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NORMALLY ORDERED DISENTANGLEMENT OF
MULTI-DIMENSIONAL SCHRODINGER ALGEBRA
EXPONENTIALS

LUIGI ACCARDI AND ANDREAS BOUKAS

ABSTRACT. We derive a normally ordered disentanglement or splitting for-
mula for exponentials of the infinite-dimensional Schrédinger Lie algebra gen-
erators. As an application we compute the vacuum characteristic function of
a quantum random variable defined as a self-adjoint finite sum of Fock space
operators, satisfying the multi-dimensional Schrodinger Lie algebra commu-
tation relations.

1. Introduction

The x—Lie algebra sl(2,C) is a building block of the Virasoro algebra, which is
generated by a countable set of copies of s[(2,C) with non—trivial commutation
relations among them (see [3]). At the moment a family of Fock type unitary
representations of the Virasoro algebra is known. They are built on a countable
tensor product of copies of the usual 1-mode Boson Fock space where the elements
of the Virasoro algebra are represented as infinite quadratic expressions of usual
Boson creation and annihilation operators. Approximating these infinite quadratic
expressions by finite sums naturally leads to the study of quadratic expressions in
the (first order) Boson creation and annihilation operators. It is known that these
quadratic expressions are a *—Lie algebra, in fact this is the algebra of derivations
on the Heisenberg *—Lie algebra described in section 2 below. The structure of
this algebra, that in the physics literature is known under the name of multi—
dimensional Schrodinger algebra, will be briefly recalled in section 2 below. Thus
the Virasoro algebra can be realized as a *—Lie sub—algebra of an co—dimensional
version of the Schrodinger algebra.

In a series of papers [2], [3], we have studied the problem of determining the
vacuum distributions of the Virasoro algebra and, using a finite dimensional trun-
cated version of the boson representation of this algebra, we have computed the
vacuum characteristic functions of the Virasoro fields in some very special cases
[3]. In these cases we find a product of Gamma functions, but the product is non-
homogenous. Moreover, even for these simple fields, the limit as N — +oo of these
characteristic functions does not exist. From the above discussion it follows that

Received 2018-11-10; Communicated by the editors.

2010 Mathematics Subject Classification. Primary 22E30, 47C05, 81R10, Secondary 46L60,
60B15.

Key words and phrases. Schrédinger algebra, Boson quadratic forms, disentanglement, split-
ting lemma, Fock space, quantum random variable, vacuum characteristic function.

283



284 LUIGI ACCARDI AND ANDREAS BOUKAS

to realize the program of determining the vacuum distributions of the Virasoro
fields, one has to study exponentials of the skew—adjoint elements of Schrod(d),
which can be interpreted as exponentials of quadratic forms in the first order Boson
creators and annihilators.

The study of vacuum expectations of exponentials of quadratic expressions in
the boson Fock operators

<ei~Quadratic form of (af aj) > (1 ) 1)

has a long history starting from Friedrichs [9] (see also [5]), who first found a
disentanglement formula that allows to deduce an explicit form for them. The
operators in the exponent of the left hand side of (1.1) are skew—Hermitian el-
ements of the homogeneous Schrodinger algebra Schrod(d) discussed in section
2 below and the expectations in (1.1) are the Fourier transforms of the vacuum
spectral measures of these operators. The above mentioned papers derive some
expressions for these vacuum expectations, however the existing formulas are not
explicit and using them it is practically impossible to find the explicit form of
these characteristic functions with the exception of a few very special cases. For
this reason, since Friedrichs’s paper and book [9] several publications have been
devoted to this problem, for example [7]. We mention in particular the paper
[6] which is an important step towards the problem of determining the canonical
forms of quadratic Boson expressions and contains a detailed bibliography on the
physics literature on this issue.

In the present paper we develop a brute force attack to the problem in which,
rather than to look for explicit formulas which involve implicit quantities we look
for explicit equations on explicit quantities, thus reducing the problem to finding
explicit solutions of a system of Riccati type equations. We know from the previ-
ously mentioned results that a solution of this system always exists and the results
of [6] may be interpreted in the sense that sometimes uniqueness may fail. We
are convinced that any attempt to find really explicit forms for the characteristic
functions (1.1) will end up facing the problem of solving a system of Riccati-type
equations. As shown in the following text, the deduction of these equations is not
an easy task. The problem of canonical forms now arises also for these equations
as a preliminary step towards their solutions and will be considered in a future
paper.

2. Definitions and Notation

In this paper all x—algebras and x—Lie algebras will be on the complex numbers
unless stated otherwise. By a set of generators of a Lie algebra we mean a linear
basis of it. Throughout this paper we use the notation

[x,y] == xy — yx

for the commutator of x and y.

2.1. The 1-mode Heisenberg algebra. The 1-mode Heisenberg algebra, or
$Heis(1), is the 3-dimensional #-Lie algebra with generators {a,a’, 1}, 1 is a central
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element, satisfying the commutation and duality relations
[a,a]:=1; (") =a, 1" =1,

with all other commutators vanishing. Such a pair of generators, like a an af, will
also be called a Boson pair. The universal enveloping algebra of $eis(1) is called
the 1-mode Full Oscillator Algebra and denoted P(af,a). It can be identified with
the polynomial algebra in a',a and has a natural structure of *-Lie algebra with
generators

By = aT"a’w&nk,l%;n,k,N,K eN, (2.1)
involution given by
(BR)" =By,
and commutation relations (see [1])
By, BY] = (kN — kN) Bith-1 (2:2)

In these notations we have
1
Bé:aT;B(l):a;Bg:afz;Bgza2;B%:aTa+§;Bgzl.
The 1-mode oscillator algebra, or Dsc(1), is the *—Lie algebra generated by
1
{a,a’,ata + 3 1}
and its commutation relations are:
[BY, By] =1; [BY, Bi] = BY; [Bi, By] = B; -
2.2. The d—mode Heisenberg algebra. With each i € N\ {0} := N* we asso-
ciate a copy of the 1-mode Heisenberg algebra, denoted $eis(1); with generators
{a;r, a;} and with common central element 1. The corresponding Full Oscillator Al-
gebra is denoted P(al, a);. For d € N*U{+0o0}, the d—dimensional Heisenberg alge-
bra denoted $eis(d) is the - Lie algebra with generators {a!, a;,1 : i € N* i < d}
and additional relations induced by
lai, al] = 6; 5 =0 - 15 [ai,a5) = [al,al] = 034, eN* i, j < d.
The corresponding polynomial algebra is denoted
Pd(a;r,aj) := {polynomials in az,aj , 4, €N i, <d}
and its generators
By ()Bl(j) = ol s BY(i) = BY(j) =1:4,j €N
satisfy the commutation relations
[BG (1) BR(5), By (I) By (J)] =6, ;kN By () By~ (1) Bi_, (7) Bi ()
— 81K By~ () By (1) BR(j) B -1 (J) -
In particular

[BG (1) BR(), By (1) Bi (7)) = 65,5 (k N — k N) BV~ (0) By, c1(7)
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and the commutation relations of the

n 1 1
B (i) :=al a* + Onk,15y = B (i)BY(i) + dukigy ok, N, K €N
are
[By(i), BR(§)] = 6;; (kN — kN) B RZ1 (i) .

2.3. The 1-mode Schrédinger algebra. The 1-mode Schridinger algebra, or
Schrod(1), is the - Lie sub-algebra of P(af,a) generated by

1
2 f -1
,a' a + 2a } )
where n, k, N, K € {0,1,2} with n + k <2 and N + K < 2. In the notation (2.1)
the generators of Schrod(1) take the form

{a, aT,aTQ, a

(B : n,k,N,K€{0,1,2}, n+k<2 N+K<2}. (2.3)

The commutation relations among the generators of Gchrod(1) have the general
form (2.2) with n, k, N, K satisfying the constraints in (2.3). The concise formula
(2.2) for the commutation relations among the generators of Gehrod(1), in partic-
ular the inclusion of [BY, B§] = 4 B}, was the reason behind the introduction of

the additive § term in the definition of the generators (2.1).

2.4. The d—mode Schrodinger algebra. The d-mode Schrodinger algebra, or
Schrod(d), is the - Lie sub-algebra of Py(a/, a;) generated by

1
aiaj,aThakJri,l Chkyijed{l,....d}, i<j}

={B{(h), By(k), By (i) By (4), BY (i) BY (4), By (h) B (k) + % 1
S hokyije{l,...,d}, i <j}.

{aha a117aza;7

The elements of Gchrod(d) consist of all quadratic expressions in the generators
az,aj of the Heisenberg algebra fieis(d). Two x—Lie sub—algebras of Gchrod(d)
will be important:

The diagonal sub—algebra Schrod(d)qyiqy generated by

1
{amal,azaz,aiai,ailah + 5,1 : hokyi,jed{l,...,d}, i <j}

= {BY(i), BA(i), B2(i), B2(i), B (h),1 : i€ {l,...,d}, i <j}

and the canonical sub—algebra, or Schrod(d)cqn, generated by

1 .. .
{ah,al,aja},aiaj,azah + 5,1 s hokyi,je{l,...,d}, i <j}

= {BY(h), By (k), By (4) By (5), B (1) BY (7), By (h) BY (k) + 701
Chokyije{l,....dy, i <j}.

—_
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2.5. The Disentanglement problem. In Schrod(d) we consider a finite sum
of the form, where summation from 1 to d is understood on repeated indices:

BEHBOBI) + 0.0 BOBG) + cl(6.9) (BE B + 5
+eg (i, ) By (i) + 1 (i, ) BY (i)
where ¢} (4, j) € C and we wish to split the corresponding group element
€0 (6:0) Bg (1) Bg (4)+¢5 (6,4) BY (1) BY ()i (6,4) (Bg (h) BY (k) +5 ) +¢5.(i,) By ()+¢1 (6,5) BY (i)
as a product of normally ordered exponentials, i.e. of the form
€0 (DB (6)+¢5 (1.5 Bg (1) By (4) i (1:3) (Bo (B) BY (k) + 5 ) o8 (4) BY (1) +¢5 (6,4) BY () BY ()

In the diagonal sub-algebra Gchrod(d)giag We consider a finite sum of the form

N
D (0 B3 (@) + () B3(6) + ey (i) By (i) + 4 (i) BY (i) + €1 () BL (i)

i=1
where ¢}}(i) € C and we wish to split the corresponding group element

e2oin1 (€8 (1) B (i) +e5(1) By (i) +c5() By (1) +¢4 (1) BY (i) +¢1 (i) By (1))
as a product of normally ordered exponentials, meaning that exponentials contain-
ing creators a;-f are listed on the left and exponentials containing annihilators a;
are listed on the right. That would be a normally ordered version of the splitting
formula for the multi-dimensional Heisenberg algebra given in [7].

