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SOLUTIONS OF FAR-FIELD AMPLITUDE AND
SCATTERING CROSS SECTION FOR A RIGID
ELLIPSOID BY INTEGRAL EQUATION TECHNIQUES

Chaitanya Kumar

Abstract: 1 present here the solutions for the boundary value problems of scattering
of low-frequency sound waves by an arbitrary rigid ellipsoid by integral equation
techniques whose density and compressibility are different from those of the
surrounding infinite medium. The analysis is based on a computational scheme
in which we first convert the boundary value problems into integral equations.
Thereafter, I convert these integral equations to infinite set of algebraic equations.
A judicial truncation scheme then helps us in achieving our results. Interesting
feature of this computation technique is that the very first truncation of the algebraic
system yields the exact solutions for far field amplitude and scattering cross section
for a rigid ellipsoid.

1. MATHEMATICAL FORMULATION

I discuss the problem of the irradiation of an obstacle scatterer, occupying a finite
region R, by an acoustic wave. The boundary of the obstacle is denoted by S while
the region exterior is R . Let (x,,x,,x;) be a Cartesian coordinate system whose
origin O is at the centroid of the scatterer and let 7 denote the unit normal vector to
S pointing out of R, into the host medium. The incident plane wave propagating in
the direction of the unit vector 4 in the infinite host medium has the potential ¢ (I
suppress the time factor exp(—iwr) throughout this analysis) given as

0°(x) = explik- ), k—kb =", b=bj+bd,+bi 0

where x = (x,,x,,x,), i,,,,4, are unit vectors along x,,x,,x, axes respectively while
A is the wave length.
The governing differential equations are
2 2y 1+ 27
(V" +£k7)o" (x) =0, 'ZCERlak:T (2)
(V2 +1'k)o (x) =0,x €R,, 3)

where the quantity 7 is the relative index of refraction. If we write

O () =0"(x)+ " (x) 4)
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then ¢'(x) is the scattered field which satisfies the radiation condition at
infinity. The boundary conditions on S are

ol (x5) =9 (x5)

00" (55| _ 500 (xs)
on |+ on |’

where [ is a non-negative number which gives the ratio of outer to inner
compressibilities. The two parameters f and m effectively characterize the
composite media. When £ =1. n =1, the regions R, and R, are filled with the
same material so that both the potential field and their normal derivatives are
continuous across S and, accordingly no scattering occurs. When 7 — 0, I have
the scattering problem for a rigid obstacle. However, it is not possible to get the
soft body limit from this analysis.

To derive the integral equation I use the equation

(V' +E)G(x, A)=—-bdx—x)., %Y ER=RUSUR, (s

where x and )~c/ are, respectively, the field and source points.

is Green's function when the whole region R is occupied by the host medium and
8(x—x") is the Dirac delta function. When we multiply eqn. (2) by G(x, x")

and (5) by ¢ (x) subtract and integrate over the region R;, and let S.. denote the
infinite sphere with center at the origin O, we get x € R, or x € R,

o ()X ER | f
0, x'€R, s

+fs%

—¢+(zcs)l+g (3:2)+ Gl ¥) %% )]

G(acs,%/)a;; () —b* (xs) ” (35,0

09 dS+<I>°(x)

o (x ~S)|, (xs,x> BG(xs.1") _(xs)

=,

=" (x)+ J; {dild (0VG(x, ) —BG(x, X)VO (0)]}dR,
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=6’ + [ [0 VG, x) - BG(x. XV ()

+H1-BVé (x)-VG(x, X)ldR,, ¥ €R, or R, ©6)

Now we use eqn. (5) and set B=3—1 and C=(3n>—1) so that eqn. (6)
becomes

O (x)=d"(x)— f [BV'd (x) V'G(x, x') - CK’G(x, x")d (x)dR), x €R o

This formula is valid everywhere and constitutes the governing integral equation
to determine ¢ (x) in Ry. After ¢ (x) has been thus determined, I substitute it

in this very equation and find ¢ (x).
To solve the integral equation (7) I use the expansions

