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A NEW RANKING METHOD BASED
ON ARITHMETIC MEAN OPERATION
OF FUZZY NUMBERS

Savitha M.T.” and Mary George **

Abstract

In this paper, we provide a new method for the ranking of Trapezoidal Fuzzy
Numbers (TFNs) based on the arithmetic mean operation. Some results are
also discussed in terms of expected interval, expected value, value, ambiguity
and width of fuzzy numbers. We also check the convexity of the newly formed
TFEN.

Keywords: Ranking of fuzzy numbers, Trapezoidal fuzzy numbers, Arithmetic
mean.

1. INTRODUCTION

Most of the real life problems are complex in nature because of the indistinctness
and impreciseness of the available data. In 1970 Bellman and Zadeh proposed the
concept of fuzzy sets and fuzzy models to effectively handle these imprecise data.
To solve such real world problems, we can develop fuzzy expert systems by
seeking the help of experts who have knowledge in that particular area. There may
be many factors that influence a certain problem. While developing expert system,
one has to rank these factors based on the experts’ judgements. Usually experts’
opinion is obtained as linguistic variables which can easily be converted into fuzzy
numbers. For arriving at conclusions, we need to compile the experts’ judgements,
which in turn need better ranking methods of fuzzy numbers.

Ranking of fuzzy numbers plays a very significant role in linguistic multi-
criteria decision making problems. Several fuzzy ranking methods have been
proposed since 1976. The linguistic terms are represented quantitatively using
fuzzy sets and then fuzzy optimal alternative is calculated which gives the relative
merit of each alternative. Bass and H. Kwakernaak [4] proposed a method in 1977
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consisting of computing weighted final ratings for each alternative and comparing
the final weighted rating. Final evaluation of the alternative consists of degree of
membership in the fuzzy set. Dubois and Prade [7] in 1978 extended the normal
algebraic operations to fuzzy numbers by the use of a fuzzification principle for
ordering the fuzzy numbers. Shan-Huo Chen [5] in 1985 introduced the concept of
maximizing and minimizing set to find the ordering value of each fuzzy number
and determined the order of 'n’ fuzzy numbers. Adamo 1980 [1] introduced the
concept of a — level set for ordering of fuzzy numbers. Tian-shy Liou and Mao-
Jiun J Wang [9] in 1992 proposed a method with integral values and this method
is independent of the type of membership functions used and normality of the
functions. Philippe Fortemps and Mare Roubens [8] in 1996 introduced a
procedure based on area compensation to compare fuzzy numbers and to induce a
ranking of fuzzy numbers. Chung-Tsen Tsao 2002 [6] proposed a ranking method
with the area between the centroid point and original point.

The Arithmetic mean operation of TFNs is introduced here, which will be
more advantageous in ranking procedure, as this method is easier to compile the
variety of experts’ judgements. This paper is organized as follows: Section 2
presents the preliminaries; Section 3 depicts the method of finding Arithmetic
Mean of TFNs with illustrations and Section 4 concludes the work.

2. PRELIMINARIES

Definition 1: A fuzzy set A in a universe of discourse X is defined as the set of
pairs, A = {(xx, ua(x)): x € X}, where p,(x): X - [0,1] is called the membership
value of x € X in the fuzzy set A.

Definition 2: The set A(«) is a convex set if x,y € A(a) = Ax + (1 — X)y €
A(«) where A € [0,1].

Definition 3: For a fuzzy set A of X, the support of A, denoted by supp(A) is the
crisp subset of X which contains elements having nonzero membership grades
inA.

ie., supp(A) = {x € X: uy(x) > 0}

Definition 4 [2]: A fuzzy number A is a fuzzy subset of the real line; A: R — [0,1]
satisfying the following properties:

(i) Aisnormal (i.e. there exists x, € R such that A(x,) = 1);

(if) Ais fuzzy convex ;

(iii) A is upper semi continuous on R.ie; Ve > 0,3 § > 0 such that
A(x) — A(xy) < € whenever |x — x,| < §;

(v) The closure, cl(supp(A)) is compact.
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Definition 5 [2]: The a-cut, a € (0, 1] of a fuzzy number A is a crisp set defined
asA(a) = {xeR:A(x) = a}. Every A, is a closed interval of the
form [A,(a), Ay (a)].