3. The Case of Gchrod(d)giag

Lemma 3.1. Let a and a' be a Boson pair and let f be an analytic function.
Then

af(a’a) =f(ata +1)a (3.1)
f(a'a)a® =a' f(ata +1) (3.2)
la, f(a")] =f'(a”) . (3:3)

Proof. The proof is obtained from standard Heisenberg algebra commutation for-
mulas (see [8], Propositions 2.4.2 and 2.1.1) for D = a, x = af and h = 1. O
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Lemma 3.2. For all A € C:

1
6)\ Bl B? :efAB?e)\ By

[BY,e* B3] =4 A2 B2 e} BS + 4\ e Bo B | 3.4
[BY ABo] =2\Ble* B | 3.5
(B, e*Bo] =ABLe*Bo | 3.6
[Bl,e* B3] =2AB2 M55 3.7
3.8
3.9

1 1
(B0, ¢ P =2 B
1 1
A B B2 —e?AB2A B |

1 1
Bge)\Bl 262)\6)\31Bg ,
2 2 2
[e*Po, BY] =4X?Bje* Po — 4ABjet o

(
(
[e* B0, BY] =A%erBo — 2ABYeN B | (
(
[e’\B?,Bé] =Xe* B (

Proof. The proof of (3.4)-(3.7) can be found in [1]. The proof of (3.8) is obtained
from (3.1) and of (3.9) from (3.3). The proof of (3.10) is obtained from (3.2) and
of (3.11) from (3.10) by taking adjoints and then replacing A by A throughout
what you find. To prove (3.12) we have

1 t t t t t
e a? = qa = <[e)‘“ ,a] + ae*® ) a= (—)\e)‘a + aer® ) a
1 t 1 t 1 1
=— XM a+ae’a=—-\ (—)\eM + aet ) +a (—/\e’\“ + aer® )

t t t
=22er " — 2 aer ' + a2t .

Equation (3.13) is obtained by computing e Bg BY with the use of (3.4) and then
computing e 55 B! with the use of (3.7). Finally, (3.14) is the dual of (3.9). O

Lemma 3.3. Forn,k,N,K € {0,1,2} withn+k <2 and N+ K <2 let

N
) i= [ ek B0
j=1



DISENTANGLEMENT OF SCHRODINGER ALGEBRA EXPONENTIALS

where wy(j; s) € R. Then, for each i € {1,2,...,N},
[B1(i), Eg(5)] = wg(i; ) By (1) Eg (s)
[Bi (i), Eg (5)] = 2w (i; ) By () Eg (s)

) = e i) B E
= wi(i;s)E(s)
= 2w (i; s) B (i) E3(s) ,
— e 2 BYG) Bl (s)
(w (i59)) B (s) — 2w} (i ) BY () EY (s)

1(s)

[Ea(s), B(i)] =
[E2(s), BY(§)] = 4 (wd(i; )" B2(6)E3(s) — 4wd(is s) Bl (i) E3(s) ,
[B2(s), B (i)] = w?@ s>E1<s> ,

Proof. To prove (3.15) we notice that

Eq(s)By (i) =e
oo (1) By (i+1)

wg(1;8)Bg(1) | .. ewé(ifl;s)Bé(ifl)ewé(i;s)Bé(i)B% (Z)
S (Vi) BE(N)

By Lemma 3.2

Bl (i) w059 Bs () — 1 (4 §) BY (i) €0 (59)Bo (1) 1 gwo(iss) Bo(i) pl(4)

SO

wg(138)By(1) |

E}(s)Bi(i) = owo(i=155) By (i-1) (311 (i) b (3) B (0)

—w}(i; ) B (3) ewé(i;swé(i)) cwo (i+159) By (i+1) |

=B (i) By (s) — wy (i 8) By (1) By (5)
from which (3.15) follows immediately. Similarly,
B (s)B1 (i)

— WS (LB3) L (- Li9) B (i-1) ud 659 B3 ) g1 ()

. eWo (i+158) By (i41) | pwi (N3s)BF(N)

from which (3.16) follows with the use of (3.7) since

s (9B () Bl ;)
The proof of (3.17) follows from
wi(Ls)Bi (1), gw

Ell(s)B(f(z) —e }(z‘—1;s)B}(i—1)ew}(i;s)B}(i)B?(i)

Wi (L) BL+1) | wl (N3s)BL(N)

and the fact that, by (3.8),
i) Bi(0) BO(;) = g=wi(iss) BO(;)ewi(1:9)Bi (i)

= B} (i)e"0 B0 2wl (i 5) B3 (i) 9B

289

o (N:s) B3 (N)
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Similarly, (3.18) follows from
Eo( )BO( ) = wo(l s)By(1) | .. 6w5(i—1;s)Bé(i—l)ewé(i;s)Bé(i)B?(i)

- ewo (i+158) By (i41) | pwp(N3s)Bg(N) 7

and the fact that, by (3.9),
o (19)B5 () BO(7) = BI(3)e®o(59)Bo (D) _ gl (j; g)ewo () Bo (D)
The proofs of (3.19)-(3.24) are along the same lines.

Theorem 3.4. Fors € R and N =1,2,... let

N
Fy =) (c4()B5(i) + (0B (i) + ¢(8) By (i) + (i) BY (0) + e1 (1) B

i=1
Then
N

N
e P —uB(s) T ewd B30 TT ewbie) B30
=1 1=

N N N
J[ et EBO T et @B T ensan B0
=1 =1 =1

where, for each i € {1,2,...}, w(i;s) is the solution of the Riccati initial value

problem
dw3 (i; s)
ds

and
wi (i58) =4c5 (1) /OS w3 (i;t) dt + cl(i) s
wI(i5 ) =c3(i) /S e2wi (it gy
wl (is s) =elt (4c80(z'>w§<i;t)+c}(i)) dt

[ e GO (¢ 2w i) e
0

wy (i3 5) :/Os( O(i) + 263 (i) wd (i; 1)) €10 dt

N
:ch(i)/ (wg (1)) dt+ch /wozt)dt
i=1 0

Proof. Let

B(s) = ¢* Da(@0OBI+E0 B0+ ()BS G+ () B () +el () B ()

— 2¢} (i)wd(i; s) — 4e3(i) (wd(i; ) = (i) , wd(i;0) =0,

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Differentiating with respect to s we find

dE(s)
ds

N
Z (€d(D) B (i) + ¢5(1) B3 (d) + e (i) By (i) + 1 (1) BY (i) (3.30)

i=1

+ei () By (1)) E(s) -

Let
N
Ep(s) o= [[ "R GBE@)
i=1

Then,

(s al wy (25 s
) (Z d’;i”BM) By (s) (3.31)

i=1

and by the right-hand side of the formula postulated in the statement of this
theorem we have

E(s) = ") B2 (s) g () B (s) B (s) ES (s) - (3.32)
Applying the differentiation rule

(fifo--fo) = fifo-- fut fifo- fut ot fif2- [y
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to (3.32) and using (3.31) and Lemma 3.3 we obtain

N .
dE(s) :dwg(S)E(s) " <Z ‘W“S)Bg(i)) E(s) (3.33)

N Lii g 0
¥ (Z D )Bé(i)> 80 B3 () B (5) B (5) BY (5) ES(5)

, ds
=1

wl(s) 2 1 al dwi (i) 1. 1 0 0
+ e B (s) Eg () 2731(1) By (s)EL(s)E3(s)

_ ds
=1

w3 (s) 72 1 1 a dw?(z’;s) 0/ 0 0
+ e 8BS () ER () Bl (s) | Y. LB | BY()E(s)

i=1

wd(s) 2 1 1 0 Y de(iQS) 0/, 0
+ e Eq(s)Eq (s) By (s)EY(s) ZTBQ(Z) E5(s)

=1

wl(s N w2 (i: s N wy (1; 8
=) + 32 T BB + 30 S Bl

i=1

i)E(s)

al 1 ;8 0
+ 3 P ) B 5) B () B0 EL ) R B

N duw(i;s) o
Sy dld—i’)ewo%é(smé<s)Ei<s>B?<z‘>E?<s>E8<s>

=1

N Z de e 0 B2(5) EY (s) EL(s) EY(s) BY(i) B3 (s)

dwis( )E(S) n Z dw?z(s.; %) B2 (i) B (s) + Z dwod(: 2 By (0)E(s)

N Lii: s wi (i 5)
£y ) g f22d1 i: ) B2 (i) E(s)
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N
dw? (i; s) 1 .
I e UL

N dwO(Z S) 1
_ o3 289 itz 53 5 G)

_ ds
i=1
dw Z,S wl(s
B LG (LIRS
i=1
N .
dw (i; s ; 2wy (us
+Z%(wé<w)) 2 B(s)
i=1
N o0
23 P et 59 B s
s
i=1
N o0 j
+4y mziwwé(i;s)wg(i;8)6_21"%(“8)36(1')13(5)
s
i=1

N
dwl(izs) w! (iss
30 M) 2wkt gy ()
+4§ :dw? ) (w2(i; 5))° e~ 21659 B2(i) E(s)

_42 dw2 i;8) (is 5)e —2w1(Zé)B L(G)E(s)

N w9(i: s 0
5> %ewowg(s)%<s>Ei<s>E?<s>BS<i>ES<s>

N , N 1(;.
A6 gy 4 3 %BS(@')E(S) +> Ch”iii(;’s)Bé(i)E(s)

ds ; :
i=1 =1

293



294 LUIGI ACCARDI AND ANDREAS BOUKAS

+Zdw%d(i;s) _dewlzs i 5)B2(i) E(s)

N

_zdwiz(;’s) (i) By (1) E(s)
N .

+ dwz}j’s) 0l BO () B (s)

; ds
i=1
dwi(;8) _ (s
—Z 1d(s )e 1wl (45 8)E(s)
i=1
N .
dws (%5 s 2 _owl(is
430 S (i) et B )
i=1
N
-2 dwiz(j’s)wéa s)e 2 BY (i) B (s)
i=1

N
d .
+4Z “’2 59) b (i $)wd(i: 5)e=201 059 B () B(s)

g ) 0
+ w2 i;8) _Qw}(%é)Bg(z)E(S)

B ) (42 (3 )2 o209 B2
+4E T(MO(Z;S)) e T BE(i)E(s)

N )
dw)(i; s . —owl (iss .
—4 E %wg(z;s)e 2o (53) B E(s) .