8 (x) = exp(ik. x) = (’k) B Goxy =y (’k) Lol ()

n=0 n=0

where

o (x)=(b-x)".
e I ik KR
47r|)~c—)~c/| ATR  4m 8

=3 ("’;—,)"wac),

G(x, x') =

where the functions ¢ (x) are independent of the parameter k. Substituting
these expansions in integral equation (7) I get the following integral equations for
the function d)f (x), n=0,1,2,....,

b (=63 —B [ Vo, (x) V’[ y R]de ©)

]dRz’ (10)

[L]cto (x)}dR’ (1D

orw=diw-8[ Vo v

R

HORTHORY [ [wo(w +V/05 (x )V'[ ]

and so on and where x € R. Also

W) =1 ¢"@=bx, =0 x)’
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are the terms in the series (8a).

Equations (9)-(11) are the integral equations of the potential theory and can
be processed by the truncation scheme as explained in references [12-15]. As
mentioned before, I first derive the solutions in the interior region and then use
them to obtain the exterior soutions. I illustrate the method for a triaxial ellipsoid.

INTERIOR SOLUTION

For a triaxial ellipsoid whose semiaxes have the lengths «,,a, and a;, the
interior region R» is

XXX

R,: S+=+=<1, ¢y>a,>a,>0.

a a4, 4
Since, in the integral eqns. (9)-(11), the terms ¢ = (15)5)" are the known n®
degree homogeneous functions in x,,x, and x;, it follows from the analysis in
[12-15] that the

(i) zeroth order approximation of the integral eqns. (9) yields the exact
interior solution ¢, (x).

(if) first order approximation of eqn. (10) yields the exact solution for ¢, (x)

(iii) second order approximation of eqn. (11) yields the exact solution for
®, (x), and so on.

To find the exact solution of equation (9) we write it as
_ B 1 _
¢y (0 =)~ I [m] oy (x)dR;,  xER,  (12)

When we differentiate both sides m times with respect to x, we have

— 0 B 1
(bO,Pl ey (‘E) - (I)O,pl,pz yeeeos Do (‘E) - 4_7( j;z

|x—x'|
where p's have the values 1, 2, 3, . Next, [ use Taylor's expansion
_ -~ 1  _
(bOJ ()f) = Z ;¢0,qlqz--4q.v (Q)qu Xgy+Xq,
5s=0 .
where q's have the values 1, 2, 3, in (13) and get

B o (_ 1)m+] X 1 B
d)O,plpz.upm (Q) - ’L|)0,p1p2,.4.,pm (Q) + 47( BZO ;Tt"plpz4..4pm,q]qz4.,4qj X (I)O,iq]qz 7 (Q) (14)

] b0, (x)dRL, (13)
iI'PIDy P

while the quantities 7;, , = are the shape factors defined as
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1

7:'1711’2:-"17”1 192 5+ - R [l X |] qu x‘]z '"xqg dR2 (15)
~ VIp1s Py e P

Since dg(x) =1, only the term &, (0) is nonzero while Py pp,..p, (0)=0, and

I find from (14) that ¢, (0) = &y (0) =1, so that

by () =1, xER, (16)

Processing integral eqn. (10) in the same fashion, I have

B O R 0 ( 1)m+1 0 1 0 (17)
d)lvl’ll’zn---l’m (~) - d)l,Ple ( )+ z _' LD s P 1 592 -G d)lai%%,---% (~)

=0
Now &y (x) = (é x)=bx, +b2x2 +b;x;, 1 find that q)?,plpz,...pm 0)=0,m=>2
and consequently
d);plpz,mpm (Q) = 0’ m Z 2
and the only non-zero coefficients in Taylor's expansion of ¢, (x) are
¢,,(0), p=12,3 Indeed for m =0, ¢, (0) =d;(0)=0 and form=1,5=0,
relation (17) yields
~ 0 B _ B ,
01,0 =0, Q)+ =T, 6, () =b, +-T,,,,(0). pnot summed.
where | have used the fact that 7;, =0, i = p in view of the symmetry of the
ellipsoid. Thus, the foregoing relation yields
b
¢, ,(0)= Tp, p not summed. (18)
l—-——T

4 7

To find the factors 7, explicitly, I appeal to relation (15) and set | x| =7, so
that

