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CERTAIN INTEGRAL PROPERTIES OF GENERALIZED
CLASS OF POLYNOMIALS AND GENERALIZED k-BESSEL
FUNCTION ASSOCIATED WITH FEYMANN INTEGRALS

Mehar Chand and Rekha Rani

Abstract: The objective of the present paper is to study certain integral properties of general
class of polynomials and generalized k-Bessel function with certain class of Feymann
integrals. We establish certain new double integral relations pertaining to a product involving
general class of polynomials and generalized k-Bessel function.

I. INTRODUCTION AND DEFINITIONS

In 2006, Diaz and Pariguan [5] introduced the k-Pochhemmer symbol defined as follows:

L (r+mk)
W.=| n leeemweap)
, y(y+k)...(y+(n_1)k) (neN;yeC), .

and I'; is the k-gamma function having the relation with the classical Euler’s gamma function
as : (see [9])

Z,
Fk(7)=kk F[%j- (;/e(C,keR+;neN),

(1.2)
When k =1, equation (1.1) reduces to
__F(;/+n)_ 1 (neN;;/e(C\{O})
(7/)" B F(?’) _{7(7+1)...(]/+(n—1)) (neN;yeC), (1.3)

The k-Bessel function of first kind [8] is defined as:

J (z)=i (-0 ()i (2\2)"

T, (ﬂn+v+l) (n!)z (1.4)

n=0
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keR;z,A4,y,veC,R(1)>0%R(v) >0,

where (), 18 well known k-Pochhammer symbol defined in eqn. (1.1).

In [4], Agarwal et al. considered the following generalized k-Bessel function defined

as: (see also, [1, 2, 3])
[ijan
2 (D<M 2

a)ky,’j,h,c(z) Z 7
S (ln+v+b21] (n!) (1.5)

keR;z,A,y,v,b,c e C,R(1) > 0,R(v) >0,

" [x] is defined as [10] is defined as

n.

mmor m, l
S”l,...”r- [x] B Z Z 11:[]_ Al A”’,l,x (1.6)
where n,..n, =0,12,...;m,,..m, are arbitrary positive integers, the coefficients 4,, (n,,/, 20)

my,...m,

are arbitrary constants, real or complex. S, [x] yields a number of known polynomials

as its special cases. These includes the Jacobi polynomials, the Bessel polynomials, the
Hermite polynomials, the Lagurre polynomials and several others [11].

Fox [7] and Wright [12] introduced and investigated the generalized Fox-Wright

function ,¥ (z) (p,q €N,) with p numerator and g denominator parameters defined

fora,,...a, €C andb,,...b, e C\\ Z, by

= T(b+ Bin). r(bqqu)m (1.7)

(al,al) ----- ( o )} Z‘O: (ay+ayn). F(ap+apn)zn

where the coefficients ¢,...,a,, B;,..., 8, € R" are such that

q p
1+Z;‘ﬁj—zl:a[ >0 (1.8)
J= i=



Certain Integral Properties of Generalized Class of Polynomials and Generalized... 303

Foro,=f,=1(=1,..,p;j=1 .., ), Eq. (1.7) reduces immediately to the generalized
hypergeometric function , F, (p,q € Ny) (see [9], Section 1.5):

Ay sy F(al)...F a, (al,l) ..... ap,l;
qu[bL___,bq; Z]:ﬁpwq[ ' ( ); Z] (1.9)

The following formulas (see, e.g.[6], p. 145, p. 177, p. 243) will be required in our
present study:

[ N O ()

e N PR (110
© [ a F( +1)F(ﬁ+1) * a+f+1
IO L P(x+ y)x*y dxdy ZWL #(z)z"" " dz. (1.11)

oL, -0ty ) sty = TR - L)

II. MAIN RESULTS

We establish the following results:
Theorem 1. Letk e R;z, 4,7, 1,b,c € C,R(A) >0,R(v) > 0,n,...n,

