Communication®n StochastidAnalysis
Vol. 12,No. 4 (2018)397-426

ON A STOCHASTIC 2D SIMPLIFIED LIQUID CRYSTAL
MODEL DRIVEN BY JUMP NOISE

T. TACHIM MEDJO*

ABSTRACT. We investigate a stochastic 2D simplified liquid crystal system
with a multiplicative noise of Lévy type, which model the dynamic of nematic
liquid crystals under the influence of stochastic external forces of jump type.
We prove that the system has a unique global strong solution and we derive
some a priori estimates for the solution.

1. Introduction

Stochastic partial differential equations (SPDE) are used to model physical
systems subjected to influence of internal, external or environmental noises or to
describe systems that are too complex to be described deterministically, e.g. a flow
of a chemical substance in a river subjected by wind and rain, an airflow around
an airplane wing perturbed by the random state of the atmosphere and weather,
a laser beam subjected to turbulent movement of the atmosphere, spread of an
epidemic in some regions and the spatial spread of infectious diseases. SPDEs are
also used in the physical sciences (e.g. in plasmas turbulence, physics of growth
phenomena such as molecular beam epitaxy and fluid flow in porous media with
applications to the production of semiconductors and to the oil industry) and
biology (e.g. bacteria growth and DNA structure). Models related to the so called
passive scalar equations have potential applications to the understanding of waste
(e.g. nuclear) convection under the earths surface, [3, 5, 41, 42].

The presence of noise can lead to new and important phenomena. For example,
the 2-dimensional Navier-Stokes equations with sufficiently degenerate noise have
a unique invariant measure and hence exhibit ergodic behavior in the sense that
the time average of a solution is equal to the average over all possible initial
data. Despite continuous efforts in the last thirty years, such a property has so
far not been found for the deterministic counterpart of these equations. This
property could lead to profound understanding of the nature of turbulence. The
aforementioned Navier-Stokes Equations (NSE) are now a widely accepted model
of fluid motion, see for instance the well known monograph [52, 53]. The theory
of NSE is reasonable well understood. For instance, in the case of 2-dimensional
domains, it is known since the pioneering works of Lions and Prodi in the 1960s
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(see for instance [40]) that the solutions exist for all times and are unique. In
the 3-dimensional case it is known that the weak solutions exist for all times, see
celebrated work of Leray [29], and that the strong solutions are unique. However,
despite many efforts in the recent years the questions whether the weak solutions
are unique or strong solutions exist for all times, remain unresolved, see for instance
[54]. To our best knowledge, the first work on the stochastic NSE (SNSE) written
from the mathematical point of view is a paper [1]. Later the motivation for the
large deviations paper of Faris and Jona-Lasinio [17] was clearly the stochastic fluid
dynamics as they wrote, roughly speaking, the motion of a viscous incompressible
fluid is described by the Navier-Stokes equations. However, these equations are
only approximate. In particular, they take into account only the macroscopic
nature of the fluid motion.

Liquid crystal is often viewed as the fourth state of matter besides gas, liquid
and solid, or as an intermediate state between liquids and solids. It possesses either
no or partial positional order but displays an orientational order at the same time.
The nematic phase is the simplest among all liquid crystal phases and is close
to the liquid phase. The molecules float around as in a liquid phase, but have
the tendency of aligning along a preferred direction due to their orientation. The
hydrodynamic theory of liquid crystals due to Ericken and Leslie was developed
around the 1960s, [14, 15, 30, 31]. Their theory, now referred to as the Ericksen-
Leslie (EL) dynamic theory, is one of the most successful theories used to model
many dynamic phenomena in nematic liquid crystals, [21, 57].

