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Stability Result of Iterative
Procedure in Normed Space

B. Prasad* and Komal Goyal**

ABSTRACT

The intent of this paper isto study the stability of Jungck-Noor iteration schemes for maps satisfying a general
contractive condition in normed space. Our result contains some of the results of Berinde [2-3], [5], Bosede and
Rhoades [6], Bosede[7], Imoru and Olatinwo [12], Olatinwo et al. [18].
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1. INTRODUCTION AND PRILIMINIRIES

Let (X, d) beacompletemetricspaceand T:x — x . Let{x}" , = X bethesequence generated by iteration
procedure involving the operator T, if

X.,,=f(T,x)=Tx,n=0,1,.. (1.1)

then it is called Picard iteration process. The Picard iteration can be used to approximate the unique fixed
point for strict type contractive operator. There was a need of some other iterative procedures for dightly
weaker contractive conditions.

If for x, e X, the sequence {x }_, is defined by,
X,=0-a)X +aTx,n=0,1.. (1.2)
where {« }" <[0,1] iscaled Mann iteration process [16].
And

Xn+1 = (1_ an)xn + anTZh’

z =(1-8)x,+BTx,n=0,1.. (1.3
where {«,},_, and {3}, , aretherea sequencesin [0, 1], thenit is called I shikawa iteration process[13].
The sequence is defined by,
X = (= a))X +a,Ty,,
Yo =A=8)x,+ BTz,
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z =(1-y)x +r7,Tx,n=0,1,.. (1.4)

where {«,} .. {B.}m., and{y } -, aretherea sequencesin [0, 1], then it is called Jungck-Noor iterative
scheme.

On putting {«,} =1 in (1.2), it becomes Picard iterative process. Similarly, if g, =0 for each ‘n’ in
(1.3), then it reducesto (1.2). If we put y, =0 for each‘n’ in (1.4), then it becomes (1.3).

Definition 1.1[14]. Let Y bean arbitrary non empty set and (X, d) beametricspace. Let s, T:Y — X and
T(Y) < S(Y) for some x, €Y, consider

&, =Tx,n=0,1, 2. (15)

&, =0-a)X +aTx,n=01 2., (1.6)
where {«,}._, isasequencein [0, 1], then it is called Junck-Mann iteration process [36].
Olatinwo and Imoru [19] defined {Sx }- , as
X, =0-a)X +a,Tz,
S =(1-B)X +BTx,n=0, 1,.. (1.7)
where{«,},_, and{S },_, aretherea sequencesin [0, 1], this scheme is caled Jungck-Ishikawaiteration.
Further, Olatinwo [20] defined {Sx } , for three step iteration procedure as follows.
Definition 1.2[20]. Let s, T: T > X and T(X) c S(X) . Define
X, =0-a)X +a,Tz,

&, =01-8)X,+8,Tr,
S =1-y)X +7.TX, (1.8

where n=0, 1,... and {e } {4} and{y} satisfy
(i) o, =1
(i) 0<«,,B,7,<Ln>0
(iii) 2o =oo

(iv) 2 [[@-a +aa) converges

j=0  i=j+l
Thisis caled Jungck-Noor iteration scheme [20].

Thefirst result on the stability is due to Ostrowoski [22]. However Harder and Hick [10-11] defined T-
stability as follows:
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Definition 1.3[10-11]. Theiterative procedure x,, = f (T, X,) issaid to be T-stable with respect to T if
{x,} convergesto afixed point g of T and whenever {y,} isasequencein X with limd(y,.., f(T,y,)) =0,
we have limy, =q.

The (S T) stability mapping is defined by Singh et al. [36] in the following manner.

Definition 1.4 [36]. Let s, T7:Y > X, T(Y)c s(y) and “Z’ a coincidence point of T and S that is
S=Tz= p (say), for any X, €Y, let the sequence { Sx } , generated by iterative procedure (1.4) , converges
to‘p’. Let {Sy,} = X beanarbitrary sequence, andset &, =d(Sy,,, f (T, y.)), n=0, 1, 2... thentheiterative
procedure f(T,x,) will becaled (s, T) stableif and only if lime, =0=1imSy, = p.

n—>o

Harder and Hick [10-11] obtained stability results for Zamfirescu operator (Z-operator) for Picard and
Mann iterative procedures.

