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VERTEX POLYNOMIALSDERIVED THROUGH
VARIOUSGRAPH THEORETICAL
OPERATIONS

G Suresh Singh! and Sreedevi S. L.2

Abstract: Binary operations on graphs and its properties have been a fascinating
areainthegraphtheory ever sinceits evolvement. Graph theoretic polynomials play
a vital role in describing the properties associated with a graph. The polynomials
such as chromatic polynomial givesidea onthe colouring requirements of the vertices
of graph, matching polynomials gives highlights on the matching properties of graph,
vertex polynomial givesclear ideaabout the vertex degree, edge polynomial on weight
of edge and so on.

Inthis paper, we study, vertex polynomials of certain classesof graphsresulting from
graph operationslike cartesian product, conjunction, join and symmetric difference.
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1. INTRODUCTION

1.1. Graph Operations

Certain binary operations are applied on two distinct graphs G, and G,, to generate
anew one G, with some specific properties as per defined for theparticular operation.
For the operations like cartesian product, conjunction and symmetric difference,
the vertex set V of the resultant graph G, isV =V, x V,, and edge set E depends on
the incidence relation between the vertices (u, vj) and (u,, v,) as per the concerned
operation (where u's € V, and v's € V, of graphs G, and G, respectively). When
the operation joinis considered, the vertex set V=V, U V, and edge set corresponds
to that of E, U E, together with the edges joining every vertex of G, to that of G,.
For all other terminologies and notations we follow, [2].

1.2. Vertex Polynomial

In[3], S. Sedghi, N. Shobe and M.A. Salahshoor defined the vertex polynomial S,
(X) of agraph G defined as S;(X) =% %a,x’, where a isthe number of vertices
with degree j, A(G) refers to the maximum degree of the graph G.
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Vertex polynomials of some standard graphs are as follows:
(i) S, (=t

(i) S,09=nx

(i) S, (X)) =2x+ (n-2)x?

(V) S5, (9 = nx

(V) Sty (9= M+ 10"

Next we obtain the vertex polynomials of thegraphs planar grids, ladder graphs,
torus grids, wheels and fans. Also we study some properties of the vertex
polynomials.

2. MAINRESULTS

Observation 2.1: Vertex polynomial of a planar grid is 4x2 + 2(m+n—4) x3 +
(m=2) (n-2) x*.

Proof. The planar grid is obtained by the cartesian product of P_and P It is
clear that P_x P_has got mn vertices and (m-1)n + (n—1) m edges.

Now first consider the planar grid P, x P..
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Figure 1. Cartesian product of P_and P,
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From the definition of vertex polynomial, it is clear that
Shp, (X) = 4X° +14x° +12x°,

In general, for any m, n > 2, the graphical structure remains the same, but
differs only in the number of grids formed. On observing thefigureit is understood

that there are only vertex degrees 2, 3, and 4 and whose cardinality is 4, 2(m—-2) +2
(n=2), (m-2) (n-2) respectively. Therefore, for aplanar gridG=P_x P , we have

S, (¥) =4+ 2(m+n-4) ¥+ (m-2) (n-2) x*
Observation 2.2: Vertex polynomial of a ladder graph is 4x2+ (m-2)2x.

Proof. Ladder graph L =P_x K,.Putn=2inP_x P . Then from observation
2.1, theresult follows. Thus, S (X) = 4x*+ 2(m=2) X

Observation 2.3 Vertex polynomial of atorus grid is mnx®.
Proof. Torus grid is obtained by the cartesian product of two cyclesC_and C .
Now Consider, thetorus grid C,x C..
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Figure 2: Cartesian product of C, and C,

By the definition of vertex polynomial we have S, (X) =12x*
In general if wefix mand change n, or fix n and change m, the change occurs
only in the number of vertices.

Thereforethegraph G=C_x C_hasmn vertices and each of whichis of degree
4. 1t follows that for torus grid,

S, (¥) = mnx’.
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Observation 2.4 Vertex polynomial of a prism is 2mx®+ m(n-2) x*.

Proof. The prismis obtained by the cartesian product of P, and C_, m > 3.

Consider thegraph P, x C,
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Figure 3: Cartesian product of P, and C,

From the definition of vertex polynomial, S, (X)=10x°+10x".

Ingeneral, for any graph G=P x C_thereare only 2mvertices of degree 3 and
(mn—2m) vertices of degree 4.

Henceinaprism, S, (X) = 2mx+ m(n-2) x*.

Corollary 2.5 Vertex polynomial of P,x C_, m> 3 is 2mx®

Proof. The result follows directly from observation 2.4.