Definition 6 [3]: A Trapezoidal fuzzy number denoted by A is defined
as (I, m,n,u) where the membership function is given by

( 0,x <1
x—1

JA<x<m
m—1
Im<x<n

pa(x) =< Zx

I

MmM<<x< u

<
o:

, X =U

Definition 7 [2]: The expected interval EI(A), expected value EV (A), ambiguity
amb(A), value val(A), width width(A), left-hand ambiguity amb, (A), right-
hand ambiguity amb;; (4) of a fuzzy number A are denoted and defined as the
follows:

EI(A) = [L(A), u(A)] = [f, Ay(@)da, [ Ay(a)da]
EV(A) = S[1e(4) + . (4)]
amb(4) = [} a(Ay(a) — A,(@)) da
val(A) = [, a(Ay(@) + A, (@) da
width(4) = [ (4y(a) — A, (@) da
amby(4) = [} a(EV(A) — A,(a)) da
amby(4) = [} a(Ay(@) — EV(A))da

3. ARITHMETIC MEAN OPERATION OF TRAPEZOIDAL FUZZY
NUMBERS

Consider the Trapezoidal Fuzzy Numbers:

Al = (al,az, as, a4,),A2 = (bll bz,b3,b4), ...,An = (nl,nz,n3,n4) Wlth
membership functions,
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( 0,x <aq
X1—0a1

a<x1<a
ay-a,’ N1 =*1=

#Al(x1): { 1,82 =% < a3
As—Xq

a; <x1<a
ta-az’ B3=11= e

\ 0,x =ay
( O,XZSbl

Xz—b1
bz—bl' b1 < Xy < bz
Ba,(x2) =4 1, by <x; <bs

by—x;
ba—bs’ b3 < Xy < b4_

Ba, (X)) =4 1,ny <xp <3

Or,

. X1—Qaq As—X1
X1) = max |min(—— 1—) O]
MAl( 1) [ (az—al' "az—az/)’

— . X3—bq b4—x2) ]
X,) = max |{min{——,1,——=,0
Ha, (2) [ (bz—bl' "by—b3)’

— . Xn—Nq Ng—Xn
X,)= max |min|—/—— 1—) 0]
“An( n) [ (nz—nl' "ng-ng/’

a- cuts of these fuzzy numbers are given by:
Ai(a) = [A1L (@), Ay ()] = [ag + alay — aq),as — a(a, — a3)]
Az(a) = [Az.(a), Azy(a)] = [by + a(by — by), by — a(by — b3)]

Ap(a) = [Ap (@), Apy(@)] = [y + a(ny —ny),ny — a(ng —n3)]
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Then we define the Arithmetic Mean of these fuzzy numbers as follows:

A+ Ayt Ay (a1+b1+»~+n1 az+by+-+n, az+bz+-+ng a4+b4+~-+n4)

LetA4y, =

n ! n ! n ’ n

with membership function,

(X1 —ay Xp—by  xp—ng\ xgt+x;+ et x,
sup |min , A : =X
a;—ay b,—by  ny—mny n
lf a; = X1 =< aZIbl < X2 < bzl ., N < Xn < n,
Ha, (X) =1 lifa,<x; <azb, <x,<b3..,np <x, <ng
_ (A4 — X1 by —x; Ny — Xn X1+ x,+ -+ x,
sup |min , ) - X
as —as by — bs Nng —ng n
ifaz <x; <ag,b3 <x; < by ... ,nz3 <x, <Ny
That is,
ai+bi+-+n
( X—(%) ., fai+byt+4ny <x< Ay+by+etmy
(az+b2+..-+n2)_(a1+b1+...+n1) lf n < < [—= m
n n
_ 1 if (a2+b2+...+n2) <X< (a3+b3+-~~+n3)
“’Av(X) =9 n n
(w)_x
n s az+bz+:-4+ng <X < Aytbyt4ny,
(a4+b4+'.»+n4)_(a3+b3+...+n3) lf n < < (= m
n n

0 otherwise
The a- cut of Ay, is:

Ay(a) = [Ay,(a), Ayy(a)]
{(a1+b1:--+n1) ta (a2+b2:l----+n2 _ a1+b1+-~-+n1)}’

n

Ag+by+--+ny Ag+by+e+ny az+bg+--+ng
{( n ) —a ( n - n )}
Result 1:
1. EI(4y) = [le(A1)+le(Ail)+"-+le(An)’ue(A1)+ue(A:l)+...+ue(An)

2. EV(4y) = %[EV(Al) + EV(Ay) + .+ EV(4)]

val(A1)+val(Ay)+-+val(Ay)

3. val(AV) = n
4. amb(AV) _ amb(A1)+amb(;4;2)+---+amb(An)
5. width(Ay) = width(Al)+widthT(LA2)+---+width(An)

Proof: The Arithmetic mean of n fuzzy numbers A4, A4,, ..., A, is defined by
A = A+ Ay ++Ap
v n
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1. The Expected Interval for the fuzzy number A, iS EI(A,) = [l.(4,), u.(4;)]

where
le(Ay) = f Tay + a(az — a;)] da = 222
And uc(Ay) = fo [ay — alay — az)]da = %
prcn) - 232,22
Similarly E1(A;) = [2522, %22 . EI(4,) = [2572, 72|

The Expected interval EI(Ay) = [l.(Ay), u.(Ay)] where

le (Av) _ fol [(a1+b1:l—~~~+n1) +a (a2+b2:---+n2 _ a1+b1:l—--~+n1)] da

a, +b; +--+n;+a,+ b, +--+n,land

(a4+b4+ +n4) a(a4+b4+~~~+n4 a3+b3+~~-+n3)] da
n n

I
u(4y) = [
=E[a3+b3+---+n3+a4+b4+---+n4]

~ El(Ay) = [i l[ag + 4+ ny +ap + - +ny),

—laz+-+ny +a, + ---+n4]]

)

— [le(A1)+le(A2)+"'+le(An) ue(A1)+ue(A2)+'"+ue(An)]
n n

2. Expected value EV (4,) = [% + %] = %[a1 +ay + az + ag)

%[n1+n2+

[bl +b2 +b3 +b4], Ve ,EV(An) =

1
4

Similarly EV (4,) =
N3 + Nyl
[a1+ g ta; + o+ nyl

1 2n
E[’(‘ll/) 2 1
+2_[a3+...+n3+a +...+n]

= % [EV(Ay) + EV(A,) + ...+ EV(4,)]
3. Value of the fuzzy number 4; = (a4, a,, as, a,) is denoted and defined by

val(4,) = f a Ay (a) + Ay (@)]da

1
J, alas —alay — az) + a; + a(a; — a))]da

- A1 az as (L2
6+3+3+6
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Similarly val(4;) =b6—1+%+%+%4, .o, val(Ay) =%+%+%+%
1
val(Ay) = [, a[Ayy(a) + Ay (@)]da

1
Agtbyt--+n agtby+---+n az+bz+---+n
_faK44 ﬁ—a(44 4 G3+hs ﬁ+

n n n
a;+by+-+ny az+by+-+n, ag+by++ny
(EEEEEE - da
n n n
a1,92 a3 a4 by by b3 by, M1 Tz N3 T4
_tatatetetata ettty
n
__val(Ay)+val(Az)++val(Ay)
n

4. Ambiguity of the fuzzy number A; = (a4, a,, az, a,) is given by

amb(A;) = [ a[A1y(@) — Ay, (a)]da

fla lay —a(as — a3) —a; — a(a; — ay)]da

0
- _%&_ G, 4 , %4
- 6 3+3+6
Similarly amb(A4,) = =2 —22 4 224 Pe Ay = -T2y
n n 6 3 3 6 6 3
_3_|__4
3 6