=012,..;m,..m, € Z"and 4, , (n,,l, 2 0) are arbitrary (real or complex) constants, then

v @y 1[0 1T 1= T [@00] . [@p)
H"{ 1-xy } L—xy} {(1—x)(1—y)}s"“”’"" { 1-xy }0"”{ 1-xy }dwy 2D

e 7 1) .2) :
[m!/m]  [nim] , (_ni)le, k % 2k r(Ot+l)t] +v (k’ 1(ﬂ ) )1 (—C)kl 1t2
= 1_{ T Amh Y > XZ\PS v bel A X 7
4=0 =0 7 i *
! ’ ! r —+—, = | (a+ B+ +v,2),LD;
(k) (k " k) (o+ B+, ),(LD)

Proof. Let L.H.S. of eqn. (2.1) is denoted by /. By putting value of S ' [x] and a)K LbelX]

......

from (1.6) and (1.5) and interchanging order of integration and summation, we have
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[m/m]  [n./m] , n. . o _1 n n /2 v+2n
[: Z H( ) lAnltlZ ( )C(y)n,k (t )

4=0 =0 L o [ln+v+bz+1j (n!)® 2.2)

J_lj_l (1_ x)a+l, -1 (y)a+l, (1_ y)ﬂ“'*z"*l
X

(1_ xy)(a+ﬂ+l,+v+2n—l) dxdy

By using result (1.10), we have

]_[nf] ["f']ﬁ(_”")”t"/; y i D"c" (M), T(o+L)T(B+v+2n) (112)"2"
e = (z, +v+b;1) Dla+p+l+v+2n) () (2.3)

After simplification, we have

v b+l

f [n/m],, (-n.),., A T 2"F(a+1)t”v
1,=0

il A” -
)
k

_1 [

4 2T
r|= r 2 =
n= F[#+b+1 lnjl"(a+ﬁ+l+v+2n)l“(1+n) 4 n
k 2k Kk

Interpreting eqn. (2.4), in view of result (1.7), we get the required result (2.1).
Theorem 2. Let ke R;z,A,y,u,b,c € C,R(A) > 0,R(v) >0,n,...n,

=012,..;m,..m, € Z"and 4, , (n,,l, 2 0) are arbitrary (real or complex) constants, then
[ ], steesne s s [w]off, [1v] = dudy

v b+l
[niﬁ] [nIm,] . (_n[)ml Kok 2% F(a+l) fl +v
_ by

= oo I nili
ll=0 lr‘=0 i=1 l[ ' F[]/j 21/
k
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[%,1},(ﬁ+v,2) -2

(k¢
(2.5)

v
x 2 3[K+b+1’1
k 2k k

] (a+p+1+v,2),LD;

0
x J' ¢(Z)Za+ﬁ+l,+v+2n—ldz.
0

Proof. Let L.H.S. of eqn. (2.5) is denoted by I. By putting value of S, " [x] and AL

from (1.6) and (1.5) and interchanging order of integration and summation, we have

[m/m] [n.Im,] - (

I = Z Z H n; m,l, A li ( l) (y)n,k (f/Z)V+2n

Lo -0 7 = [/1,1_,.‘,_,_1’;1) (n1)? (2.6)

% J'O J‘O ¢(x+y)xa+l,71yﬁ+v+2nfldxdy

By using result (1.11), we have

[m/m] [n.Im,] - ( ( 1) ( ) v+2n
_ n; ml [ Ve n,k (I/Z)
I = Z Z 11;[]- Z b+1 (7’1')2 27
h=0 1.=0 n= Ol“k[/ln+v+ > j : ( . )
INa+L)T(B+v+2n)

E>O¢(Z)Zoz+ﬁ'+l,+1/+2;1—le
Ia+p+1 +v+2n)

After simplification, we have

_v_ b+l
f [”ﬁlr (=n )m,l,A k k2T (@)
k

7 A
o F(k+njl"(ﬁ+v+2n) (—c)kl 02

1
@8

X
nor(: sz;(l ?jr(a+p’+li+v+2n)l"(l+n)
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00
% .[ ¢(Z)Za+ﬂ+l,+v+2n—ldz
0