Theorem 2.6 Let G_1 and G_2 be two graphs of order m and n respectively

and |et,
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G =G, xG,. Then, deg(S, (X)) = A(G) + A(G,).
Proof. Let G, and G, be two graphs of order mand n respectively and let,

V(G) = {u, u,, u,...u} and V(G,)) = {v,, v, V,,...v}, then following the
definition of G=G, x G,, thevertices (u, v), (u,, v) areadjacent if either u =u,_and
v, adjacent tov, in G, or v = v, and u, adjacent tou, in G,.

That is, degree of vertex w, = (u, vj) =d(u) + d(vj) [d(u,) represents the degree
of thevertex u, whereu, € V(G))].

There exists at least one vertex W, = (u,, v,) of G with maximum degree. Since,
d(wg) =d(u) + d(v,), thesumis maximum only if, d(u,) = A(G,) and d(v,) = A(G,).
That is, d(w,) = A(G)) + A(G)).

Wehave, S;(x)=2%3a,x’. Thedegree of S, (X) corresponds to the maximum

degree of the vertex of graph G. Sincein cartesian product, A(G) = A(G)) + A(G,),
it follows deg(S, (X)) = A(G)) + A(G,).

Example

Consider the figure 4
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Figure 4: Cartesian product of G, and G,
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From the figure,

d(u) =3 =A(G),

d(v,) =2=A(G,),

dw, = (u,, v,)) =5=A(G)) + A(G,) = A(G)

Also, S, (X) = 2+ 53+ 4x* + X°.

deg (S, (X)) =5=A(G) + A(G))

Theorem 2.7 Let =G, x G,. Then, §, (X) = &, (X) X &, (X).

_ vAG) 4 yi
Proof. We have S;(x)=2Fa,x’.

Now, let &, a,,...a, bethe degrees of theverticesof G, and b, b,,...b, be that
of G,, wherea'sand b's need not be all distinct.

Then the degree of vertices of G, x G, can be observed as,

a+ bl, a+ bz,... a+ bn, a+ bl, a,+ bz,... a+ bn,..., a + bl, a + bz,...am+ b.

n

Now,
Sg (¥) = X* + X% 4.+ X
and
S, () =X+ X% + .4 X7
But for G=G, x G,
S0 = 5@ x@™® 4 )@ xR @ @

= 33+ X2 ) X OO+ X% XY

O + X% 4. x3) (XY + X2 +..x)

= S (X)X, (%)
Example
Infigure 4, S5,(X) = X+ 2x+ X3, &, (X) = 2x+ ¥ and S, (X) = 2¢+ 53+ 4x* + X°.
So, (9 % S5, (9 = (x+ 2+ %) (2x+ %)
= 2¢C+ 53+ 4+ x°
=S, (¥.

Lemma 2.8 Vertex polynomial of meshP_A P_is
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Ix+2(m+n—-4) ¥+ (m-2) (n—2) x~

Proof. Let G=P_A P, . As per the definition of conjunction, V| = mn and two
verticesu = (u, vj), v=(u, V) areadjacent if u adjacenttou, inP_ andvj adjacent
tov,inP_, whichin turnimpliesthat the vertex degree of u = (u, vj) corresponds to
the product of the adjacencies of verticesu. inP,_and v inP_. SinceinP_and P,
the only vertex degrees are 1 and 2, in the resultant graph, vertex degrees must be
1 (= 1x1), 2(=1x2) and 4(=2x%2).

InP_and P, respectively (m — 2) and (n — 2) vertices are of degree 2. Also
thereare 2 vertices are of degree 1 inboth P, and P . Hencein P, A P, 4 vertices
are of degree 1, 2(m + n4) vertices are of degree2 and (m—2) (n—2) verticesare
of degree 4.

Therefore, S, (X) = 4x+ 2 (M+ n—4)x*+ (m-2) (n—2) x".
Corollary 2.9 Vertex polynomial of P_A K, is 4x + 2(m—2) x2.
Proof. Putting n = 2 in lemma 2.8, the result follows.
Observation 2.10 Vertex polynomial of C_ A C_is mnx".

Proof. G=C_ A C_ has mn vertices, each vertex of C_and C_is of degree 2.
Following the definition of conjunction, each vertex of G has degree 4(=2 x 2).

Hence S, (x) = mnx".
Observation 2.11 Vertex polynomial of P_ A C_is 2nx*+ (m— 2)nx".

Proof. G = P_A C,_, has mn vertices, with 2 vertices of P_ of degree 1 and
(m — 2) vertices of P_ as well as n vertices of C_are of degree 2. Hence in
G=P_AC, 2nverticesare of degree 2 and (m— 2)n vertices are of degree 4.

Hence, S, (X) = 2nx*+ (m—2)nx".

Corollary 2.12 Vertex polynomial of K, A C_is 2nx2.

Proof. Directly follows from lemma 2.11, by considering m = 2.
Theorem 2.131f G=G, A G,. Thendeg(S, (X)) = A(G)). A(G,).