amb(4y) = [, a[Ayy(@) — Ay, (0)]lda

1
a [(a4+b4+"'+n4) a (a4+b4+"'+n4 a3+b3+"'+n3)
0 n n

(a1+b1+...+n1) a (a2+b2+...+n2 a1+b1+...+n1)] da

n n n

Q4,03 ap a3 by b3 by by ng nzg np ng

-1y s S S A L

6 3 3 6 "6 '3 3 6 6 3 3 6
n

__amb(Ay)+amb(Ay)+---+amb(Ay)
n

5. Width of the fuzzy number A, = (a4, a,,as, a,) is given by
width(4) = [} [Ap(@) — A (@)] da

= fol[a4 —a(as —az) —a; —a(a; —ay)]da

I
|
+



106 Savitha M.T. and Mary George

Similarly width(A,;) = % 4 b2 _ by

; — M4 N3
> 2,...,Wldth(An)—2+2
n2_ M

2 2

width(Ay) = [, [Avy(@) = Avi(@)] da

_ fl [(a4+b4+»~+n4) p (a4+b4+»~+n4 az+bz+:--4+ns
—Jo n n n
a;+bi+---+n a;+by+--+n a;+by+---+n
(1 1n 1)_a(2 zn 2 _ 41 1n 1)]da

' =n4=n3 nz_n
2 T2 2 2 2

94,03 Az a1, ,bs b3y by by,
2 2 2 2 ' 327575

n
_ width(A)+width(A4y)+-+width(Ayn)
- n
Result 2: a- cut, Ay () is a convex set.

Proof: Since A, (a), A,(@), ..., A,(a) are the a — level sets associated with the
Trapezoidal fuzzy numbers, they are all convex sets.

Letx;,y; € Ay(@), then Ax; + (1= A)y; € A(a); i=1,..,n

LetX,Y € Ay(a) where 222 tetin — x g Nttt dn_ y
We have

a; +ala, —ay) < 7Lx1 + (1 — ?L)yl < a,—a(a, —as)

by +a(by — b)) < Ay + (1= 1)y, < by — by — by)

n+a(n, —ng) < Kxn + (1 - K)yn < ny —a(ng —ns3)
Combining all these equations;

(agtbhy + ...+ n))+ a(ayth,+ ..+n,—a; — by — ...—ny)
<My + 2+ o+ 1)+ (1=A) 01 + 32 + o+ 3)
<(agt+by+ ...+ ny) —a(ag+tby + ...+ ny—az —b;— ..—n3)
N (a1+b1+ +Tl1)+ a(a2+b2+ ...+n2_a1_b1_ ..—Tll)

n

- Moaxg + %+ o+ )+ (1= + y2 + oo + W)
n
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< (ag +by+ ...+ny)—a(ay +by,+ ...+ny,—a3; —b;— ...—n3)
n

N Ayp(@) < MX + (1= R)Y < Ayy (@)

N M+ (1-Mre a@

= Ay (a) is a convex set.

Illustration: Consider a problem with n factors. Then comparison matrix
(aij) can be formed where i = 1,2,..,n&j = 1,2,...,n using some prescribed
scaling.

For example:

Linguistic variables Trapezoidal fuzzy scaling

1. Extremely insignificant (strongly inferior) (0.00, 0.05, 0.15, 0.25)
2. Insignificant (slightly inferior) (0.15, 0.25, 0.35, 0.45)
3. Equally significant (equal contribution) (0.35, 0.45, 0.55, 0.65)
4. Moderately significant (slightly favour) (0.55, 0.65, 0.75, 0.85)
5. Extremely significant (strongly favour) (0.75, 0.85, 0.95, 1.00)

We construct the judgement matrix of the form:
liji  mMyjn Myn Ui
A = (agi) = l”2 Mijz Mz g2
liji. ™ijk Tijk UWijk
where1 <j <n,1<i<nandk is the number of experts.

Arithmetic mean operation is used for aggregation.

! ol e L myp ey g e Wi e U
(ij.mij,nij.uij) = k , X ) X , K

where1 <j <n,1<i<nand k is the number of experts.

Comparison between factors is done by finding the degree of possibility.

4. CONCLUSION

Arithmetic mean operation preserves linearity with respect to Expected interval,
Expected value, Ambiguity, Value and Width. We can prove linearity with respect
to left and right ambiguity also. This new method does not require much
computational effort in the ranking procedure and it depends only on the experts’
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judgments. Hence the arithmetic mean of fuzzy numbers can be effectively and
easily used for compiling data while developing fuzzy expert systems.
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