As recalled in [22], the mathematical studies on the dynamical liquid crystal
systems started with the work of [35, 36, 37, 38], where the authors established the
global existence of weak solutions, in both 2D and 3D, to the Ginzburg-Landau
approximation of the liquid crystal system, see [8, 50] for some generalizations to
the general liquid crystal systems. Global existence of weak solutions to the orig-
inal liquid crystal systems in 2D, without the Ginzburg-Landau approximation,
was established in [22, 24, 26, 28, 39, 55]. In particular, it was shown that global
weak solutions to liquid crystal system in 2D have at most finite many singular
times, while the uniqueness of weak solutions to liquid crystal system in 2D was
proved in [32, 33, 56, 60]; global existence (but without uniqueness) of weak so-
lutions to the liquid crystal system in 3D was recently established in [34], under
the assumption that the initial director filed takes value from the upper half unit
sphere. If the initial data are suitably smooth, then the liquid crystal system has
a unique local strong solution, see [25, 28, 55, 57, 58]. Moreover, if the initial data
is suitably small, or the initial director filed satisfies some geometrical condition
in 2D, then the local strong solution to the liquid crystal system can be extended
to be a global one, see [21, 33]. It is worth to mention that some mathematical
analysis concerning the global existence of weak solutions and local or global well-
posedness of strong solutions of the non-isothermal liquid crystal systems were
addressed in [18, 19].

We borrow from [6] the following motivations for the problem studied this arti-
cle. Most of the physical systems confront dynamical instabilities. The instability
befalls at some critical value of the control parameter (which is in our case some
random external noise) of the system. In our predicament the dynamics are quite



2D LIQUID CRYSTAL MODEL DRIVEN BY JUMP NOISE 399

intricate because the evolution of the director field d is coupled to the velocity
field v. In [49], the author has studied the stationary orientational correlations
of the director field of a nematic liquid crystal near the Fréedericksz transition.
In this transition the molecules tend to reorient due to some random external
perturbations. It has been studied by [48] that the decay time, required for the
system is shortened by the field fluctuations to leave an unstable state, which is
built by switching on the field to a value beyond instability point. See also [27]
and references there in, for more details. A nematic drifts very much like a typical
organic liquid with molecules of indistinguishable size. Since, the transitional mo-
tions are coupled to inner, orientational motions of the molecules, in most cases
the flow muddles the alignment. Conversely, by implementation of an external
field, a change in the alignment will generate a flow in the nematic. This is an
important motivation for studying the flows of nematic liquid crystals, effected by
altering external forces.

In recent years, introducing a jump-type noises as Lévy-type or Poisson-type
pertubations has become extremely popular for modeling natural phenomena, be-
cause these noises are very nice choice to reproduce the performance of some nat-
ural phenomena in real world models, such as some large moves and unpredictable
events. There is a large amount of literature on the existence and uniqueness solu-
tions for stochastic partial differential equations driven by jump-type noises. We
refer the reader to [3, 11, 12, 13, 43, 44, 45, 46, 47, 59, 61]. However, the existing
results in the literature do not cover the situation considered in this paper.

The aim of this article is to study a class of stochastic simplified nematic liquid
crystal model driven by jump noise of Lévy type. The model includes an abstract
and general form of random external forces depending eventually on the velocity
v of the fluid and the director field d. We prove the existence and uniqueness
of strong solutions. The proof of the existence of solution is based on a Galerkin
scheme similar to that of [5, 23] in the case of the 2D Navier-Stokes and the 3D La-
grangian averaged Navier-Stokes equations. In [10, 51], the authors investigated a
stochastic 2D Cahn-Hilliard-Navier-Stokes and Allen-Cahn-Navier-Stokes system
with a multiplicative noise of Lévy type and prove the existence and uniqueness of
strong solutions. Let us recall that some difficulties associated with the mathemat-
ical analysis of the EL model (2.1) are related to the presence of the quadratically
increasing term |Vd|?d as well as the the constraints |d| = 1, which bring ex-
tra technical difficulties to proving the existence of solutions, compared to the
2D Navier-Stokes, the 3D Lagrangian averaged Navier-Stokes equations or the 2D
CH-NSE. In [4], the authors proved several results (including the existence and
uniqueness of weak solutions) of a simplified stochastic EL model with Ginzburg-
Landau approximation. The main difference of our work and that of [4] is that
the model considered in [4] is a simplified EL model with a Ginzburg-Landau type
approximation in which the term |Vd|?d is replaced by a polynomial f(d) that
satisfies some reasonable growth assumptions.