Proof. Let d' s be the vertex degrees of G, and f' s bethat of G,, whereall d's
and f.'s need not be distinct. From the definition of conjunction, for any vertex
u=(u,v)

i”

d(u) = d(u). d(v) and
# has maximum degree in G, if d(#) = A(G)) and d(ﬂ) = A(G)).

Also, from the definition of §_ (x), the degree of .. (x) corresponds to the
maximum degree of the vertex of the graph G, considered.
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Hence deg (SG (x) )=2%G_1).AG_2)

Theorem 2.14
Let G = G A G,,where G, and G, are graphs with orders 7 and # respectively.
Then S;(X)= Erjn:l DI x4 where dl_'y and jj" s corresponds to the vertex degrees

of G, and G, respectively.
Proof: Let the vertex degrees of G, and G, bed,, d,, d,...d andf, f, f,...f
respectively (where all d's and fj‘s need not be distinct).

m

Then vertex degrees of mn verticesof G=G, A G, are as:
df.,df,..df.df,df,.df,.df,df,.df

171712 1'm 7271 72727 n 1" “n 2"

_ $A©) 4 y]
For any graph Gwehave S, (x) = £5;'a,X".
Thus S, (X) = X®™ 4+ x4 4 xE0 44 X g x4 X,

m n d f;
= Zj:lzi:l X
Hence the theorem.

Corollary 2.15If G, isanr —regular graph of order nand G, is k-regular of
order m. If G = G, A G, then, S, (X) = mnx’*.

Proof. Follows from theorem 2.14.

Observation 2.16 The vertex polynomial of a Whed is nxé + x"
Proof. A Whed W, is obtained by the join of K, and C .
Consider the whed W, =K, v C,
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Figure 5: Whed (W)
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From the figureit is clear that,
Sy, (¥) = 6x%+ X°.
Ingeneral, K, v C_condsts of n vertices of degree 3 and one vertex of degreen.
Therefore, if W =K, v C,
Sy, (¥) = + X"

Observation 2.17 Vertex polynomial of a Fan graphis 23+ (n—2) x3+ x".

Proof. K, v P isconsidered asthefanF . F_consists of P_along with all edges
joining every vertex of P_to K..

Consider F,.=K, v P5
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N /X

Figure6: Fan F

F, has 2 vertices of degree 2, 3 vertices of degree 3 and 1 vertex of degree 5.
S0 &, (X) = 2¢+ 33+ .

InP_, (n—2) vertices are of degree 2 and two vertices are of degree 1. Hencein
K,V P, there exists (n — 2) vertices of degree 3, two vertices of degree 2 and a
single vertex of degree n.

Thus, for F =K v P,
S (X)=2x*+(n-2)x° + X"

Theorem 2.18 Let G = G, v G,, where G, and G, are of order m and n
respectively. Then, deg(S,(X)) =m+n-1.
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deg(S, (X)) =m+n-1.

Proof. Since order of G, = n and order of G,= m, the maximum degree of a
vertex in G, is (n—1) and that of G, is (m—1). Let d(u) = n—1 and, d(v)— m-1.
INnG=G, vG eachvertex u of G, |310|ned to every vertex v, of G, in addltlonto
the edges of G and G,. Therefore, dG (u) = n=1+m, [d (u) represents the degree
of vertex u, in G G,v G,]. Similarly, d (v) =m-1+n.

That is, maximum degree of avertex inGism+n—-1
Hence, deg(S, (X)) =m+n-1.

Theorem 2.19 Vertex polynomial of the symmetric difference (®) [1], of any
graph G, of order nand K, is 2nx".

Proof: Let G, is a graph of order n and G, of order m. InG = G, ® G,, two
verticesu = (u, vj) and v = (u,, v,) are adjacent |f either u, adjacent to u in G or v,
adjacent to v, in G,, but not the both. Hence the degree of avertex u= (u v) |n Gi |s

d(u) = d(u) (m—d(v)) + d(v) (n—d(u))
=md(u) + nd(v) —2d(u) d (v).
Consider the graph drawn below,

‘e -

N ]

N - <

| N | e

| | ok P

| VAN |

| 7 N

| s AN |

L7 N

L 4 >

Ly Uz

Gy
e
e — ™~ T
Zay NN
7 N n NN
oo g N Ny

[N (I VA I ! d
INC L <X > |
i A P N e i i
| 7N N | |
7 S N —A—
|~ | N | Y T~ |

Figure 6: Symmetric difference of G, and K,
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Here G, isof order 5, and thevertex polynomial of G=G, @K, is S, (x) = 10x°.

Ingeneral, if G, isany arbitrary graph of order nand G, isK,, thenin G, |V| =
2n. Letd, d, d,...d bethe degrees of the vertices of G,. Then the degrees of 2n
verticesof G must ben [say for vertex with degreed, in G, and for either of thetwo
verticesof K, (d;x2) + (1 xn)—-2xd x1=n].

Thus S, (X) = 2nx".
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