4 for 1< j<a;
f(v,) = 4a+2k+4 for 1<k <a;
f(w,) = 6a+2h+4 for 1<h<a;
f(x) = 8a+2s+4 for 1<s<b;
f(y,) = 2r+5 for 1<r <c.

The corresponding edgelabelsare asfollows:

Theedgelabel of tt; isi + 3forl<i <ajuyisa+j+3forl<j <a VV,is2a+k+ 4 for
1< k<a WW, is 3a+h+4 for 1<h< a XX, is 4a+s+5 for 1<s<b; and yy, is
2r+da+b+c+11

2
Hencetheinduced edge labels of G aredistinct.
Hencethegraph G isaskolem mean graph.

Case(e) Consider the graph G=K1 UK UK UK UK UK, if a<b<c,where
c=4a+b-1fora=234,.axd b=234,...
Let ustakethecasethat b—c| < 4 + 4a for a=2,3,4,..and b=2,3/4,....andc = 4a + b-1.

We haveto provethat G isaskolemmean graph.
Thevertex and edge set of G isgiven asfollows

V@) = {tJuftil<i <aju {upufu:l<j<alu {Vjufy: 1<k<au

foril<r <c

(whu{w, :1<h<al U{Xju{x :1<s<blu {yluly, :1<r <c}.
EG) = {tt, :1<i<a} u{uuj 1< j<a u{w, (1< k<ah u{ww, 11< h<a}
U{xx, 1 1< s<b} U{yy, 1< r<c}.
ThenGhas4a + b + ¢ + 6 verticesand 4a + b + ¢ edges.

Therequiredvertex labeling f : V(G) — {1, 2, 3, 4,...4¢ + m + n + 6} isdefined asfollows:

f(t) = 1 f(u)=2; f(v)=4; f(w)=6; f(x)=8;
f(y) = 4a+b+c+5;

f(t) = 2i+1 for1<i <a;
f(uj):2a+2j+1 for 1< j<a;
f(v) = 4a+2k+1 for 1<k <a;
f(w,) = 6a+2h+2 for 1<h<a;
f(x) =8a+2s+1 for 1<s<b;
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f(y,) = 2r+8 for 1<r<c -2
f(y,) = 4a+b+c+4

f(y,) = 4a+b+c+6.
The corresponding edgelabelsare asfollows:
Theedgelabel of tt; isi + 1forl<i <ajuyisa+j+ 2forl<j <a VV,is2a+k+ 3 for
1< k<a WW, is 3a+h+4 for 1<h< a XX, is 4a+s+5 for 1<s<b; and yy, is
2r+d4a+b+c+13

2
yy.is4da+b+c+6

Hencetheinduced edge labels of G aredistinct.
Hencethegraph G isaskolem mean graph.

Case(f) Consider the graph G=K UK UK UK UK UK, if a<b<c,where
c=4a+b-2fora=234,.and b=234,...
Let ustakethecasethat |b—c| < 4 + 4a for a=2,3,4,..and b=2,3/4,....andc = 4a + b-2.

We haveto provethat G isaskolemmean graph.
Thevertex and edge set of G isgiven asfollows

forl1< r < c—2. Also,theedgelabe of yy_ , is4a+b+c+5andtheedgeleve of

VO = {tju{t:l<i<aju {utu{uy:l<j<alu (Vjuly:1<k<alu

(whu{w, :1<h<a} U{xju{x :1<s<blu {yluly, :1<r <c}.
EG) = {tt, :1<i<a} u{uuj 1< j<a u{w, (1< k<ah u{ww, 11< h<a}
U{xx, 1 1< s<b} U{yy, 1< r<c}.

ThenGhas4a + b + ¢ + 6 verticesand 4a + b + ¢ edges.
Therequiredvertex labeling f : V(G) — {1, 2, 3, 4,...4¢ + m + n + 6} isdefined asfollows:

f(t) = 1 f(u)=2; f(v)=4; f(w)=6; f(x)=8;
f(y) = 4a+b+c+6

f(t) = 2i+1 for1<i<a;
f(uj)=2a+2j+1 for 1< j< a;
f(v,) = 4a+2k+1 for 1<k <a;
f(w) = 6a+2h+1 for 1<h<a;
f(x) = 8a+2s+1 for 1< s<b;
f(y,) = 2r+8 for 1<r <c.