The article is divided as follows. In the next section we present the stochastic
the simplified nematic liquid crystal model model and its mathematical setting.
We also give most of the notations and necessary preliminary used throughout
this work. The main results appear in the third section, where we use a Galerkin
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approximation to prove the existence of strong solution. In the fourth section, we
prove the pathwise uniqueness and the convergence of the whole Galerkin approx-
imate solution.

2. The stochastic EL and its Mathematical Setting

2.1. Governing equations. In this article, we consider a stochastic version of
a simplified Ericksen-Leslie model in a two-dimensional domain. More precisely,
we assume that the domain M of the fluid is a bounded domain in 2. Then, we
consider the system

dv+ [—1Av+ (v-V)v + Vpldt = =\ V- [Vd ® Vd] dt
—|—gl(t,v,d)dt+/ o(t,v,d, z)7(dt,dz) in (0,T) x M,

. (2.1)
divo =0 in (0,7) x M,
d; +v-Vd =wy(Ad + |Vd|?’d), |[d|=1 in (0,T) x M.
In (2.1), the unknown functions are the velocity v = (vy,vs)” of the fluid,

d = (d%,d?)7 is the director field, which stands for the averaged mocroscopic/
continuum molecular orientation in R2. Finally, p denotes the pressure of the
fluid. The positive constants vy, A1, are the viscosity of the fluid, the com-
petition between the kinetic and the potential energy and the microscopic elas-
tic relaxation time, respectively. The symbol ® is the usual Kronecker prod-
uct, e.g. (a® b);; = a'b? for a,b € R The notation Vd ® Vd denotes the
2 x 2 matrix, whose (i, )" entry is given by 9;d - 8;d. The terms g;(¢,v,d) and

/ o(t,v,d, z)1(dt,dz) respectively represent the deterministic and the random
z

external forces that eventually depend on (v,d), and 7 is a compensated Poisson
measure on a measurable space (Z, Z) endowed with a fixed X —finite measure v.
Precise assumption on the data are given below. The model (2.1) describes the
motion of a nematic liquid crystal fluid exited by random forces.

We endow (2.1) with the boundary condition

v=0, d=d"on OM, |d°| =1, (2.2)

where OM is the boundary of M.
The initial condition is given by

(v,d)(0) = (v°,d°) in M. (2.3)

Let us recall that one of the main difficulties associated with the mathematical
analysis of the EL model (2.1) is the constraints |d| = 1, which brings extra
technical difficulties to proving the existence of solutions, compared to the model
considered in [4].

2.2. The deterministic case and its reformulation. In this part, we recall
from [21, 16] a reformulation of the deterministic simplified EL model, in which
the constraints |d| = 1 is automatically satisfied. We start with the following
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simplified deterministic EL. model
v —viAv+ (v-V)v+Vp=-\V-[Vd® Vd],
div v =0, (2.4)
d; +v-Vd = 1n(Ad + |Vd|?d), |d| = 1.

Let us set d = (cos 6, sin6)7. It follows that (see [21] for details)

Ad +|Vd[?d = Af ( —sinf ) :

cos @ (2.5)
Vd® Vd = Vi ® V4.

Thus we derive the following reformulation to (2.4) (see [21, 16] for details)

ve—viAv+ (v-V)v+Vp=-\V- [V V],
divv =0, (2.6)
0t+v~V0—V2A0:0.

Note that the constraints |d| = 1 is automatically satisfied since d = (cos #,sin §)T.
The equivalence between the systems (2.4) and (2.6) is discussed in [16], where the
authors studied the large-time behavior of (2.4) under some regularity conditions
(referred to as a trigonometric condition) on the initial direction field. To simplify
the notations, hereafter we set v = A\ = vy = 1.

We also recall from [21] some basic energy laws for (2.4) and (2.6). By multiply
(2.4)1 by v, (2.4)3 by Ad + |Vd|?d and adding the resulting equalities gives

Ld
2dt
which is a basic energy law for (2.4).

Substituting d = (cos 6, sin§)7 into (2.7), we derive
L
2dt

which is a basic energy law for (2.6).

Note that (2.8) can also be derived by multiply (2.6); by v, (2.6)5 by A6 and

adding the resulting equalities.