Comparing (3.33) and (3.30) and equating, for each pair (n, k), the coefficients of
the B} E/ terms we find that the w}’s must satisfy the differential equations:

0 N 0(;-
dwO(S) — _Z dw2(l78) (wé(z,s) —2wji (i;8) _"_Z dwl i S —w}(i;s)wé(i;s) ,

(3.34)
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and for each ¢t =1,2,.... NV

(w) (is )" 723050

(i) :dw(il(j;s) B dw%d(j;s)wg(i;s) +4%

(1) :%e—%i(m) ’
533 L(4: 0.

(i) :dwod(sl, s) dwld(;, s) wl (65 5) — Q%G—w}(s)

+ 4%(;;8)%(1'; s)wd(i; s)e”2wils)

A (i) 2%6‘@(”) — 2%%(@;5)6—%%@@ 7
1(;. 0/

A :dwld(;,s) B dwil(sz,s)wg(i;5)6_2@(2»;3) .

We require that the wj (¢; s)’s satisfy the initial condition

wr (;0) =0 .

and solving equation (3.39) for

9 (i35

dw$(i; s)

ds

dwi (i;5)
ds

Solving equation (3.36) for dwdis) we find

= (i)e

we find

2w} (4;8)

w%(i;s)

295

(3.35)
(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Substituting in (3.35) we find that w?(i;s) is the solution of the Riccati initial

value problem

dwd (i; s)

ds

— 2c} (i)wd(i; s) — 4S(0) (wd(i; 5))° = (i) , wd(i;0) =0,

and, by (3.40) and (3.41),

S
w}(i; s) :408(1')/ wg(i;t) dt + C%(z) s,
0

w3 (i; 5) :cg(i)/ 2wl gy
0

O/,
dwi(i9) and substituting, in what we get,

Solving equation (3.38) for =4

(3.40), we find

which implies

0

dw? (i; s)

ds

= c?(i)ewi(i?s) + QCg(i)w

1
0

(i )1 05

)

S s
wy (4;8) = C?(z)/ w10 qt 4 208(2’)/ wg (i t)ewi(i;t) dt .
0 0

dwd (i;s)
s by

(3.42)
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Substituting (3.40), (3.41) and (3.42) in (3.37) we find that w{(i; s) is the solution
of the initial value problem

PO (aciyu(izs) + el () wh () = e} (5) + 264 wizs) . wh(i:0) = 0.

SO

wh (i 5) =e/7 (A3 (wi i) +e1 () dt

/ o= [t (43 (Dwi (i3w)+ei (1)) dw (ch(d) + 20 (i) wd (i; 1)) dt .
0

Finally, (3.34) and (3.40) imply
dwl(i; 1) .

Z/ w2 i 5(i;t))26*2wi(”> dt

+Z/ dwl B0 gt 1)

oy et (uiisn)? et ar

i=1 0
N S 1/. 1/ 1/.

+3 / (c(l)(i)ewl(“t) +203(i)wé(i;t)ewl(“t)> e~ 0yl (:1) dt
— Jo

N

:ch(i)/k wg(i3t)) dt—i—ch /wozt)dt
0

i=1

Proposition 3.5. The solution of the Riccati initial value problem

w2 (i; s 9
d(iii(;) — 201( )wg(z s) — 40(2)(1') (w%(i; s)) = Cg(l) , wg(i;O) =0, (3.43)
w2 irg) = Cg(l)
") = B co (B9 — el (8.44)
where

B(i) = /el (0)° — 1) (i) | (3.45)

provided that the coefficients of (3.43) are such that and (3.45) and (3.44) make
sense, in which case wi(i;0) = lims_,ow3(i;s) = 0. Moreover, in the notation of
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Theorem 8.4,

wi (i3 8) =log B(i) — log (B(i) cosh (B(i)s) — c1 (i) sinh (B(i)s)) , (3.46)

c1(i)cy(i) cosh(2B(i)s) + 5 (i) B(i) sinh(2B(i)s) — ¢} (i)c5 (i) (3.47)

0(j:g) — €
wy (75 8) ct(i)? + B(i)? — 4c(i)c3 (i) cosh(2B(i)s)) ’

~ (B(i)ep(i)— (3.48)

oy (a1(1) + az(7) (coth(B(7)s)) (3.49)

— csch(B(i)s) — ci (i)as(i) arctan ( 2c1 (1)y/—c3(i)c (i) )2)

B(i) coth (BQ)S) — el

+as(i) arctan (

-coth(B(%)s)) ,

uBe) =~ 3 e g (0ol + arlis (3.50)

+ a12(7) arctan

ci (i

2/~G@A0) (2¢16) — BG) tanh (2522))
B(i)? — 2¢}(i)?2 +B(z)c1(i)tanh(B(2i)s)

+ a13(2) coth(B(4)s) + a14(2)s coth(B(i)s)

+ ay5(7) arctan ( y 8(( De5(0) ) coth(B(%)s)

B(i )coth(B )s ) cl(d)
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+ aq6(i)esch(B(i)s) + a7 (i)

-log (1 — coth(B(%)s)) + ai1s(i) log (1 + coth(B(i)s))

+ a9(7) coth(B(i)s) log (1 — coth(B(4)s)) + aao(i) coth(B(i)s)
-log (1 + coth(B(%)s))

+ a1 () log (c1 (i) — B(4) coth(B(4)s)) + as(i) coth(B(i)s)

-log (c1 (i) — B(i) coth(B(i)s)
+ ao3(i) log (B(4) cosh(B(i)s) — ci (i) sinh(B(i)s))
+ 24 (i) coth(B(i)s) log (B(i) cosh(B(i)s) — c1 (i) sinh(B(i)s)) ,

where the formulas for the coefficients oy (i), k = 1, ...,24, are given in the Appen-
diz.

Proof. For each 4, a constant solution A(7) of the differential equation

mzi(:gg) — 2c1(D)wi (i3 8) — 4cY(4) (wi (3 5))2 = (i),
cf —4c9(i)cE (i) — i (i
Aoy = VAo’ FUEIRLT
Letting
wiiss) == A(i) + ﬁ ,

substituting in (3.43) we find that u(é; s) satisfies the linear first order ODE

du(i:
“((;S 5) 4 (2¢1 (i) + 8c3() A(3)) uis s) = —4c3(i) |

SO

o 4ch(i) —2(cl (i) +4e3 () A(3))s

i) = =Sy T s AG) O
Since
. . 1
wi(i;0) =0 = u(i;0) = oK
we find that
494 1

T 2ek(i) + 83 AG)  A(i)
and, after simplifications, we obtain
A() |
Vel = 4 g0) cotn Vel = 10k 5) — et 0

Substituting in (3.25)-(3.29) we obtain (3.46)-(3.50). O

wi(is s) =
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Remark 3.6. We could have proved Theorem 3.4 by noticing that, by the commu-
tativity of the exponents for different values of ¢,

o8 it (€0 () B3 (i) +¢5 (i) B3 (i) 5 (1) By (i) +¢1 (1) BY (i) +¢1 (1) B1 (1) )

N
~1I (B BB () +eB() BEG)+e§ () BY () +4 () BY (el () BL(3)
=1

and then work separately on each copy of the Schrédinger algebra. Such work was
done in [1], but acting on the Fock vacuum vector ®. The approach followed in
the proof of Theorem 3.4 is a good, necessary, preparation for the non-diagonal
case presented in the next section.

3.1. The case d = 1 and a single quadratic Hamiltonian. The splitting
formula for Gehrod(1) is given in the following Corollary to Theorem 3.4.

Corollary 3.7. For s € R
o5 (€0 Bo+e3B3+ey Bo+cd BY+e1 By ) _ wi(s) gw (5) B wg (5)Bj (4)

1 1,0 0,0 0
wi (s)By ,wy (s)By ,2ws(s)B
e 1() 16 1() le 2() 2 s

where w3(s) is the solution of the Riccati initial value problem

) oefue) - 4c) (w(s))” = 3, wh(0) =0

and

wi(s) =4ch /OS wi(t)dt +cl s,

wI(s) =9 Os e2wi(®) g |

bl el (i)t [* o iCtuicoreel) e (0 o)

0

wbo) = [ (& + 2ub(0) iV ar.

w)(s) =9 /OS (wé(t))2 dt + ¢ /05 wy(t)dt .
Proof. The proof follows from Theorem 3.4 for N = 1. (]

Corollary 3.8. For s € R

o (BB +ABY+ClBL) _ jud(9)B3 gl (1B u(9)B3

where w3(s) is the solution of the Riccati initial value problem

dwg (s)

2
09— acluf(s) - 4§ (uh()* =, wh(0) =0,
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and

wi(s) :408/0 wi(t)dt +cl s,

S
w3 (s) :cg/ e2wi(®) gt
0

Proof. The proof follows from Corollary 3.7 for ¢} = ¢} = 0, since then w](s) =
wi(s) = wi(s) = 0. O

Proposition 3.9. (Quadratic Hamiltonian) Suppose that ® is a Fock vacuum
vector such that ||®||?> = (®,®) =1 and a® = 0. Then, for s € R,

(®, €' (e3(ah)?*+e3a +Cl‘ﬂa)q>> Bie (B cosh (iBs) — ¢y sinh (iBs))

B=\/c} 740200

Proof. By Corollary 3.8 and Proposition 3.5, using the fact that B2 = (af)?,
By =a*, Bl =da+ 3,

where

eWo($)By p — D, e1(8)B1p — o3wi(5) @
and (B2)" = BY, we have

iscl

<(I) ezs (co(af) +cJa +c}a*a)q)> — e~ Qle%w%(is) .

Replacing w1 (is) by (3.46) with is in place of s, we obtain (3.51). O

Remark 3.10. Simplified versions of (3.51), for less general coefficients, can be
found in [1] and [4].

4. The Disentanglement Formula in the General Non-diagonal Case

We will use the notation

Zwlzstl Zwozsto J) s

3751 ]<Z
= Zwé(ivj; $)By (i) (i) =€) + v(i) ,
iS5
and
N

ol (1,5:9) BY ) BY ()

::]z

H wii(G3)Bi() . Gl(s) =

j=1 i

K2

N N
H i,5;8) By (4) By (4§ G(l)(s) _ H oW1 (12338) BY () BY (4)
e

)

1

w5
<.

ij=1
1>]
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We assume that
wi(i,i;s) =0,i=1,2,...
and
wy (i, jy s) = wl(i, j;5) = 0,0 < j .