0’ [ ] a,a 0? 1
I, = dR, === dx,dx,dx
1 4./;?2 8x12 r fo <1 3x1 (allez—i—azzx;—i—a;x;)”z 1404

:—ala2a3fs 1 dS n= \/(01 X4 arx; +aixl),

3
where S': Z x7 =1, is the sphere of unit radius. Thus

i=1
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T,,=—2nVI(a,), pnotsummed

V =aa,a
where 17273 and

> d 2 2 2
I(a)= . m,&:ﬂwal)(uw»wwg)

Substituting the value (19) in (18) we have

o, (0)= =1,2,3 (21)

)4
—,p
1+BVI(a)

Accordingly, the exact solution of the integral equation (10) is

O (x)= 61, (0%, = > ——I— xER,

=l 14+—1 (a
2 1(a,)

(19)

(20)

(22)

FAR-FIELD AMPLITUDE AND SCATTERING CROSS SECTION
In relation (4) I have defined the scattered field ¢’ (x) in the region R;. With the

information gathered in the previous sections I can evaluate the field ¢°(x).

Indeed, from relations (4) and (7) I have

ikr

¢ @==[ BV (&) V'Glx )~ CKGlx )6 MR = g(3. )

as r=|x| —oo
where
oA ik? A Ny — an D!
s@ B="— [ 1BV () +Ch ()exp(—iki-x')dR]
{1 2

is the far-field amplitude and x and l~€ are unit vectors.

Next, I substitute the expansions

& (x) = by (x) + ko (x) + (”‘) S o)+
and
exp(ik (G ) =3 T 5.0,

n=0 n '

in (24) and obtain the first approximation,

(23)

24)
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ik®
4

4rVC
3

This is the approximation first given by Rayleigh [18]. Now, from relation (22) I
find that

g khy=— — B f Vd>;(ac’)dRz’}+0(k“). (25)

~

Vo, (9=
1+BV1( )

is a constant vector, so that (25) yields

3 3 b >
By gt
3 o BV

1+ 1( )

g(& k)= +0(k*). (26)

By letting B — —1 and C — —1 in equation (26), I get the formula of Far-Field
amplitude for a rigid ellipsoid

A~

b -
3 —1+Z }ﬁ—)fp +O(k*) (27)
P 1—511(61,,)

where the integral /,(a,) is defined by relation (20).

At this stage [ make a few observations about the scattering amplitude g: (i)
it satisfies the reciprocity relation; (ii) it satisfies the scattering theorem; (iii) if
the scatterer has inversion symmetry (i.e.x €S implies —x €S), then I can
assume that

&) =i AR, k) + K AR, ©) +ik® A%, )+ K AR, k) +.. (28)

Where A, (X,k) are real functions and in view of the above mentioned

observations

A,(z.k) =0 (29)

Ag(x,

l}o

~ 1 A o .
By=—— [ 4 DA HANA) (30)

and so on. Accordingly, the first approximation to Reg (X, /g) is of order k°.
By comparing relations (26) and (28) it follows that
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3 b -
A=KC—BZ _ %% | 31)
3 BV
P=1 ll —1(a,)

Then from (29) I find that

Ak === [ (45 dp)

. 1 1 ’
_ 27w ‘C_B bl SIHQCOS¢+bzsln951n@+b3 COSG} Slnededd)
36mJo Jo 4 4 4
v | . BB b B
=——iC+—|—5+3+= 32
9 { 3 [AZ 44 >

where
BV
A, =1+—" ](a) p=12,3.
The scattering cross section o is given by the formula

. 1 AN 2 AN 47‘( ~on
) 18 BF dp) =~ Reg (k. )
Substituting in it the value of g(p, x) from (28) to (32) we have

- 4y B~ b,
05 = —4mk* 4y (k, WHO(") = —— k“{Cz 2 A—’;}w(ké). (33)
p=1 14

By letting B — —1 and C — — 1 in equation (33) I obtain the corresponding
formula of scattering cross section o for a rigid ellipsoid

4y’ 1 b,
o5 = KA1+ L+ 0k°). (34)
9 354 A
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