Using similar idea as in (2.4), we rewrite (2.1) in the following form:

dv+ [~Av + (v-V)v + Vpldt = -V - [VO @ VO] dt
+g1(t,v,0)dt + / o(t,v,0,z)n(dt,dz),
z
div v =0,
0, +v-V0—AH=0.

(|v]22 +|VdA[2) + ||lv]|> + |Aid + |[Vd|*d|3: = 0, (2.7)

[0]Z2 + [VOIZ2) + [[v]]* + [ A1 =0, (2.8)

(2.9)

For simplicity, we associate to (2.9) the following initial and boundary conditions
(v,0) = (0,0) on OIM, (v,0)(0) = (v°,6°) in M. (2.10)
Remark 2.1. The boundary condition

od
" 0 on OM, (2.11)
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where 7 is the outward normal to OM, is often used for d (see [4]). If we set
d = (cosf,sin )T, it follows from (2.11) that

(—sin 8, cos 9)T? =0 on OM. (2.12)
n
Taking the scalar product in R? of (2.12) with (—sin@, cos0)T gives
gz =0 on OM. (2.13)

The results presented in this paper are also valid if we used (2.13) for the boundary
condition for  instead.

2.3. Mathematical setting. We first introduce a weak formulation of (2.9)-
(2.10). Hereafter, we assume that the domain M is bounded with a smooth
boundary OM (e.g., of class C2).

Hereafter, if X is a real Hilbert space with inner product (-, ) x, we will denote
the induced norm by | - |x, while X* will indicate its dual. If X is a Banach
space, we will denote by X* the dual space of X. To simplify the notations, the
duality paring between X and X* will be denoted (-,-) and the norm in X* will
be denoted || - ||«-

We set

Vi ={uelCPM): divu=0in M}.
We denote by H; and V; the closure of V; in (L?(M))? and (HE(M))? respectively.

The scalar product in H; is denoted by (-,-)r2 and the associated norm by | - |z2.
Moreover, the space V; is endowed with the scalar product

2

((u,0)) = D (Ou,u, 05,0) 12, | = ((u, ).

i=1
We now define the operator Ay by
Agu = —P1Au, Yu € D(Ag) = (H*(M))?> NV,

where P; is the Leray-Helmotz projector in L?(M) onto Hy. Then, Ay is a self-
adjoint positive unbounded operator in H; which is associated with the scalar
product defined above. Furthermore, A 1is a compact linear operator on H; and
|Ag - |12 is a norm on D(Ap) that is equivalent to the H?—norm.

We denote by A; the Dirichlet Laplacian on R2, that is

D(Ay) = {0 € H*(M), 6 =0 on OM}, A0 = —A0, Y € D(A,).
Recall that
(4161, 65) :/ V0, Viadz, W0y, 0, € HY(M).
Now we define the Hilbert sp/:ces H and U by
H=H, x Hj(M), U=V; x D(A;), (2.14)
endowed with the scalar products whose associated norms are respectively

(v, 0)13, = [v]Z + [VO[72 and [|(v,0)]7; = [[v]|* + [A10]7-. (2.15)
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Hereafter, we set
Hy = HY(M), Va = D(Ay). (2.16)

We introduce the bilinear operators By and By (and their associated trilinear
forms by, by) defined from V4 x V; into Vi* and V4 x D(A;) into L?(M) respectively
by:

(Bo(u,v),w) = / [(u- V)] - wdz = b(u,v,w), Yu,v,w € Vq,
(2.17)
(B1(u,0),p) = /M[(u -V)0pdx = b1(u,0,p), Yu e Vi, 0,p € D(A;).
M

We recall that By and B; satisfy the following estimates

1/2 1/2
| Bo(u, v) v+ < clul o2l V20 B2 0|2, Yu, v € Vi,

(2.18)
|Bi(u, 0)lv; < clul )2’ [[ulM/216]}57116111/2, Yu € Vi, € Va.