Suppose X is a Banach space and Y anonempty set suchthat T(Y) = S(Y). Then S, T:Y — X iscalled
Zamfirescu operator if for x,y eY and he(0, 1),

[ ST+ -y <=y + sy T,
2 2

Rhoades [ 34-35] obtained fixed point results for Mann and I shikawa iteration procedures in uniformly
Banach space. Berinde [4] used these iterative procedures for approximating the fixed point of Z-operator
in arbitrary Banach space. Several authors used Z-operator for different iterative procedures in the setting
of different spaces. Motivated by rich literature of Z-operator, Osilike [21] established stability results for
Picard, Mann and I shikawa iterative procedures for alarge class of mappings and introduced the following
contractive condition.

- Ty < hmax{| - S,

(19)

[Tx-Ty| < 6| - 9|+ L|x-Tx|, L>0, 0<s<1. (1.10)
It cn be seen that (1.9) = (1.10) . It can be understood it better by taking cases one by one.

Casel: Onputting s =h and L = 0 in (1.10), we get first part.

2h

h
cd=——and L=—— qj
Casell: > h an > h gives second part of (1.9).

[sc-Ty]+[lsy -7
2

Caselll: [Tx-Ty|<h <|lsy=Tx] < [}y - ]+ h| =T

Hence s = h and L = h completesthe proof.

Olantinwo [20] generalized the above contractive condition as follows.
[T -Ty| < 5| - ||+ w(|X-Tx|), 0< <1, (1.12)

where y: R — R_isamonotone decreasing sequence with (0) =0. If we take y(u) = Lu in (1.11), we

get (1.10) which shows (1.10) = (1.11) . We see (1.9) = (1.10) = (1.11) . Thus the theory of stahility of fixed

point iteration has been widely studied in the literature and interesting fixed point results are obtained by a
number of authorsin various settings, see for instance[1-6], [10-12], [18-32] and several reference thereof.
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The following lemma of Berinde [4] is required for the sequel.
Lemma 1.1 [4]. If S isarea number suchthat 0< s <land{¢},_, isasequence of positive number
such that lims, =0, then for any sequence of positive numbers {u}r, satisfying

U,, < U, +&,n=0, 1 2.., wehave limu, =0.

n+l —

2. MAIN RESULT

Theorem 2.1. Let (X,|{) beanormed spaceand s, T:Y — X be non-self maps on an arbitrary set Y such

that T(Y) < S(Y), where YY) isacomplete subspace of X and San injective operator. Let zbe acoincidence
point of Sand Ti.e; S2=Tz= p (say). Suppose Sand T satisfy,

[T =Tyl) < w(|S<-To) + 5d(S, Sy), & €[0,), w(0) =0 (2.2)

for x, eY. Let {S }._, beJungck-Noor iterative scheme (1.8) convergingto p, where {«,} {5} {y»,.} are

sequences of positive number in [0, 1] with {«,} satisfying 0< a < «,, Vn. Thenthe Jungck-Noor iterative
schemeis (S T) stable.

Proof. Supposethat {Sy}7, = X, ¢, =[S~ 1-a,)Y, - a,Ts,

,n=0,1 2 3.,
where

Ss, =(1-8)9y,+ 4,19,

&, = A-7,)S, + 7.1V,
and let limeg, = 0. Thenit follows from (1.8) and (2.1) that

n—o

IV, = Pl < |V, — Q- @)Y, — 2, Ts, || +]1- 2,9y, + &, Ts, -1-a +a,)p|
S, - o+ a,
S, - p|+ e, |Ts, -T2
S, - p|+ @[85Sz - Ss,
Sy, - p|+ e,
Y, - p|+ o2,
S, - p||+ 5a,

<g +(1-a,)

Ts, - p|

<g +(1-«,)

<g +(1-«,)

+y(|Sz-T2)]

<g +(1-«,)

p-Ss,|+a,w(0)
p-Ss[+e,.0

. (22)

<g +(1-«a,)

<g +(1l-«,)

p - $ﬂ
Now we have the following equation

|p-ss,

=|@-8,+8)p-@1-8)Y, - BT,
<@-8)|p-s,]+8|p-Ta,
<@-8)|p-S,/|+ B, |Tz-Tq,
<@-8)p- |+ B,z -sa,| + v(|s2-T2|)]
<@-8)|p-9,[+ 98, |s2- .|+ B,w(0)
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<@-8)lpP-9,
<@-8)lpP-9,

+0p,|S2— S,

p-<,

+4,.0
: (2.3)

+ 0B,

Also we have

=|a-7, +r)p-A-r)S, - 7Ty,
pP-9y, p-Ty,
P-9y, Tz-Ty,
+y.[0

[p-=a,
<@-7,)
<(@-7,)