The corresponding edgelabelsare asfollows:

Theedgelabel of tt; isi + 1forl<i <ajuyisa+j+ 2forl<j <a VV,is2a+k+ 3 for
1< k<a WW, is 3a+h+4 for 1<h< a XX, is 4a+s+5 for 1<s<b; and yy, is
2r+da+b+c+14

2
Hencetheinduced edge labels of G aredistinct.

Hencethegraph G isaskolem mean graph.

forl < r < n.
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Case(g) Consider the graph G=K UK UK UK UK UK, if a<b<c,where
c=4a+b-3fora=234,.and b=234,...

Let ustakethecasethat |b—c| < 4 + 4a for a=2,3,4,..and b=2,3/4,....andc = 4a + b-3.
We haveto provethat G isaskolemmean graph.
Thevertex and edge set of G isgivenasfollows

V@) = {tJuftil<i <aju {upufu:l<j<alu yjufy: 1<k<au

(whu{w, :1<h<al U{Xju{x :1<s<blu {yluly, :1<r <c}.
EG) = {tt, :1<i<a} u{uuj 1< j<a u{w, (1< k<ah u{ww, 11< h<a}
U{xx, 1 1< s<b} U{yy, 1< r<c}.
ThenGhas4a + b + ¢ + 6 verticesand 4a + b + ¢ edges.

Therequiredvertexlabeling f : V(G) — {1, 2, 3, 4,...4a + b + ¢ + 6} isdefined asfollows:

f(t) = 1 f(u)=3; f(v)=5; f(w)=7; f(x)=9;

f(y) = 4a+b+c+6

f() =2 for1<i <a;
f(uj) = 2a+ 2] for 1< j<a;
f(v,) = 4a+ 2k for 1<k <a;
f(w,) = 6a+ 2h for 1<h<a;
f(x) = 8a+2s for 1< s<b;

f(y,) = 2r+9 for1<r<c-1and

f(y,) =4a+b+c+5

The corresponding edgelabelsare asfollows:

Theedgelabel of tt; isi + 1forl<i <ajuyisa+j+ 2forl<j <a VV,is2a+k+ 3 for
1< k<a WW, is 3a+h+4 for 1<h< a XX, is 4a+s+5 for 1<s<b; and yy, is
2r+d4a+b+c+15

2

Hencetheinduced edge labels of G aredistinct.

Hencethegraph G isaskolem mean graph.

3. APPLICATION OF GRAPH LABELINGIN COMMUNICATION NETWORKS

The Graph Theory playsavital rolein variousfields. One of theimportant areais Graph (Skolem mean)
Labeling, used in many applicationslike coding theory, X - ray crystallography, radar, astronomy, circuit design,
communication network addressing and data base management. Applications of labeling (Skolem Mean) of
graphs extendsto heterogeneousfields but herewe mainly focus onthecommunication networks. Communication
network is of two types‘Wired Communication’ and * Wireless Communication’. Day by day wireless networks
have been developed to ease communication between any two systems, results more efficient communication.
To exploretherole of labeling in expanding the utility of this channel assignment processin communication
networks. Also, graph labeling has been observed and identified its usage towards communication networks.
We addresshow the concept of graph labeling can be applied to network security, network addressing, channel
assgnment processand social networks.

for1< r <c-1. Alsotheedgelabel of yy is 4a+b+c+6.
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Network representations play animportant role in many domains of computer science, ranging from data
sructuresand graph agorithms, to parale and communication networks.

Geometricrepresentation of the grgph structureimposed on these datasets providesa powerful ad to visudizing
and understanding the data. The graph labeling isone of the most widely used labeling methods of graphs. Whilethe
labeling of graphs is perceived to be a primarily theoretical subject in thefield of graph theory and discrete
mathematics, it servesasmodelsin awiderange of applicationsaslisted below.

Thecoding theory.

Thex-ray crystallography.

Thecommunication networ k addressing.