Interpreting eqn. (2.8), in view of result (1.7), we get the required result (2.5).
Theorem 3. Letk e R;z, A, 5, u,b,c € C,R(1) > 0,R(V) > O,n..1,

=012,..;my,..m, € Z"and 4, , (n;,l; >0) are arbitrary (real or complex) constants, then

Ll f: SO @=x) =) yrsy e - x)]ef 1y [10- 3) ] dxdy

v b+l
_[nllzml [n,/m,] r (-n; )ml y k k2 [(a+1) ity
_0 l—l [! l’l,‘l,‘ F[yj 21/ (2‘9)
k
Y ) _ .

(_11 !(ﬂ+v,2), 1-= 2

— t 1
XZ\P3 (C)# XJ f(Z)(l— Z)a+ﬁ+l’+v+2n_ldz_
(z+b+ l) (ec+B+1+v,2),1D); °
k 2k 'k

ol [x
Proof. Let L.H.S. of eqn. (2.9) is denoted by 1. By putting value of S,"" [x] and kil

From (1.6) and (1.5) and interchanging order of integration and summation, we have

; :[nfﬂ [n,/m,] r (—n, ml y Z (-D"c (7’)nk (t/2)'/+2"
L0 -0 '_l A =0T, [ﬂn+v+b;1j (n!)?
1p1
x .[0 '[Of(xy)(l_ x)aJrl,vflyaJrl, (1_ y)ﬁ+v+2nfldxdy (2‘10)

By using result (1.12), we have

[m/m] [n.Im,] r —I’l 0 ( l)nC ( v+2n
Pk (t12)
I= Z i ml [ z : n,

& &k nor,‘[me;lj (n!)* @.11)
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D(a+[)T(B+v+2n) .[lf(z)(l— Z)a+ﬁ'+l,+v+2n—1dz
INa+pB+1+v+2n) Jo
After simplification, we have
_y bl
f “’ﬁ] Oy ok E D)
;l; Vv
L=0 =1 i [ F[}/J 2
k
/4 2T
w I'=+n|I'(B+v+2 1=
Z [k nj (ﬂ v n) (—C)k ktz (2 12)
% =
| .
n=01“[:+l)2;1+/:ljl“(a+ﬁ+ll_+v+2n)F(1+n) 4 "

1
XJ.O f(Z)(l_ Z)a+ﬁ’+l,+v+2n—ldz

Interpreting eqn. (2.12), in view of result (1.7), we get the required result (2.9)

Theorem 4. Letk e R;z,A,y, u,b,c € C,R(1) >0,R(v) >0,n;..n
=012,.

1-xy | P 1-xp
[mIm] [n.Im,] 1,%,% L+v
f[ (_ni)m,l, k F((l +U+Ii) t’
= n.l;
=0 =0 i=1 Zi !

1
k
[Ll],(mvu,z); A

1-Z
(—c)k 12
< [K+b+1 ij (a+o+p+L+v+12),(12);
k 2k k

Proof. Proof of Theorem 3 is similar to Theorem 1, so we skip the details

amy,..m, € 2" and 4, , (n;,l; 20) are arbitrary (real or complex) constants, then

.[lj-l -x)y 11—y Y G (1-x)ty o (1-y)t i
0J0 1—xy 1_xy (1-)() Nyl y

(2.13)
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II1. SPECIAL CASES
By applying the our results in eqn. (2.1), (2.5), (2.9), and (2.13) to the case of Hermite

1
. . S2 x) > xn/ZH , . .
polynomials (1.6) by setting . (%) {2\/;} in which
my,.m, =2in,...n, =mr=%4,, =(-1)" we have the following interesting results:

Corollary 1. Letk e R;z, 4,7, ,b,c € C,'R(1) > 0,R(v) > 0, then

Ty R
odo| 1—xp 1-xy 1-x)1-y) 1-xy ! 5 @-x)y
1-xy

v b+l

W2 (Lp), (<) k ¢ ZD(a+l) ™

i 1_y t =
X Qe (1_xy) }dxdy ,Z: I F[}/J 2 3.1
k

r v.2): L2
0 (Fposa et

w

v b+l 4 .
_[;+7,;j,(a+ﬁ+l+V,2)-(l1)'

