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Theory and Applications of Extended
g-Difference Operator

V. Chandrasekar* J.K athiravan** and K .Srinivasan**

Abstract : In this paper, we define the extended g-difference operator A, ,,and present the discrete
version of the L eibnitz theoremaccordingto A, . Also, wedefinetheinverseof extended g-difference

operator Aq’(lé) , anhdto obtainthe formulafor the sum of higher powers of arithmetic progressonsinthe

field of Numerical Methods. Suitable examplesare provided to illustratethe main results.
Keywords: g-difference operator, inverse operator, arithmetic progressions.

1. INTRODUCTION

Thetheory of g-difference equationsis based onthe operator D, f( X) isdefined by

@) - ()
(q—Dx

Also, sudiesonlinear g-difference equationswere sarted at the begining of thelast century withtheintensive
worksby C.R.Adams|[1], Carmichael [3], Jackson[4], Mason[10], Trjitzinsky [11] and someotherssuchas,
Picared and Ramanujan. However, from 1930'supto the begining of 1980's, the theory of linear g-difference
eguations has lagged noticeably behind the sister theories of linear difference and differential equations. Since
1980's an extensive and somewhat surprising interest in the subject reappeared in many areas of mathematics,
physics and applicationsincluding new finite difference calculus and orthogond polynomias, g-Combinatories,
g-arithmetics, integrable sysemsand variational g-Calculus[2,12,13].

In 2006, M.S.Manud, et. al., extended fromthe difference operator to generalized difference operator is

denoted by A, isdefined onthereal valued function u(k) by

Auk) = u(k+¢)—u(k),k €[0,00),¢ € (0,00)
and developed thetheory of difference equationsin adifferent direction. Also, they defined theinverse of generdized
difference operator and obtained theformulaefor sumof higher powersof arithmetic progressons, sumof consecutive
termsof arithmetic progressonsand sum of arithmetic-geometric progressionsusing the Stirling numbersof first
kind and second kind respectively inthe field of Numerical methods.

By extending, the study for sequences of Complex numbersand ¢ to bereal, some new quditative properties
likerotatory, expanding and shrinking, spiral and weblike were studiesfor the solutions of difference equations

D,f(x) =
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involving A, . Also, amethod to find aformulafor the sumof n' power of arithmetico-geometric progression
using the generalized Bernoulli polynomial B, ,(k,—¢) , and solution to the generalized difference equation
u(k —¢) —u(k) = (n+1)k",ne N(1) . Theresults obtained can befound [5-9].

With this background, in this paper, we define the extended g-difference operator and develop the basic
theory for the extended g-differenceoperator A, and obtaintherelationbetween A, ,, andtheqg-shift operator
g1, thebasic propertiesof A, and generaized version of Leibnitz theoremaccordingto A, . Also, we

definetheinverse of extended g-difference operator A;&) and obtain the formulafor finding the sum of the higher

powers of anarithmetic progression using Striling numbers of second kind. Suitable examplesare presented to
establish theresultsinthefield of Numerical Methods.

2. DEFINITIONSAND PRELIMINARIES

Inthissection, we define the extended g-difference operator and obtaining relation betweenthe shift operator
and extended g-difference operator.

Definition 2.1 1f u(k) isreal valued function, then we definethe extended g-difference operator A, as
Aypuk) = u((k+£)q)—u(k),? € (0,00),q € (0,00). 1)
Remark 2.2. (i) Whenq=1, A, becomes A, the generalized difference operator.

(iilWheng=1and y =1, A, becomesA, thedifference operator.
Thefollowing are theimmediate consequencesand extensons.
Lemma2.3. Therelation between A ,, and ga® is

Ei0 = Ay, +1 2
Proof. The shift operator ga) isdefined by
E9u(k) = u((k+0)q),k €[0,00). (3)

The proof followsfrom (1) and (3).
Lemma24.1fgand ¢ arepostiveintegers, then

1+8y, = (L+4A)7. 4)
Lemma 2.5. If aand b are any two non-zero scalars, u(k) and v(k) areany two real valued functions, then

A plau(k) +bv(k)] = aA,, u(k)+DbA, , v(K).
Lemma2.6. Let u(k) and v(k) beany two real valued functions. Then
Ay plulkv(k)] = V((k + f)q) Ay pu(K) +u(k) A, V(K).

Lemma2.7. If u(k) and v(k) = 0 areany two real valued functions, then
u(k)| V(K)A,hu(k) —u(k)A,,v(K)
v(k) v(k)v((k+£)a)
3.HIGHER ORDER OF EXTENDED Q-DIFFERENCE OPERATOR

a(e)

Inthissection, wedefinethe higher order of A, and establishthe generalized version of L eibnitz theorem

acocordingto A, .
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Definition 3.1. The second order extended g-difference operator denoted by Afw is defined as

A2 =Ay, (A

a(t)
Ingenerdl, then™ order extended g-difference operator denoted by Ay ,, isdefinedas Ag ., = A, (Ag( 5 )
We present thefollowing remarkswhich can be easily established.
Remark 3.2. If gand ¢ arepositivereals, mand n are any two postive integers, then
AgnBany = Banlan-

Remark 3.3. If cisacongtant and u(k) isany positivereal valued function, then

A [cu(k)] = CAy, [u(k)].
Lemma 3.4. If mand n are any two postive integers, then

CW)( Q(/))'

m—1-t

AP K" = i)(—l)‘ [(k+€)q””+ quf] : ()

r=1
Proof. The proof followsby induction method onmand n.
Lemma3.5. If gand ¢y arepositiverealsand nispostiveinteger, then