Fast Communication in Sensor NetworksUsing Graph Labeling.
Automatic Channel Allocation for Small WirelessL ocal Area Network.
Graph Labelingin Communication Relevant toAdhoc Networks.
Effective Communication in Social Networksby Using Graphs.
SecureCommunicationin Graphs.

4. CONCLUSON

Researchers may get someinformation related to graph labeling and its gpplicationsin communicationfield
and work on someideasrelated to their field of research.

5. ACKNOWLEDGEMENT

One of theauthors (Dr. V. Balgji) acknowledges University Grants Commission, SERO and Hyderabad,
Indiafor financial assistance (No. FMRP 5766/ 15 (SERO / UGC)).

6. REFERENCES

1

J. C. Bermond, Graceful graphs, radioantennae and French windmills, Graph theory and Combinatorics, Pitman,
London, (1979), 13-37.

V. Balgi,D. S T. Ramesh and A. Subramanian, Skolem M ean L abeling, Bulletin of Pureand Applied Sciences, vol. 26E
No. 2,2007, 245—248.

V.Balgji, D. S. T. Ramesh and A. Subramanian,Some Results on Skolem M ean Graphs,Bulletin of Pureand Applied
Sciences, val. 27E No. 1, 2008, 67 —74.

V.Balgji, D.S.T. Ramesh and A.Subramanian, Some Results On Relaxed Skolem M ean Graphs, Bulletin of Kerala
MathematicsAssociation, Vol .5(2), December 2009, 33-44.

V. Balgji, D.S.T. Ramesh and A.Subramanian, Relaxed Skolem M ean L abeling, Advancesand Applicationsin Discrete
Mathematics, Vol .5 (1), January 2010, 11-22.

V. Balgji, Solution of a Conjecture on Skolem Mean Graph of stars K, , oK, oK, ' International Journal of
Mathematical Combinatorics, vol.4, 2011, 115-117.

V. Balgji, D. S. T. Ramesh and V. Maheswari, Solution of a Conjecture on Skolem Mean Graph of Sars
Ky, K, K, wK,, Internationa Journal of Scientific& Engineering Research, 3(11) 2012, 125 - 128.

V. Balgji, D. S. T. Ramesh and V. Maheswari, Solution of a Conjecture on Skolem Mean Graph of Sars
KiivK UK, UK, |, Sacred Heart Journal of Science & Humanities, Volume 3, July 2013.

V.Balgji, D.S.T. Ramesh and S. Sudhakar, Further resultson relaxed mean labeling,International Journal of Advances
in Applied Mathemati cs and Mechanics, Vol .3N0.3, 2016, 92-99.



Further Result On Skolem Mean Labeling 547

10.

14,

16.
17.

V.Balgji, D.S.T. Ramesh and S. Ramarao, Skolem M ean L abeling For Four Sar, International Research Journal of Pure
Algebra, Vol.6 No.1, Jan.—2016, 221-226.

V.Balgi, D.S.T. Ramesh and K. Valarmathy, On Relaxed Skolem M ean L abeling For Three Star, International Journal
of Mathematical Archive, Vol.7 No.2, Feb. — 2016, 1-7.

J A. Gallian, A dynamic survey of graph labeling, The Electronic Journal of Combinatorics, 6 (2010), # DS6.
F. Harary, Graph Theory, Addison —Wesl ey, Reading, 1969.

V. Maheswari, D. S. T. Ramesh and V. Balgji, On Skolem M eanL abeling, Bulletin of KeralaMathemati csAssociation,
Vol.10,No.1, 2013, 89-94.

A. Manshath, V. Balgji, P Sekar and M. Elakkiya, Further Result on Skolem Mean L abeling For Five Sar, Bulletin of
K eralaMathematics A ssociation (Communi cated).

S. Somasundaram and R. Ponraj, M ean labeling of gr aphs, National Academy Sciencel etters, 26(2003), 210-213.

S. Somasundaram and R. Ponraj, Non — Existence of mean labeling for awhedl, Bulletin of Pureand A pplied Sciences
(Section E: Mathematics & Statigtics), 22E (2003), 103—111.

S. Somasundaram and R. Ponraj, Somer esults on mean gr aphs, Pure & Applied Mathematika Sciences 58 (2003),
29-35.