<@-7)lP-9y,
<@-7)lp-9,
<@-7)lpP-9y,
<@-7)lpP-9y,
It follows from (2.2), (2.3) and (2.4) that

+7,
+ 7,
|52y, [+ v
-9, +7,w(0)
-9,
P-9,

|Sz-T2])]

+ 0y,

+ 0y, +7..0

_ (2.4

+ 0y,

ISV, - Pl < &, +11- @, + Sa {1~ B, + 8,1~y + 57 | p- . |- (2.5)
Using 0< ¢ < «, and 5 €[0, 1), we have
M-a,+0a{l-8,+8 Q-y, +or. )} <1l

Hence, using lemma (2.1), (2.5) yields limSy,., = p.

Conversely, let lIm$y,, = p. Then using contractive condition (2.1) and triangle inequality, we have

& =, - - 2,)9y, - 2,Ts,
<Yy = P+ @, + @) p- (1~ 2,)Sy, - 2,Ts,
Y,. - b|+A-a)|p-9,

<Yy = P+ A=) P-y,
<Y, = |+ Q=) |-, ||+ [0
Y,. - B+ @-a,)|p-9,
<Yy = P+ -2, P- S,
Y,. - b|+A-a,)|p-9,
Again using (2.3) and (2.4), it yields

<

+a,|p-Ts,

+a,|Tz-Ts,

|Sz-T2|)]

|- s,

+y(
S-S5, |+ a,v(0)
+a,.0

. (2.6)

<

+ oa,
+oa, ||SZ-Ss,

p-Ss,

<]

+ oa,

g, < ||Q/n+l - p” +[1-a,+6a {1-p +8,A-y, + 5}/n)}]||3/n - p” —0asn— oo,
Hence, the iterative procedure defined in (1.8) is stable with respect to pair (S T).

X X X
Example2.1. Let X =R . Define S T: X — X by S(ZE’TXZZ and y/(x) =3 Where y:R >R

with w(0)=0 and (X, d) hasthe usua metric. Then T satisfies contractive condition (2.1) and F(T) = 0. Also
Jungck-Noor iterative scheme (1.8) is stable.
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1
Proof: Now p =0 isthe coincidence point. Taking «, = 8, =7, = - foreachn>1.

Let _ 2
" 2+4n’
Then, LL”QVn - p=0
& = ”%/ml -(1- 0!”)%/” - OlnTSn ,n=0123.,
where
SSn = (1_ﬂn)$n +ﬂann1
Sqn=(1_7n)g/n+7n-ryn-
1y, 1 vy 3
:1———n+_><_n=_ ,
5 2)2 2 4 8y”
3 3
a, (sy”) na
1.y 1 1 3 11
S =1-0)+=x—x—Yy =—YVY,
h = 2)2 2 2 4 Ty
11 11
. (32yn) A
1.y 1 1 11 33
=1———n+—><—><— = — ,
a/ml ( 2) 2 2 4 16 yn 128 yn
33 33
: (128yn) o1
& = ||$n+l _(1_an)$n _(ZnTSn nN= 0,1,2,3
1 2 33 2
== (————) ——x s 0asn— o
2 2+(n+1)" 64 2+n
Hence,

lime, = 0.

n—w

Therefore, Jungck-Noor iteration is stable.

On putting v = x = e and s=id, the identity map on X, s=a and considering p, afixed point of T,
that is, p=Tx= x in Theorem 2.1, we get Theorem 3.1of Bosede [7].

Corollary 2.1 [7]. Let (E,||{) be aBanach space, T7:E - E be a selfmap of E with a fixed point p,
satisfying the contractive condition, |p-Ty| = a||p-y|| suchthat for each y eE and 0<a<1 wherepisa
fixed point. For x, E, let {x,} " be the Noor iterative process defined as,

Xn+l = (1_ an)xn + aann’
qn = (1_ﬂn)xn +ﬂnTrn’
r=0-y )X +7TX.
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convergingtop, (i.e; Tp= p), where {«,}” ,{B,} ", and {y,}"  aresequencesof real numbersin[0, 1]
suchthat O<a<e,, 0<p< B, and 0< y <y, foral n. Then, the Noor iteration process is T-stable.

In the same way, on putting v = x = E and S=id, theidentity map on X, y, =0,5=a and considering
p=Tx= x inTheorem 2.1, we get Theorem 3.2 of Bosede [7].