A;(k) = Z(_l)rnCrE("—f)CI(/) (6)
r=0
n n—r—1
and hence Agpu(k) = Z:(—l)rnCr u[(k-i—f)q”r + Zﬁq””]]. @
r=0 t=1
Proof. From (2) and Binomia theorem, wefind
Ay = EMO—nCEMYO o4, )

(6) followsfrom(8) and operating bothsdeson u(k) in(8) and smplifying, we get (7).
Lemma3.6.If q(¢,),1=1,2,---,n arepositivereals, then
1+ A

n

= H(l+ A ) ©)

i=1

n

> Ja
i=1

Proof. Theproof followsby (2).
Lemma3.7.1fgand ¢ arepositiverealsand nispositiveinteger, then

Anq(/) = Z;nCTA;([)' (10)
Proof. From(2), we have Aoy = EMO _1, (1)

The proof followsfrom (2), (11) and binomial theorem.
Lemma3.8.If gand ¢y arepositiverealsand nispostiveinteger, then

n—1
Al = ;(— 1)'nC, Ay ynry- (12)
Proof. The proof followsfrom (2) and binomial theorem.
Thediscrete versionof the L eibnitz'stheoremaccordingto A, isgiven below.

Theorem 3.9. If u(k) and v(k) areany two positivereal valued functions, then

n-1 t
AL [uk)v(k)] = tZ;nCtALI(,)u(k)A;(*;)V (k‘l‘f)qt-l—ZEqr], a3

r=1
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Proof. Definethe operators EX and EJ") as

EX [u(kv(k)] = u((k+O)q)v(K)

and Ex lu(k)v(k)] = u(k)v((k+6)q). (14)
Hence, we get a0 = EIOEIO, (15)
Also, we define [Ayo], = B -1 and [A,, ] =EX" -1 (16)
Thisimplies Ay = BB -1,

From (16), we get Ay = [Aq(é)]er[AquEg“). (17)

The proof follows by using Binomial theorem and (17).
Lemma3.10. If gand ¢y arepositiverealsand nispositiveinteger, then

Proof. Equation (18) followsby (2).
Lemma3.11. If a(k) isared valued function, and x isan positive integer, then

A0 ga(0)
e A0

y 5d(l)
X(W) X Aq([)

a(0)=|ee 99 15(0). (19)

o0 XJQ(/) j-1
: Yl r =
2 Tiaty a[‘“ )[Z;q ]]

Proof. The proof followsfrom exponential functionand (2).
4. INVERSE OF EXTENDED ¢-DIFFERENCE OPERATORAND ITSAPPLICATIONS

Inthis section, we definethe inverse of the extended g-difference operator A;&) and obtainthe formulafor

finding sumof higher powersof an arithmetic progression using Striling numbers of secondkind. Suitable examples
are presented toillustratetheresults.

Definition 4.1. Theinverse of extended g-difference operator denoted by A;&) isdefined asif
A, pV(k) = u(k) then v(k) = A;&)U(k)—f—c (20)

andthen®™ order inverse operator denoted by A;&) isdefined as

if AP V(K) = u(k) then v(k) = A, u(k) +,

where cisaconstant depend upon k.
Remark 4.2 Let u(k) beareal valued function. Then

A [Baipt(K)) = Agiy (Agiyu(k)).

Theorem 4.3. I1f gand ¢ arepositiverealsand ke N,(j) ={j,j+¢, j+2¢,---}, then
H t H . t

Aypu(k) ITW) = Au(k)— AU k_zzzqu =>u k_@;q , (2

3 =1
S
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i
;
k_ t
| Q8 W K
where oy = T and |7 |istheinteger partofz.
q
Proof. The proof followsfrom (20) and therelation
P
Llk=0> ¢
AWD g u ; = u(k).
r=1 ql‘
Theorem 4.4. If k,¢ and g arepositivereal values, then
k
b k—fzr:qt k k—¢ : q
t=1 {q o t=1 : (22
AT o WY T
q°(q-1)
L _ A1l {q
Proof. From (20), we have -1 - AN k+a. (23)
The proof followsfrom (21) and (23).
Thefollowing exampleisillustration of Theorem4.4.
Example4.5.1n(22), by takingk=32and ¢ = 3, weget
r 10
%[32-3) o 2 [32-3% ¢
> 2 L3 = [qe’—_l]— > | (24)
“lod q-1 a°(q-1)
In particular, whenq = 2, we have
r 10
£.132-3) 2 _ :
(323 = 3|2 2 |55 [6106) _ 7 0600625,
| 16 — 1024
2 210
Theorem4.6. Let k™ = k(k — ¢)...(k — (n—1)¢) bethegeneralized polynomial factorial, then
:
k :
by k—20—¢) ¢
1 1(k-20) 1 —
@ ~— 2| | 2 K : (25)
r=1 k-éiqt f k—g E {?]
t
— k—¢—0> q
qr t=1
l
Proof. InLemmaZ2.7 by taking u(k) = k —2¢ and v(k) = k — ¢, wefind
k—2¢ 02
Aq(i)[ K_ ¢ ] =K (26)

The proof followsfrom (20), (21) and (26).
Example4.7. Substituting k = 46,/ = 3 andq =2 in(25), we get
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; @ 40-3) 2
Tlae-3 2| = 1[4—0}—1 ——2 | =—-0.472472161.
t=1

15
= 9(43) 9 43-332
2 3 t=1
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