Lemma 4.1. Fori=1,2,...

Proof. To prove (4.3) we notice that

N
Gi(s)B3() = [] ew1(L39)Bo (B () Y (4)

301

~ o~ o~~~
o T o
N O Ot s W
S N N N N

1,5=1
I#j
N N N
-T1 wi(w;swé(i)B?(nHew%(f,i;s)Bé(nB?(i) II vl (L) BY B () BY 5)
ji=1 I=1 I,j=1
i I#i JAUATA]
N N

= [[evitrmmaBm gy Hewlu B OEG [ et B DR

=1 I,j=1
i 17 AT
By (3.12) with A = u(7) we have

N BE@) SN wh(ingis)BY (G
[ evtesmmionton gy = "0 S w20 o
oy

= (0 Bs () BO(4)

- Bg(z‘)eu(i) By (i) + (i )26u( ) By (i) _ 9 (Z')B(l)(i)eu(i) EHON

Similarly, to prove (4.4) we notice that

N
Gi(s)BY H w1 (6,338) By () BY () BY(4) H 1(I,4;8) B3 (I)BY (4)
% =

N
[[ evi@immmne.

=1 .
I#4,j#4,1#]
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By (3.11) with A = u(i) we have

N G N w?t 1,738 935
Hewi(i,j;s)Bé(i)B?(J‘) BY(i) = @BO( )Zéii 16750)51(9) BY(3)
Jj=1
j#i

= () Bs (1) BO ()

— BO(i)e ) B _ 1y (5)ehd) BG)

Thus

N
Gl(s)BY(i) = ( BY(3)er D BEOD _ () Bé(i)) [[eviinmma6

I=1
I#i
N 1 0
[[  emitammsio - meGies) - w6l
I R T
For (4.5) we have
N 1 1 1 N 1 1 1
Gi(s)BY(i) = H ewo(L:3:8) By (1) By (4) H ewo(L:4;8) B (1) Bg (7) BI(i)
I,5=1 I,5=1
I>5,5=i I>5,5<i
N
H oo (1.358) By (1) By (7)
I,j=1
I>5,5>i
N N
- H o (L,i58) By (1) By (4) H ewo(1.358) By (1) By (9)
=1 I,j=1
I>i I>4,I>i,5<i

N N
[[e@iom@OB0 ey [ ewsdiBna6)
j=1 I,j=1
j<i I>j,I<i,j<i
N
[[ ewttsmBimao

I,j=1
I1>3,j>i

As explained above,

e’ Bs B () = BY(i)e¥® Bo() 4 (4)2ev@D Bo () _ 91(3) BY(3)e” ) Bo ()
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Thus

N N
Gy(5)BY(i) = [[ evo@i)BoBotd T ewollis)Bo(D)Bo (i)
=1

= I,5=1
I>i I>5,I>i,5<i
N N
- BY(i) Hewé(i,j;s)Bé(i)Bé(j) H oW (1,jis) By (1) B3 ()
j=1 I,5=1
J<i I>5,I<i,5<i
N
H ewo (1,358) By (1) By (7)
I,j=1
I>j,j>i
N N
+(i)? [[ews@aBB @ T ewd@aBaNB ()
I=1 I,5=1
I>i I>5,1>i,5<i
N N
. H o (i-338) By (1) B (4) H ewo(1.358) By (1) By (4)
j=1 I,j=1
J<i I>j5,I1<i,j<i
N

H w0 (1,338) By (1) Bg (4)
I,5=1
I>5,5>i
N N
—2u(i) H owo(1,658) Bg (1) B (i) H b (1,559)BS (1) BY ()
=1

= I,j=1
I>i I1>3,1>14,j<i
N
- BY(3) Hewé(m‘;s)Bé(i)Bé(j)
j=1
7<i
N N
H oo (1,335)Bg (1) B (4) H oo (1,733) By (1) Bg (4)
I,j=1 I,j=1
I>j,I<i,j<i I>],5>i
N N
= H ewo (i) By (1) By (i) B0 ;) H ewo(1,3:5) By (1) By (4)
I=1 I,j=1
I1>i I>35,1>1,5<4
N N N
.Hewé(m‘;s)Bé(i>Bé(j) H oo (1.358) By (1) By (5) H ewo (1,358) By (1) By (7)
j=1 I,j=1 I,j=1
i<i I1>5,I1<i,j<i I1>3,5>i
N N
+ u(i)? Hewé(f,z';s)BéU)Bé(i) H owo (1.7:5) B (1) Bg (5)
I=1 I,j=1
I>i

I>5,I>i,5<i
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N N N
. Hewé(z‘,j;s)Bé(i)Bé(j) H oo (1,338) By (1) B (4) H oo (1.738) By (1) Bg (4)
j=1 I,j=1 I,j=1
7<i I>j7, I<z ,j<i I1>3,5>1
N N
— 20(4) Hewéu,z’;swé(lwé(i) BY(3) H ewo(1,3:5)Bo (1) By (47)
I=1 I,57=1
I>i I1>j, I>1 1<t
N N N
.Hewé(z‘,j;s)Bé(i)Bé(j) H oo (1,338) By (1) B (4) H ewo (1,339)Bo (1) By (4)
j=1 I,j=1 I,j=1
7<i I>7,1<i,5<4 I>3,5>1
By (3.9) with A = v(i),
e’ Bo() BO () = BO(1)e¥(®) Bo (D) _ (4)ev () Bo (i) |

and by (3.11) with A = £(q),
€@ Bs() BO(3) = BY(3)es®) Bo (D) 4 ¢(4)2¢E() Bo(0)

— 26(i)BY(3)eS) B (i)
Thus, using the fact that

(1) +v(i) = D)
we obtain
Go(s)Bs (i) = By (i)Gy(s) +

For (4.6) we have

(&(2)* + 3v(1)*) Gy (s) — 2A(0) B (1) Gy (s) -

N N
G(s H ewo (1.3:8) By (1) B (4) H ewo (L) By (1) Bs (3) B (5)
j=1 I,j=1
7,0=1 I1>j,5<1
N
H oo (1.3:5) By (1) B (4)
I,j=1
I1>3,7>1

N N
— [ eimBsmBie [[ ews9mme0
I>i

I,j=1
I1>5,1>4,j<i
N N
Hewéu,j;s)Bé(i)B&(j) BY(3) H oo (1.358) By (1) By (4)
j=1 I,j=1
Jj<i I>J,I<w<l

N
H oo (1,3:5)Bo (1) By (7).
I,5=1
I>5,§>i
Since, as pointed out above, (3.9) with A = v(4) implies

e’ Bo BO () = BO(4)e¥(®) Bo() _ y(4)e¥(®) Bo (@)
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we have
N N
Gl(s H owo (1.7:5) B (1) Bg (5) H ewo(Li) By (1) B3 (3) B (5)

oo (1.358) By (1) By (7)
I,j=1
I>] Jj>i

N
:Hewé(Lz‘;s)BémBé(i) H owo (1.7:8) B (1) Bg (5)

=1 I,j=1
I>i I>j,1>4,5<i
N
BY(i) [ evsGom0mi) H ok (5.355) B () B )
j=1
Jj<i j<’L

N N
H owo (1.7:5) B (1)Bg (4) H ewo(1,:5)Bs (1) B (4)
I,j=1 I,j=1
I1>5,1<i,5<i I>7,5>1
N N
~T1 ws (159) B (DB () BO () I1 ewo(1,7;5)Bg (1) B (7)
I=1 I,j=1
I1>i I1>35,1>1,5<1i
N N
: H oo (1:3:8) By (1) By (4) H oo (1.3:8) By (1) Bg (4)

j=1 I,j=1
j<t I1>5,1<i,j<i
N
1 .. 1 1/ .
H eWo(1,358) By (1)Bo (3) _ v(i)GE(s)
I,j=1
I>3,5>i

and, using (3.9) with A = £(¢) we obtain
G (5)BY (1) = B (1)Gy(s) — £(1)Go(s) — v(i)Gy(s) = BY ()G (s) — A(i)Go(s) -

Finally, for (4.7) we have

N

H wO(I ;8 Bo Bo(z) H ewé([,j;s)Bé (I)Bé(j)
I,j=1
I>z I>5,I>4,j<i
N N
100 s 1\Rl(s i 107 .. 1 1

[ evbGa BB Bl (i) H b (1.4:9) B3 (1 BY()
i=1 I,j=1
7<i I>j,I<1,j<z

N

H ewo(1.3:8)Bs (1) Bg (§)

I,j=1

I1>3,5>1
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By (3.6) with A\ = v(4),
e’ Bo@ Bl () = B (1)e ) Bo@) _ 1(4) Bl (i) e Bo )

Thus

N
BB DBy [ embTamB!EG)

=

Go(s)Bi (i) =
I,j=1

I1>5,1>4,j<i

N N N
.Hewéu,j;s)Bé(i)BéU) H ewo (1.3:8) By (1) By (4) H ewo(1.358) By (1) By (4)

~~
VIl
A

i=t Tg=1 Li=1
J<i I>5,1<4,5<4% I>3,5>i

= v(i)By(1)Go(s) -

As above, using (3.6) with A = £(i) to commute B} (i) past the product to its left
we obtain

Go()Bi (i) =B1(i)Go(s) — &(1) By (i) G (s) — v(i) By (i) Gy (s) = By (1)Go(s)

= (i) Bj (1) Gy (s) -
U
Lemma 4.2. Let E(s) = ewo(®) E2(5)GH(s)ES(s)EL(s)EL(s)G1(s)GY(s)EY(s).
Then,
€0 B3 (s) G () g () BL (1) B () ES ()G (5) G (5) ES (s) (4.8)
= (B1(1) — 2w (i3 8) B3 (i) — A(0) By (i) — wo (i3 5) By (1)) E(s) ,
¢ B3 ()G () B () 1 (s) BY (1) B ()G (5) GO (5) ES (5) (4.9)
=e~i 09 (BY (i) — 2w (i3 ) By (i) — A(i) — wh(is 5)) E(s) |
and
¢ B2 ()G () E§ () B (5) B9 (5) G (5) G () BY (1) ES (s) (4.10)
—e2wi(io) (Bg(z) +4 (w%(i; s))2 B2(i) — 4w (i; s) 1() — 2)\(2')30(2')