Corollary 2. Letk e R;z, 4, y,u,b,c € C,R(1) > O,R(v) > O,then

o P . _ n 1 .
J‘O J‘O ¢(x+y)xa lyﬁ l(tx) /2]—[" {m}a){”f’m [ty]dxdy

v b+l

Ky (Y KA Tan)
—~ I F[}/J 2 (3.2)
k
r v,2); A
[k'lj’(m & (—o)k 11

* a+pB+l+v+2n-1
y , ¥, [v+b+1 /Ij s ot L) 2 XIO #(2)z dz.

—t—— [h\x V,<2), )

k 2k k
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Corollary 3. Letk e R;z, 4, y,u,b,c € C,R(1) > 0,R(v) > O,then

2\Jt(1-x)"?

v b+l

W2 (Cp), (-1 k ¢ 2 D(a+)

[ [ rea-xa-y 2y [a-0]"n, {;]

x @7, [td-y)]dxdy = ,Zc; T - (yj > (3.3)
k
(1 1) (B+v,2); -
k' ' ' ' — k 12 1 +p+1+v+2n-1
A e R

Corollary 4. Letk e R;z, 4, y,u,b,c € C,R(1) > O,R(v) > O,then

1.1 (1_ ) o+C 1_ p 1 (1_ )[ nl2 1
sl e | e Ee A e
y v] [ @-x) y 5 |A=x)ty
1-xy

1,!,&'
i | A=) R (1) (-0 k *F %T(a+o+I)t"™
k,v,b,c|: - x j|dXdy = ; T 1—*(7/) > 3.4)
k
(Z,lj,(ﬁ+v+],2); P
k (-o)k

X273 (z+b+1i 4

i 7,kj,(a+a+/)’+l+v+],2),(l,1);
By applying the our results in eqn. (2.1), (2.5), (2.9), and (2.13) to the case of Laguerre
polynomials (1.6) by setting S (x) = L[x], in which

. n+p') 1 . :
=44, :[ n ]p'_-i-l we have the following interesting results:
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Corollary 5. Letk e R;z, 4, y,u,b,c € C,R(1) > 0,R(v) > O,then

J.lJ-l (1—x)yT { 1-y T{ 1-xy }L(p) {(l—x)ty}ww1 {(1_y)t}dxdy
0Jol 1—xy 1-xy | | @=-0A-y) | " | 1-xp | "] 1-xp

v (—n), (n+ p'] 1 K FAT(a+l) i

~ ]l p+1 F(}/j 2
k

n

[%,1},(/”%2);

x 2% v b+l 2
[;+7,;j,(a+ﬁ+l+v,2),(l,1);

A
(k£
)

Corollary 6. Letk e R;z, 4, y,u,b,c € C,R(1) > O,R(v) > O,then

I: I : $(x+ ¥)x“ YL (tx) ] 7, [ 1] dxedy

v b+l

v (—n), (n+ p'] 1 kK &(a+]) ™

~ ]l p+1 F(}/j 2
k

n

[%,1),(/”%2);

x 2% v b+l A
(;+7,;j,(a+ﬁ+l+v,2),(l.1);

A
=,
(_C)k t XJ'O ¢(Z)Za+ﬂ+l+v+2n—ldz.

Corollary 7. Letk e R;z, 4, y,u,b,c € C,R(1) > O,R(v) > O,then
1pl
[ ] 7)==y L [1@=0)] @l [t~ y) ] dvdly

v b+l

(n+p'] 1 K+ 2"F(a+l)t’l

p+1 F(}/j 2
k

C (_”)1
z,; I

n

(3.5

(3.6)

3.7
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(%1} (B+v,2);

X230y bhal A .
e

A
ok f

1 _ \a+B+l+v+2n-1
n x jo f(2)A-2) dz.