Onputting Y=X=E, S=id and y, =3, =0, §=a in Theorem 2.1, we get Theorem 2.2 of Bosede
and Rhoades [6].

Corollary 2.2 [6]. Let E be aBanach space, T a selfmap of E with afixed point p and satisfying
lp-Ty| < a||p-y| forsome0<a<landforeachy e X.

The Mann iteration with 0< a < «, for al n, is T-stable.

If we put o, =4 in Corollary 2.2, we get T-stability for Kransnoselskij iterative procedure where
O<A<l

And if we put «, =1 in Corollary 2.2, we get T-stability for Picard iterative procedure.

: 1 _
Onputting Y=X=E, S=id, 6=b, y, =4, =0and ¢, = we get Theorem 1 of Olatinwo et al. [18].

1
yn+1 __(yn +Tyn)

Corollary 2.3[18]. Let {y}’ cE and &, = >

. Let (E,||) be anormed linear space

and T:E - E asefmap of E satisfying
[Tx=Ty|| < w(|x-Tx) + b||x -y, 0< b<l.

Suppose T has afixed point p. For arbitrary x, € E, define sequence {x } , iteratively by,

X, =f(T,x) =%(xn +Tx ), n=0.
Let y:R — R bemonotonic increasing with y(0) = 0. Then, the Krasnolseskij process is T-stable.
Onputting Y =X =E, S=id, §=b, y, =, =0and «, = a, we get Theorem 2 of Olatinwo [18].
Onputting Y =X =E, S=id, s=b, y, =0, weget Theorem 3 of Olatinwo [18].
Onputting Y =X =E, S=id, §=b, y, =, =0, we get Theorem 3.2 of Imoru and Olatinwo [12].
Corollary 2.4 [12]. Let (E,|{) be anormed linear space and let 7: E — E be a selfmap of E satisfying

[Tx=Ty|| < w(|x-Tx]) + b||x -y, 0< b<l.

Suppose T has afixed point p'. Let x, eE and supposethat x , = f(T,x)=(1-«a, )X +a,Tx, n>0,
where {¢,}  isarea sequencein [0, 1] suchthat O<a<e«,, n=0, 1, 2,.. Supposeasothat y:R — R
be monotonic increasing with (0) = 0. Then, the Mann iteration is T-stable.
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We have already proved that (13) = (15) and on putting Y = X, S=id and y, = 8, =0, we get Theorem
3 of Berinde [2].
Corollary 2.5 [2]. Let (X,|{) be anormed linear space and T:x — x be a Zamfirescu contraction.

Suppose there exists p € F(T) such that the Mann iteration {x }. , with x, e X and {«,} , satisfying
Z a, =%, convergesto p. Then the Mann iteration procedure is T-stable.

Onputting Y = X =E, S=id, , =0and y(u) = L(u) whereu = d(x,Tx), we get Theorem 1 of Berinde
[5].

Corollary 2.6 [5]. Let E be anormed linear space, K a closed convex subset of E, and T: K - K an
operator with F(T) = ¢, satisfying (14). Let {x } , betheIshikawaiteration and x, K, arbitrary, where

{a }and {8} aresequencesin [0, 1] with {«,} satisfying Zan =%. Then {x } convergesstrongly to the
unigue fixed point of T.

We have already proved that (13) = (15) and on putting Y = X = E, S=id and », =0, we get Corollary 2
of Berinde [5].

Similarly using (13) = (15), Y =X =E, S=id and y, = 8, =0, we get Corollary 2 of Berinde [5].

On putting y=x and S=id, the identity map on X, ¢« =1 8 =y,=0 and

w(u) = L(u) whereu=d(x,Tx) in Theorem 2.1, we get that {x } is stable with respect to T. From remark
and example 1in[2], it is clear that any stable iteration procedure is also almost stable and it is obvious that

any almost stable iteration procedure is also summably almost stable, since D d(Y,, p) <o = limy, = p.

n=0

Hence, we get result Theorem 1 of Berinde [3].
Corollary 2.7[3]. Let (X, d) beametric spaceand T : x — x amapping satisfying contractive condition
d(Tx, Ty) <ad(x,y)+ Ld(x,Tx) fora €[0,1), L>0 VX, y e X.

Suppose T hasafixed point p. Let x, e X and x , =Tx , n>0, then{x } convergesstrongly toto pand
is summable almost stable with respect to T.

Similar to above reason, On putting y- x and S=id, the identity map on X, y, =0and
w(u) = L(u) whereu = d(x,Tx) in Theorem 2.1, we get Theorem 2 of Berinde [3].
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