(BY(0)BY(4) — 2wi (55 ) BY (1) By (5) — 2w5 (35 5) By (1) BY (7)
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+ 4w (65 s)wg (73 8) By (1) By (4) — B (7)A(4)

+ 2w (55 8) By (5)A(0) — A7) BY (i) + 2w (i3 5) By (1)) A(4)

+A@AG) — wo iz 8) BY () + 2w (i )w (7; 8) By (4)

+wg (35 5)A(5) — wy (3 8) BY (0) + 2wg (js s)wi (i3 5) By (i)
) (4

S

—|—w0(j $)A(E) + wp (i5 8)wg (5 )) E(s)
+ Z Z w1 (i, §; 8)wi (4, J; s)e‘wi(j;s)e_w%(‘];s)
77
(BY(J)BY(5) — 2w3 (j; ) BY (J) By (4) — 2wi(J; ) By (J) B (4)

+ 4w (J; s)wi (55 8) By (J) By (7) — () (/)
+2wo(J78)B$(J)/\(J) A(J)BL(J) + 2wi (5 ) By (J)A())
+ MDA —wo(J38)BY () + 2w (5 8)ws (7; 8) Bo (4)
+wy (S5 8)A() — wy (7 8)BY (J) + 2wg (j; s)wi (J; 5)Bg (J)
+uwp (75 $)MJ) + wo (J; 8)wg (73 8)) E(s) -
Moreover, for i # j we have
€0 B3 (5) G () g (5) EL () ES (5) B (1) BY () G (5) G (5) ES (5) (4.11)
= (el B (1) BY(j) - 2uf (5 5)e 1 ) e 10 B (3) By ()
— w19 emwi(i9) Bl A (5) — e¥1(9) =i Uiyl (5 5) BL (4)
- w(is s)e ) BY () — 20 (i s)u (i s)e 10 By ()
—w(is s)e™ "L IIA(G) — w (35 s)wh (s s)e ™10 ) B(s)
and for i > j we have
€50 B3 (5)Go () g () B (5) ES (5)G1 () BY (1) BY () G (5) ES (s) (4.12)
= (71 (BYG) — 2ud iz ) By () — A() — wiis5))
N
= > w05 8)e  U(BY() — 20d (53 5) BY () = A(') — wh(i'; 5)
3

, (e—wiom (BY(5) — 2wg (j; ) B (4) — A(j) — wi (43 5))

. . 7'LU1 A”'S . . .
= wi(, g5 s)e I E(BY() — 2wd (5" 8) By (57)
jl'=1

7%
—A(F") —wp(5";8))) E(s) -

Proof. The idea in all cases is to use Lemmas 3.2, 3.3 and 4.1 to move the B’s and
G’s all the way to the front of the left hand sides of (4.8)-(4.12). Keeping in mind



308 LUIGI ACCARDI AND ANDREAS BOUKAS

that terms like Ef, BY and GJ' commute. The same is true for E2, B? and G9,.
To prove (4.8) we use (3.15), (4 7) and (3.16). We have:

)Bi(

)(B1(i)Eq (s) — wy (is 8) By (1) Eg ()
$)BL (i) Ej (s) — wh (i5 5) By (i) %) B3 ()G () Ed (s)
=0 () B3 (s)(BL (1) (s) — Mi) B ()G (5)) B (5) — wi (i ) B3 (i)

=e0 ) (BL(i) B3 (s) — 2w (i; ) B2 (1) E3 (5)) G () B} ()

— (i) By (1)e"0 ) B2 (5)Gh () B} (5) — wh (i 8) By (1)e™0 ) B3 (s)Gh () B (s) |
from which (4.8) follows after multiplying both sides of the above from the right
}XDA};QE}]:;E;).E?(S)G%(S)G?(S)Eg(s). For (4.9) we use (3.17), (3.18), (3.19)and (4.6).

€00 B2 ()G (s) B} (s) B (5)BY (i)
$)Gy(s)Eg(s)B <z‘>Ei<s>
$)GH(s) (BY()EY (s) — wg (is ) B} (5)) B (s)
=em 1) s () B3 (5) (BY ()Gl (s) — < )G (s)) E§(s)EL ()
— wh(is )e ™ 1590 ) B3 (5)GY () B (5) B (5)
=em 1)) (BY(i) B3 (s) — 2wd (i3 5) B}
— e\ (0)e ) B (5) G () By (5) Y
— wh(i; )e ™1 590 ) B3 (5)GY () B (5) B (s) |

:e—wl(zs wy (s) Eg(
—wi (4;8) wo(s 2(

=€

i) B3 (s)) Go(s) By (5)Eq (s)
)

) By (
)E (s

and (4.9) follows after multiplying the above by E(s)G1(s)G{(s)EY(s). For (4.10),
using (4.3) to commute BY (i) past Gi(s), we have

We will compute the three terms appearing on the right hand side of the above
equation separately: Using (3.20), (3.21), (4.5), (4.6), (3.22) and (3.19) to commute
B3 (i) and all the resulting B’s to the left of

") B2(5)GY(s)ES (s)EL(s)EY(s) B3 (i)
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and then multiplying both sides of the resulting equation by G1(s)G(s)E9(s), we
find

"0 3 (5)GA(s) B (s) B (5)EY(5) BS (1) G1 ()G (5) S (5)
=21 ) (BY (i) + A(wd (i3 8))2 B2 (i) — 4wd (i s) B (i) — 2A(0) BY (i)
+ 4wg (i; $)M(§) By (i) + £(1)? + 3v(i)? + (wg (i3 5))* — 2w (i 5) BY (i)
+dwg (i; s)wg (45 5) By (i) + 2wg (45 5)A(i)) E(s) .

Similarly, using (3.17), (3.18), (4.6) and (3.19) to commute (i) BY (i) and all the
resulting B’s to the left of

—2e%00) B2(5)GY () EL (s) B (s) B (5) (i) BY (i)

and then multiplying both sides of the resulting equation by G1(s)GY(s)E9(s), we
find

—2¢"60) B3 (5)Gh(5) (S)Ei(S)E?(S) (1) B ())G1(5)G1(s) B3 (s)

=— wl(w)ze w (555) (i,7;5)

J#l
- (BY(0)BY(7) — 2w (3 ) BY (1) By (7) — 2w (i3 ) By (1) BY ()
+ 4w (i; s)wi (75 ) By (1) By (7) — B () A7)
+ 2w (73 8) By ()A(0) — A7) BY (1) + 2w5 (35 5) Bo (1) A(5)
+MD)A() — wg (i 8)BY (5) + 2w (i $)w§ (53 5)Bo (5)
+wo (i3 5)A(5) — wo (3 8) BY (0) + 2wg (js s)wp (i3 5) By (i)
+wp (55 ) A1) +wo (i )wp (53 5)) E(s) -

For the third term, writing u(i)? as u(i)u(i) and replacing the u(i)’s by their
definition, with summation indices j and J respectively, using (3.17) twice to
commute BY(5)BY(J) past F{(s) and noticing that the resulting term

€8 (%) B ()G (s) By (s) BY () BY (J) B () B (5)
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has already been previously computed, we obtain

e ) B2(5)GY () Ed (s) BL(s) B (5)u(i) G ()G (s) ES(s)

N N
=3 wllgss)wi, Jis)e i)

%%

- (BY(J)BY(j) — 2wd (js s) BY (1) By (7) — 2w (J; 5) B (J) BY ()
+4wd(J; 8w (js 8) By (1) By () — BYG)A()

+ 23 (j; 8) BY ()A(T) = AG)BY () + 2w (J; 5) BS ()AG)

+ AIAG) = wh (T 8)BY(5) + 2w (J; s)wd (7 ) BS ()
+wh(J: $)AG) = wh(G; ) BY(I) + 2w (s s)wd(J; ) B (J)
g (s )AT) + wh (J; s)wh (ji 5)) E(s) -

Combining the above three equations we obtain (4.10). For (4.11), we can use
(3.23), (3. 24) (3.17), (3. 18) (4. 6) and (3.19) to gradually move B} (i)BY(j) to the
left of ewo(s) E2(s)G{(s)ES (s)EL(s)EY (s) B (i) BY(j), where i # j, and obtain

"0 () B2(5)GY(s)Ed (s) B (s)EY(5) By () BY(j)
= (e el B (1) BY(j) - 2uf (53 5)e 1 ) e 10 B (3) By ()
— i) mwiG) BL(G)A() — 1591wl (; 5) By (i)
+wd(is s)e 1) BY(5) — 2w (j; s)wl (i; s)e = 10 BY (5)

—wf (53 5)e = HIIAGG) — w(is s)uwh (s s)e ™10

e B2(5)Gh(5) B (5) EL (5) EY(s)

)G9(s)EY(s) gives (4.11). Finally, for (4.12),

which upon multiplication by G1(s
1(s), and the Definition of (i) with summation

using (4 4) to switch BY(i) past G
index j' we find

— > wili, s 8)e S B3 (5)Gh (s) g () B () BY (') Y ()G () BY ()

The terms
c"8() B3 (5)Gi () E§ () BL(s)BY(i) , €0 B3 ()G (s) E§ () B (s) BY(j)
are similar. By (3.17), (3.18), (4.6) and (3.19)
€"0(%) B3 (5) G () E§ (s) EY () BY (1) =e 105 (BY (i) — 2w (35 8) By (i) — A(0)
—wé (i3 5)) €00 B3 ()G () Ed () B (s)
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Thus

"0 B2(s)GH(s)ES (s)EL(s)ED ()G (5) BY () BY (j)
= (74 (BY (1) — 2uf 15 5) B (1) — A(3) — wh(i: )

N
- Z wh (i, 55 8)e™ 10" (BY(5) — 203 (5'; 8) BA (') — A(j') — wh (55 9))

<

2
€0 (%) B3 ()G () B () EL () EL ()G () BY(j)
Replacing ¢%o(®) E2(5)GL(s)ES(s)EF(s)EY(s)G1(s)BY(j) on the right hand side of

the above equation with the above equation without the BY(j) factor on the right,
and with 4 replaced by j, we obtain

wB0) B3 (5) G (5) B (5) B () ES ()G (5) BY (1) BY ()
= (e (BY() — 2 (i3 ) B (3) — A(0) — wh(is )

=Y wi(, 4 8)e 05 (BY(S) — 203 (55 ) Ba (i) — A" — wa (5’ ))

_ (e—w%u;s) (BY(4) — 2w3(j; ) By (45) — A(j) — wo (43 5))

N
.. 711)1 »//.S . 3 .
= > wi(, 5" 8)e ) (BY(G") - 203 (5”5 5) By (57)

]//71

3" #g
“A(") — wi(5";9))) €U0 B3 (5)GA(5) B (5) B (5) BY ()Gl (s) -

Multiplying both sides by GY(s)ES(s) we obtain (4.12). O

Note: All summation indices in the statement as well as in the proof of the follow-
ing Theorem 4.3, run from 1 to N and equations (4.1) and (4.2) should be taken
into account in the interpretation of all sums.