Corollary 8. Letk e R;z,4,y,u,b,c € C,R(1) > 0,R(v) > O,then

1p1 (1—x)y o+o 1-y s 1 » (1—x)ty i (1—)/)[
.[o.[0|: 1-xy :| |:1—xy:| |:(1—x):|L" [ 12 :|(l)k,v,b,c [—1—xy :|dxdy

v b+l

& (), (n+p'} 1 k¥ 2(ato+l)i™
~ no)p'+1 F(yj 2 (3.8)
k
[Z,lj,(ﬁ+v+],2); 2
k (—o)k '
< [K+b—+l ij (e+o+B+1+v+12),LD; |
ko2 k)T e

If weputb=c=11ineqn. (2.1), (2.5), (2.9), and (2.13), we have the following interesting
results:

Corollary 9 Letk e R;z, 4,7, € C,R(2) > 0,R(v) >O0,n,..n, =0,1,2,...;m,,...m,

€Z'and 4, , (n;l;20) are arbitrary (real or complex) constants, then

jlj'l{(l— x)y}“ { 1-y T{ 1-xy }S {M}
oJo| 1-xy 1-xy 0@ |7 | 1-xy

@t | . @y
dE=Ikak=dc &2

[m/m]  [n.dm] , (_n[)

vt
_ Z Z H ml; A k k F(a+lz) tl’ﬂ/
) e A " F[yj 2

k



312 Mehar Chand and Rekha Rani

-k 't
X272 (v+1/”t

| 4
. ,;),(a+p’+li +v,2),(LD);

Corollary 10 Letk e R;z, 4,7, € C,R(1) > O,R(v) >0,n,..n. =0,1,2,...;m,,...m,
€Z'and 4, , (n;,1, 2 0) are arbitrary (real or complex) constants, then
) U+ (=n,),, klﬁ%lr(a+l)t“v
i ,

J:'[: q)(x+y)x“’lyﬁ’lS;’f{_’_'_"';,f"‘ [tx]x(%) J,ff[gz]dxdy - ,; ,Z:;) 11 A F(Z] 2
k

(3.10)

[%,1),(/”%2); !

—k £
X273 (v+l A

2 XJ'Ow¢(z)za+ﬂ+l;+v+2n—ldz.
Z ;) (a+pB+1+v,2),1D;

Corollary 11 Letk e R;z,4,y, 4 € C,R(2) >0, R(v) > On..n, =0,1,2,...;m,,..m,

€Z'and 4, , (n;,1, 2 0) are arbitrary (real or complex) constants, then

[ L) a-x - yyyese (-]

1
[m/m]  [n.dm] , (_n[)m,l, y k& F(a+ll) tl,+v

tH(1- v X "
x[—( Zy)J i [t(l_J’)]dXdy: o oot ) ! 1"(7) 2 (3.1

k
Y
(—,lj,(ﬁ+v,2); 1—% )
72 k -k 't Xj'lf(z)(l_ Z)a+ﬂ+l,+v+2n—ldz.
v+l A . 4 0
(T'Zj"‘”‘“’f 1,20,

Corollary 12 Letk e R;z,4,y, 4 € C,R(2) >0, R(v) > On..n, =0,1,2,...;m,,..m,

€Z'and 4, , (n;,1, 2 0) are arbitrary (real or complex) constants, then
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(1]

(2]

(3]

[4]

(5]

(6]
[7]

(8]

(9]

J-1J-1|:(1— x)y:|u+o [ 1-y :r [ 1 :|S:llp,._._’_:l,, [(1— x)ly:“: @-y)e :|v JZVA [(1— y)t]dxdy
oJol 1—xy I-xy | |@-x)| "™ | 1-xy || 2(0-xp) 1-xy

v-1l
_[nllml] [n.Im.] , (_n[)m,l, k& F(C(+U+l[) tl,+v
el RN T F[yj 2 (3.12)
k

(%,1},(ﬁ+v+],2); —kl_tl‘z

x 2% +1 A
(%,;j,(a+a+ﬁ+li+v+L2),(L1);
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