Theorem 4.3. For s c R and N =1,2,... let

N

Fy =Y (c§())B3(6) + S (6) BY (i) + c5() By (i) + ¢ () BY (4) + ¢1 (§) B (1))

N N
+ > (i, ) B (i) By () + (0, ) BY (DB (1) + D eii, 5)Bo (1) B () -

i,j=1 i,j=1
i>] i#£]
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Then

N N N
oS FN _pw(s) Hew?;(i;s)B?,(i) I1 oW (i.338) BS (1) BS () Hewéu;s)Bé(i)
=1 i,5=1 i=1
i>]

N N N
et B0 T ewtGawBiOB6) [T ewt)B0
i=1 i=1

i,j=1
i#]
N N
. H oW1 (6,338) BY () BY () Hewg(i;S)BS(i) ,
i,j=1 i=1
1>]

where, for each i, w3 (i; s) is the solution of the Riccati initial value problem

dwd(i; s)

2 = 20} (D (i 5) — 460 (wh (i) = §(0) : wi(i:0) =0,

and

wi (i;8) =ci(i)s + 468(2')/ wi (isu) du
0

w9 (4; ) :co(i)/ e2wi () gy
0

For (i,7) € {1,2,...N} x {1,2,..., N}, the 3N? unknowns w}(i, j; s),wi(i, j; 5)
and WY (i, j; 8) are determined by their initial value

wg (i, 55 0) = wi(i, j;0) = wi(4,5;0) =0,
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and the system of 3N? first order differential equations (4.13)-(4.15):

. dwi(i,g;s .. . .
C(l)(’é,]) :% + by (w(l)(z,]; s) + w(l)(],z; s)) + bgw%(z,]; s) (4.13)
dwi (i, j; 5) dwl (i, j; 5)
b
ds + 012 ds

+ Z (bgwé (i, k; s)wé(j, k;s) + b4wé(k‘, 1; s)wé(k,j; s)
k

+ (b5w%(k, i;8) + b7w%(i, k; 5)) (wé(k,j; s) + w(l) (J, k; 5))
+bewi (k, 5; s)wi (k, i; s))
+ Z (bswi (k, m; s) (wi(k, 15 s)wh (m, j; s) + w (k, 45 s)wg (4, m; s)

k,m

+ b1

+wg (i, ks s)wg (m, 3 8) + w (4, ks s)wg (4, m; )

+bow] (k, j; s)wi (k, m; s) (wg(m, i; ) + wg (i, m; 5))
+browi (k,i; 8)wi (k,m; s) (wé(m,j; s) + wp (4, m; s)))

dwl(i, k; s . .
+) <b131(ds) (wo (k. 55 8) +wp (4, k; 9))
%

dwl (k, j; s) dw? (i, k; s)

b (k4 5) + bis— = wi (ki )
duw?(k,i;s ) .
401 T (b ) 8 9)

dw?(i, k: s . .
e PG (i) + i i)

n Z dw?(k,m; s)

ds (b18w} (kvi;s)w}(mvj;s)

k,m
+ big (wq(k, j; s s) +wg (4, k; s))
+ baowy (k, 35 s) (wg(m, 3 8) + wg (4, m; )
b (wh (ks Y (m, 5 5) + (ks $Ywd (G, ks )
+wp (i, k; s)wg (m, §; s) + wi (4, ks s)w (7, ks 5))
+ bagwy (k,m; s) (wg(m, j; 8) + wg (§,m; )
£ bl (ki ) (wd(m, ) + wb (7,3 )))
+ Z (b24w}(k,m;s)w%(k,l;s) (wé(mi;s)wé(m,j;s)
k,m,l
+wg (n, 13 8)wg (5, m; ) + wp (4,15 8)wg (m, i 5) + wo (4,15 8)wp (7,15 5))
4 dw?(k,m; s)

ds (b25w%(ka la S)w%(m/h 8) (wé(lujv 8) + w(l)(j7 ly 8))
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+ bawi (k, 1; ) (wo (k, 35 s)wg (1, s 5)

g (k, 15 8)wg (7, 1 5) +wo (i, ks )wg (1, s 5) + wo (i, ks )wo (5. 15 9))

+ borwi (k,4; s)wi (m, 1; 5) (wé(l,j; s) 4+ wp (4,1 s))

+ bogwi (m, 1; 5) (wé(k, is s)wy(l, 75 8)

+uwg (k, i )wg (7, 1 8) +w (4, ks s)wg (1, 5 8) + wp (i, k; s)wg (7,15 9)) ))

+ Z bzgidw?(l;,m; S)w%(k‘,l;s)w}(m,n;s) (wé(Li;s)wé(n,j;s)
kym,lm 5

+w (1,4 8)wg (4, s 8) + wg (i, 1 s)wg (n, js ) +w (i, 1 s)wg (4, ns 8))

A7) =prwi (i, j; s) +p2% (4.14)
+ Zk: <p3wi(/€,j; s)wy (k,i; 5) +p4%w}(/ﬁj; 5)
TS 1)) + §p6dw9(’;;m;S)w%<k,z';s>w%<m,j;s) ,

ci(i,§) =a1 (wp (4,7 5) + wy (i, 5 5)) (4.15)
om0 g ) ol
+ > (g6 (wh (k.5 ) + wj (i, k3 5)) + qrwi (k, i s)wi (k, js 5)

k
dw?(j, k; s)

+qs I (wi (k,i58) +wg (i, k; 8))
dwd(j, k; s . dwl(i, k; s .
B T LU T
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dwl (k, j; s)
ds

dwl(k,j; s .
+Q13%w%(1€,2; s))

+ 3 (@awi (k, j; s)wi (k,m; s) (wg (m, 65 5) + w (i, m; 5))

k.,m

dwl(k,i; s)

T wy (k,i; s)

+ q11 (w (k5 8) + wi (i, k; 8)) + qia

+ qiswi (k,m; 8)wi (k,4; 8) (wg (m, i; 8) 4+ w (i, m; 5))

+ q16 7dw?(2',sm; ) wi (m, k; ) (wi (k, 45 8) + wg (i, ks 8))
+ %7%“&(/@ m; s)(wh(m,i; 8) + wy (i, m; s))

s AT ) 1 o, 5) 0 5) + i )
+ q19 7dw?(l§;m; 2) wi (k, j; 8)(wh (m, ; 8) + wg (i, m; s))
a0 MG 1 e sy m i

0 .
+q21 Tw%(k7 i; S)w% (mmj; S))

dw?(k, m; s . .
+ 3 0PI (4 iyl 1) + ] (5, 1 ) m, 52 5)
k,m,l

. (wé(l, i;8) + wé(@ l;9)) ,

and fori € {1,2,..., N}, the 2N unknowns w§(i;s) and wi(i;s) are determined by
their initial value

wy(i50) = w?(i;0) = 0,
and the system of 2N first order differential equations (4.16)-(4.17):

d
A (i) :rlw + rowg (is s —|—Z rawg (ks s) + rawl (k; s)) (4.16)

k

—i—E (rswg(m; s) + rewg (k; s)) E rrwg (15 8)
k,m k,m,l

d 1(.. d O(s.
wil(l’ 9t urwd(i; ) + s wld(sz, 2

(k;
+Z wl 5 +u4wé(k;s)+u5w?(k;s)>

Z ugwg (k; 8) + uzw? (k; s) Z ugwg (m Z ugwg (13 8)

k,j,m k,j,m,l

co(i) =ug + (4.17)

where the coefficients b, p, q,r,u appearing in (4.18)-(4.17) depend on the various
indices and previously terms and can be found in the Appendiz. Finally, wi(s) is
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given by

s dwo lyt —wl(i; ;
ut(s) = | (Z el i) (41%)
B Z de ist) ( —2wl(it) ( 1 (i; t)) _ 9~ wilist)
Zefwl(ﬂ (i, §; )wg (is t)wg (43 1)

—|—Zw%(i,j;t)wi(i,m;t)e‘wi(j;t) —wi(mit)y, s(m; t)w (4;1)

j,m

dwl(lajat) . . —wi(j:
2 g et (s e
]

dwo(la.]at) —wi (4 : - —wi(k;
- z]: —H e g (i) + Y wi (i, ks )e 0w (ks 1)

k

( e —wi (J; t) (] t +Zw1 §,m; t) wl(mt) (m t)))) dt .

Proof. As in the proof of Theorem 3.4, let E(s) = e*V. Then,

dgis) = FyE(s) . (4.19)

Since

E(s) = e"0) B3 (s)Gh(s) E} (s) BL () B9 ()G (5) G () ES (s)

we also have that

S W%@&%U)E(ﬁ

.9

+Zd“’1” w8 B3 ()G (s) S (s)BL (1) B (5) EY ()G (5)G3 () ES ()
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DR L) b 530G 5) £ () B (5) BY ) ES ()G (5) G EL )
+ Z d“’2 £55) u6) B3 (5) G (5) B (5) B (5) B2 (5) G (5)G2(5) BR() B s)
4y ;j ) b0 B3 5) G 5) i ()1 (5) B9 (5) B 6) BE 1) G () G 5) B8 o)
437 PG T50) o) ) ) B (5) 8L ) ED ()G (5) BE0) B GG (5) )

i,J

which by Lemma 4.2 becomes

s w) (s wi (i wy
dfli ) _d ;s( )E(s)+§;d ‘;(S +Zd 0(55) g1y B(s) (4.20)
+ 30 25 g i) s)
(45 5)

3 M) (51 06) — 2w BE() ~ MBI - whi: ) BY(D) B

w? (i; s 105,
30 D) k) (B0G) — 2 ) BY ) — M) — i) Es)

wI(i; s 1., 2
+30 PES) (2wt (BY(3) 14 (wh(:5))° BRG) - 4w (i) BLO)

= 2X(1) BY (i) + 4w (i )N(1) By (i) + £(1)* + 3’/(') + (wp (35 8))2 - 2wo(i' s) B (i)
4w (i3 s)w§ (4 8) By (1) + 2w (4 $)A(i)) — —wi (iss) Ze wi (4:5) (i,7;8)

~(BY(0)BY(5) — 2wg (73 s)BY (i) By () — 2wg (45 5) By (i )BO( )
+ dwj (i3 s)wg (7: 8) By (6) By (7) — BY (7)A(3)
+ 2w (73 8) By (7)A(@) — M) BY (4) + 2w (35 ) By (1) A(5)
+ADA) — wo(i58)BY () + 2w 3( s)w (55 5) By (7)
+w (i $)A() — wo (J; 8)BY () + 2w (3 s)wp (45 5) By (i)
+wi (53 8)AE) + w) (i 8) wé(],s))

JrZwl(z gi8)wi (i, m; s)e” 1 1(7:9) g —wi (mss)
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(BY(m) B} (j) — 2wj (4; ) B (m) By (§) — 2wg (m; s) By (m) B (5)
+ dwg(m; s)wg (55 8) By (m) By () — BY (5)A(m)
+2w3 (j; ) Bg () A(m) — A(j) BY (m) + 2wg (m; s)Bs (m)A(j)
+ Mm)A(G) — wh(m; 8)BY () + 2wg (m; s)w (45 8) By (4)
+ wg(m; $)A(J) — w(j; ) B (m) + 2wg (5 s)wg (m; 5) By (m)
+w (75 $)A(m) + wg (m; s)wg (5 5)) ) E(s)

d N 1. 1, N
4 Z w1 i,J;8 ( wl(z,s)e—wl(a,s)Bé(Z-)B?(j) _ ng(j;S)Bwl(w)e*wi(m)

'%@%U%ﬁ“mfﬁmmwnm—www AU b (j; 5) B3 (i)
+w(i; s)e ™1 BY(f) — 20 (i s)ur (65 s)e ™10 By ()
—wy (i; 5)€_w%(j;s))\(j) — wi (i; s)wg (4 s)e_“’%(j;s))
- E(s)
dwd(i,5;8) [ _wliis ) ‘ . ' ‘
30 TS (e (BYG) - 20 ) B 1) = AG) - wh(i:9))

,J
=Y whi g s)e B - 208 ('35 BY () — AG) — wh (s s>>)
~
(e (BY()) — 20873 ) BY (1) — M) — wh(js )
= 2w e R BIGY) — 2w (57 5) By () = AG") — wy (i3 5)

Equating coefficients of B2(i), B3(i) and Bi(i) in (4.19) and (4.20), for each
i =1,2,..., N, we obtain the equations

d dw? (3: o d 0(,.
10 % ng(i;s)% +4e*2wi<w>% (wiizs)® . (4.21)
oy dw3 (45 5)
07\ —,—2wj (i;5) $W2\b 4.22
i) =e AUl (1.22)
L dwi(iss) o owl (i) dWI(i5 8)
cl (i) zldis — 4wd(i;s)e 2 )zdis . (4.23)
Putting (4.22) in (4.23) we obtain
dwi (i; s)
PAES) _ ot i) + aud (i )00 | (424
while putting (4.22) in (4.21) we obtain
dw3 (i; s) dwi (i; 5) 2

282w (iss) LY 4 48) (wh(is))” = BG) (4.25)
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Substituting (4.24) in (4.25) we find that w?(i; s) satisfies the Riccati ODE

) 2} i) — 4e§) (w12))” = 360

which along with the initial condition w3 (i;0) = 0 completely determines w3 (i; s).
Equation (4.24) then implies

wh(iss) = ch(@)s +4e80) | wisu) du.
0
while (4.22) implies
wI(iss) = cg(z)/ 2wt (i) gy
0

Equating coefficients of B{(i)BA(j), BY(i)BY(j), B(i)BY(j) , BY(i) and Bi(i)
n (4.19) and (4.20), we find that for each i,j, w{(4,j;8), wi(i, j; 8), wi(i, j; s),
w(i;s) and w?(i; s) satisfy equations (4.13)-(4.17). Equating coefficients of the
constant terms in (4.19) and (4.20) we find that w)(s) is determined by equation
(4.18). O

Remark 4.4. The formulas for w3(i;s), w3(i;s) and wi(i;s) are the same as in
Proposition 3.5.

5. Vacuum Characteristic Function

Theorem 5.1. Suppose that ® is a Fock vacuum vector such that ||®[|? = (@, ®) =
1, B® = BY® = 0 and B{® = 1(I> Then the vacuum characteristic function of
the quantum random variable FN of Theorems 3.4 and 4.3, is given by

<<D’eis FNq)> — ewg(is)e% Zﬁ\;l wi([;is) (51)

where wl(is) and wi(I;is) are obtained from w)(s) and wi(I;s) of Theorems 3.4

and 4.3, respectively, after replacing s by is.

Proof. Using the expressions for e* £~ with s replaced by is, given in Theorems
3.4 and 4.3, we notice that, unless n = k = 1, all exponentials of the general form
eBr act on @ as the identity operator, either directly (if n < k) or after flipping
to the other side of the inner product (if n > k). In the case when n =k =1 we
have

2

N
[ evitaBi g H wh(Lis) (B BYD+1) g

N
_ H Lwi(I;is)
I=1

—e %Z 1“’1(115)(1)

The only other surviving exponential is ¢*5() . Since |®]] = 1, we obtain (5.1). O
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Corollary 5.2. In the notation of Theorems 4.3 and 5.1, let

N
Gy =Y (B()(a})? + (D) ar)? + ch(Da} + & (Dar +cl(Dalar )
I=1

N N
+ Z (cé(], J)a}a}} + (1, J)ajaj) + Z e, J)a}aj .
I,J=1 I,0=1
1>J I#J

Then

<(I), eis GnNn (I)> _ 6_%3 Z?I:1 ci([)ewg(is)eé E]I\le wi([;is) )

Proof. The proof follows from Theorem 5.1, and the fact that BZ(I) =

(

+

ar
;

)2,

BY(I) = (ar)?, B§(I) = aj, BY(I) = ar, B{(I) = ajas + 3. BY(I)B§(J) = ajal,

BY(I)BY(J) = azay, BYXI)BY(J) = ala; and

N
1
FN:GN+§IZ;C%(I) .

6. Appendix: Coefficient Formulas

6.1. Coefficients in Proposition 3.5. The coefficients a (i), k =1, ...,24, ap-

pearing in Proposition 3.5 are given by

01(i) =2B)S0)(B() — ek (D) BG) + el (i) (-1 + (~)AD/50) ch(ije

~2(=1)AOEO i) (0))

ay(i) = = B(i)(B(i) - c}(0)*c} () (B(i) + €1 () |

as(i) =B(i)*(B(i) - ¢} () *(B(i) + ¢1 (i) ,

ac(i) =(B(i)*¢j(i) — (~1)1 O PDef @) (ch(i)e} (i) — 2(0)F (i) log B
ar(i) =B(0)? (21O FOL@)S () — (-1 + (~D)FOED)eh(@)el () |
as(i) =2(=1) T PO (i)e (i) — 20() e (0))

ag (i) =B(i)’ch (i) — (~)T PO} (i) (5 (i)ed (6) — 2 (D) (3)

1
1

(4)
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1

2B(i)*(B(i) — ci(i))*(B(i) + ¢i(i))?

(=B(i)eg(i)?ei (1) (B(i) + ¢1(i))* log(—1/B(4)) + B(i)eg (i) *(B(7)

—c1(d))?e1(4) 10g(1/B( )) +2(=B(i) ey (i) — (—1)*1 /0 cf (i)?
1(i

a10(7) =

+ B(i)*(—4(-1 >201<”/B<” A (i)ep(i)et (i) (i)

+4(=1)% OB (5)2c (i)?

+ (i)} (1) (1 + (—1)*1 (/B

+2V=1m)) + 2(—=1) D/ FOel (i) (e (i)l (3)
—2e()cB (i) (= B(i)2ch (i) + c} (i) ((—1 + (1) B@) el (i)el (i)
— 2(=1) PO ()2 (i) log B(3))) ,

no

(=
)

el (6) = 2600 () (~1) O P ef iy?

+ B0 (=4 + (=13 PO)cg(i)el (i) — 2(=1) 1D PO (0)e (1))

(1)2(B(i) — c}(i))3/2(B(i) + cl(i))3/2
(4(=1) O BO L) (e (i)el (1) — 20(0) 2 (1)) (=1 + (—1)cL(D/BW))

@)l (i) — 21D BOLH) ()
L 1
130) =5 B R (BG) — ()2 (BG) T A2
2

(B(i)*c)()*(B(i) + ¢1(i))* log(=1/B(3)) — B(i) (i)

- (B(i) = ¢1(i))* log(1/B(7))

— (= (=12 BOL () (e (i)et (6) — 2¢0(0)ed (0)) + (1) D/ PO B(i)?
et (D) (e (D)el (i) — 260(0)ed (1)) (1 + (=)D PD)cf (i)l (3)

(
2(—1) PO D (i) (i)

B(i) eh (i) (=2(~1) A0 PO ()3 (i) + b (i)el (i)
(=) aD/BO — /)
+ (=)D BOB(i)2(ch (i)l (i) — 2¢0(0)e3 (1) (— B(i)2eb (i) + ek (i)
(=1 + (=)D EO)cl (i)l (i)

(—1)aD/BO L (i)c3(i))) log B(i)) |
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. 1
1) = BENB6) — A2 (B T aA0)?
(—D)AO/ Bl (i)ed (3) — 29 (0)cA (i) ((=1) D/ PO el ()
(ch(@)el (i) — 2 (i)c3())
+ B(0)2((—4+ (1) Byl (i)el (7)
—2(=1) A EOD ()3 (4)))
1
B@i)(B(i) — cL(0))*2(B(i) + 1 (1))
(A(=1) O/ BO (cl(i)ek (i) — 2 (i) B (i
(=14 (1) D BO) e (i)el (i) — 2(-1) D EOR ()3 (4)))
. 1
1) = BERBE) — A (BO) T ()
(2(~1)AOBO (e (i) (i) — 260(5) 2 (0)) (—B(i) b (i)
+ (D) AOBO @) (ch(i)ek (i) — 26(0) ()

—~

a15(i) = —

i) = cb(i)%c} (i)
2B(i)(B(i) — c}(i))?’
sy = - ()
18 2B(i)(B(i) + ¢} (i))?
crofi) = — —— BN
o 2(B(i) — cf(i))?
o) = B
PN TAB) + cf(i))?
i (i) = — 2c§(i)?ct(i)?
(B(i) — c1(0)2(B(i) + ci(i))?
. (i)

~ 1)/ BO (i) (b (i)ek (7)
—29(§)3(0))(B(i)2ch (i) + e (i) (1 — (~1) 4O/ BD)el (i)l (i)
@O/BOD (1) (1))

S(2(~1) 1 D/BD (i)l (i)

Cv24(i) =

1
B(i)(B(i) — c1(i))*(B(i) + c1(1))?
=268 ()§ (D)) (=B(0)c§ (i) + e} () ((—1 + (~)1 D ED)cf (i)l (i)

—2(~1) 1D/ BOD(3)c2(3)))) .
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6.2. Coefficients in Theorem 4.3. The coefficients b, p, q,r, u, appearing in
Theorem 4.3 are given by

by =

ba

b3

b4 :3dw8(k7 8) 67271)%(1@;5)

=-8

dwi (i

s) N 4dw8(i; s)

ds

ds

0(;.
dwy (s s) (35) wi (i; 8)w? (5 s)g*wi(m)e*wi(j;s) 7

ds

_ dwg(kv 5) 67271)%(]();8)

ds

—wj (m;s)

b

wf (i s)e 21 ()

(i; s)efw%(k;s)efw}(i;s) ;

)

ds ’
dw§ (k;
bs = — 4%108
dw9(k; s)
be =4—2\" 27,2
0 ds
0(;.
by = dwzdi(lw"')wg(i; 5)e (i) (i)
s
0(,
by = — gwe—whk;s)e—wi(m;s)
s
0(L.
bg ZQWUJS(-L s)e—’wi(j;s)e—w%(m;s) ,
s
dw9(k; )
bio :gwwg(i; s)e~wi o),
s
bll = — ng(j’ s)efwi(j%s)ewi(i?s) ,

bio =4w? (i; s)wi (5; s)e—wi(j;S)e—w}(i;S) 7

—wi (k

big=—e i8) g w1 (i) ,

bia =— 4w(2)(j; s)e’wi(j?s)efﬂ(i;s) ’

bis = — dw(4; ) w2 (j; s)e W1 emwiis)
bis =2wj (4; S)e*“’i(iﬁ)e*wi(k;s) ,

biy =2wi (i s)e

b18 :’(1)(2)(17 8)’11)(2)(], S)e_w%(ﬁs)e_wi(i;‘g) ,

bro = — 2w2 (i; s)ewi (ki) g=wi (iss)
byg = — 9~ w1 (mss) p—wj (iss) ,

byy —e—wi(mis) g—wilkis)

bag = — w2 (4; s)e~ W1 (mis) emwiliss)

byg = — 2w8(i; s)e*Wi(m;S)G*Wi(i;s) ’
byy = B3 8) wk(mis) ki)

ds

7w%(i;s)67w% (k;s) ,

)

(e (’L, S)wg (]7 3)@71“% (j%s)e*’w%(i;s) ,
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. —anl(i- (-
bos =2w? (i; s)e W1 (B8 gwr(lis) |
—wl(mss)  —wl(l;s
b26 = —¢ i ( )6 HUD) ,

bar :211)(2)(7,, s)efwi(iis)efw%(l;s) ,

bog = — e—w%(k};s)e—w%(l;s) ,
bog :e—w%(n;s)e—w} (l;8)
oy = — 2%08(E5) i) i
ds ’
py —e—ti(i8) )
D3 :dwg(k, 5) e—w}(i;s)e—w%(j;s)
ds ’
i = — e wiliss) i)
Dy = — e—wiliss) gmullis)

ooy o1
D6 :efwl("vs)e wy (J;8) ,

dw3(j; s —owl(is
g1 =— %(26 201(538) 4 1) |
dw$(j; s) oy —wl(is) —wl(is
:42disw8(z;s)e 1( 7‘)6 1(]7‘) s
dw§(i; s)

q3 = — Qng(i§ 5) )

1/, 1/ -
_w;(4;8) ,—wi (538
qs =€ 1( )6 1(3 ) ,

g5 = — 2(wd(is 5) + wi(j; 5))e VT mwa )
dw9(k; s)
@6 =———"",
ds
dwd (k; s . —wl(iis) —wl(i:
o :4%%(2;3)6 wh (i) gl )
gs = — e~ wikis) g—wi(dss)

go —e~ W10 gmwi(Eis)

Q1o =2w2(i; s)e i) gmwiliis)
qu = — e~ Wi gmwikis)

q12 =2wj (4; s)e_wi(j?s)e_w%(“s) ;

qi3 =2w? (i; s)efwi(j;s)efw%(i?s) ,

0(1.
dw2 (k’ S) e—w%(j;s)e—w%(m;s)

qi14 = — ds )
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0(..
s = — 205 8) i) —ukmis)
ds ’
q16 :e—w%(j;s)e—w%(k;s) ,
Q7 :e—w}(j;s)e—w} (m;s) ,

q1g e~ VLU gmwr(kss)

19 :e—wi(j;S) ;

G20 = — 2w2(i; s)eWiUs) gmwiliss) |
g21 = — 2w3 (i; S)Q*W%(ﬁs)e*w%(iﬁ) 7
Go2 = — e~ w1 (538) g—wi (i) ,

—wl(i:
7«1 =€ ’UJl(’L,S) R

Of;.
ry = — 22wkl W2(58)
ds
dwo k;S . —wl(i;8) ,—wl(k;s dwo i;S —wi (i;8) ,—wji (k;s
ry — 2055 )k (ki 5)e—h 69) =t i) +2%e $(iss) gl (kis)
_ d’lU?(’L,]@ 8) e—wi(i;s)e—wi(k:;s) _ dw(lj(kala S) e—wi(i;s)e—w%(k;s) ,
ds ds
1 i
4 :dwl (C;fvla 5) e—w}(i;s) ,
S
dw (k; .
5 = — 2%78)111%(]{5, i; s)wi (k, m; s)e‘wi(z"s)e_wi(m’é)
S
0(; L.
n d’U)1 (;a k; 3) w%(k, m; S>e—w%(i;s)e—w}(m;s)
S
dw(l)(];a m; 3) w%(k‘, i s)e—w%(i;s)e—w}(m;s)
S
0 i
n dwl (;;a 13 3) w%(k, m; 5>e—w}(i;s)e—w}(m;s) ,
S
0 .
T6 :Mw% (m,i; S)e—w}(i;s)e—w}(k;s) 7
S
dw?(k, m; s . .
== PO (1 i sk, 1) + wd ks s (m, 5 5)

1, 1
—wj (4;8) ,—wy (I;s
e wiiss) gmwi(ls)
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dwi (i, 5; . .
Uy = — Z GO S;% 5) gwliis) g—w} (355)
J
dwl(i; s dwi(i; s .
vl | (0 g

u; =

uy = — 2wa(i; s)e*wi(i‘s)

uz = — (wi(k,i; 8) +wp (i, k; s))e‘“’%(k;s) ,

dw§ (k; .

2B 0 i) 4, )2 O
S

dw9(i; s)

ds

dw§ (k; y _

BB s sy iz sy 0w
S

0(; 1n-
2dﬂ)1 (;7 k’ S) ’(1)(2)(2, S)eiwi (i;s)efwi(k:;s)
S

dwd(k, i;
+ g QWI- 1 5) (ds, 5) wi (i 5)e
dwl(k,i; N
dw9(k; s)
ds
dw3(j; s)
ds
dw§(j; s)
ds
dw} (i, j; 5)
ds
ds
ds
dw} (j, i; 5)
ds
dw? (4, k; . .
Wy (dj; 78) U)é (]’ i S)G_Wi(J7S)€_U)}(k’S)

dwo(j’k;s) L —wl(f;s)  —wl(k;s
Twé(l’j;s)e 1(d;8) g w1 (Kss)
| duwi(k,jis)
ds

0 .
n W“}é (i, j: s)e— i Gio) gl (i)
S

Uy

—4 w%(ivk;S)wg(i;s)e*wi(i?s)e*ﬁ(k;s)

+

—wi(i5) g —wi(his)

Uy =

ug = — 2 e~ (59 e=wi )l (ki ) (wh(, 55 5) + wh(i, ; 5))

-2 wi(, ks s) (wh (G i3 8) + wh (i, 4; 8)) e Wi k) gmwi(G59)

+4 w% (7,1 s)w} (4, k; s)wg(i; s)e‘wi(i?s)e_wi(k;s)

2

wi (4, k; s)wd (i; s)e—wi(i;s)e—w}(k;s)

-2

wi (j, 4 s)wg (i s)e

—wi(i;S)e—wi(k;S)

wi (4,15 8)wd (i; s)e_w}(i;s)e_wi(k‘s)

-2 wi (4, k; s)ws (i s)e_“’}(i;s)e_“’i(k;s)

_l’_
+

1/ -, —w! ;s —wi k;s
wi(j,4; s)e W10 gmwa (kis)
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=- 7dw%<§s’j;s) (wb (5. i3 5) +wh (i, ji ) e 10

:degéf?i) wi (k, js 8wt (kyms s) (w(, 35 8) + wp (i, j; 8)) €10 e 0mss)
+ 2dw1 ((Zj’ 5) wi (k, i; 8)wi (5, m; s)wd (i; s)e_“’}(i?s)e_“’}(m%S)
- 7dw?(§s,j; ) wy (k, i; 8)wy (4, m; s)e_w%(k?s)e_“’}(m;s)
- 7dw?(§s,j; ) w (i, ks 8)wi (4, m; s)e‘wi(k;s)e_w}(m;s)
" Qidw?f;j; D} s o i ) i e 69 ek 00
B L?(Zl’j; b (. ks ) s s)e 0 k)
- BRI 0D 45k sy, s ) 00 e )
- DA IES) 2 o e e
- QAT 1 s g3 )0 )
- BT ;s )+ 9 ek
- Mw%(k,m; sywg (i, gy s)e i) emwilmis)

S

:7dw? (c]l:j; 5) wi (k,m; 8)wi(4,1; 8)wd (m, i; s)e*“’%(l;s)efw%(m;s)
4 QT 1 sk (5,1 ) s )00 e )
4 BT 1 sy s 5) (. 5)+ . m.)
e wi(ts) —wi(mis)
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