We introduce the trilinear form ry defined by:

2
99 9 O »
0 == 5 dz, V0 ’ : 2.1
ro(0,%,v) ;/M 92; 9z, O x, VO, e Wy, veV (2.19)

Proposition 2.2. There exists a constant ¢ > 0 such that
Iro(8, v, v)| < cllol'/2| A6l |02 Avel 2 o], V6, % € D(AL), v € Vi. (2:20)

Proof. The proof is given in [4, 6]. For the reader convenience, we repeat it. From
(2.19), we easily derive that for any 0,9 € D(A;), v € Vi, we have

|’f’0(9,w,1})| SC‘V9|L4|V1ML4|VU|L2

2.21
< O A 012 172 A 2 o (2:21)

and (2.20) is proved. O

Proposition 2.3. There exists a bilinear operator Ry defined on D(Ay1) with
values in Vi* such that

<RO(9717Z))7U> = 7"0(97@/1,”)7 Vaﬂ/’ € D(Al)a S V1~ (222)
Moreover, there exists a constant ¢ > 0 such that

[[1Ro (0, )]

Proof. The first part of the proposition follows from the fact that for any v € V7,
the mapping ro(-,-,v) defined on D(A;) with values in R is continuous. The
estimate (2.23) also follows directly from (2.20). O

ve < 0] A0 2 I Al V0,0 € D(AY). (2:23)

L2

Proposition 2.4. For any v € Vi and 6 € D(A1), we have
(B1(v,0), A10) = —(Ry(6,0),v). (2.24)
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Proof. To simplify the notations, we assume the summation over repeated indexes.
Taking into account the fact that divv = 0 as well as the boundary conditions, as
in [4] we derive that

o0 9%0
B0 40) = [ oo

B / dv; 00 89d / 026 80d
o Ox; Ox; Oz 895181;] Ox;

Ov; 06 06 1 / 8|Vt9|2 (2.25)
= —dx — = v; dx
M Oz Oz O 2 Jm ox;
B v, 00 ae’
M Oz Ox; &r
—r0(9 0 v) <R0(9 0),v).
(]
Remark 2.5. We recall from [20] that
div (VO @ VO) =V <;|v9|2) — A10(VH)T. (2.26)

It is clear that div(V0 ® V) € L?(M) for 0,1 € D(A;), therefore
Ro(6,%) = Py [div (VO @ V)], V0,4 € D(A,). (2.27)

It follows from (2.26)-(2.27) that
Ro(60,0) =P, [div (V6 ® V)]

2.28
=P1 [V (3|VO?)] = P1 [A16(VO)T] = =Py [410(VO)T]. (2.28)
Using the notations above, we rewrite (2.9)-(2.10) as
dv + [Agv + Bo(v,v) + Ro(0,0)] dt = g1(t,v,0)dt
+/ o(t,v,0,2)n(dt,dz) in V{¥, (2.29)

Z
0; + A0 + B1(’U,9) =0,
(v,0)(0) = (v°,0%) € H.

We will denote by ¢ a generic positive constant that depends on the domain M.

Notations. We first recall from [23, 5] some notations and stochastic preliminar-
ies.

Hereafter, by X we denote the set of nonnegative integers, i.e. 8 = {0,1,2,---}
and by ® we denote the set RU{+00}. Whenever we speak about R (or N)—Valued
measurable functions we implicitly assume that the set is equipped with the trivial
Y-field 2% (or 2%). By R, we will denote the interval [0, 00) and by R, the set R\
{0}. If X is a topological space, then by B(X) we will denote the Borel ¥—field on
X. By A\g we will denote the Lebesgue measure on (R, B(R?)), by A the Lebesgue
measure on (R, B(R)).

If (S, &) is a measurable space then by M (.S) we denote the set of all real valued
measures on (S, &), and by M (S) the X—field on M (.S) generated by the functions
ip: M(S)>¢—¢(B) € R,B e S. By M, (S) we denote the set of all nonnegative
measures on S, and by M(S) the ¥—field on M, (S) generated by the functions
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ip: Mi(S)>¢—¢(B) €Ry,B e S. Finally, by M;(S) we denote the family of
all Rvalued measures on (S, &), and by M;(S) the L —field on M (S) generated
by functions ig : M(S) > ¢+ ¢(B) € R, B € S. If (5,8) is a measurable space
then we will denote by & ® B(R,) the product X—field on S x R} and by v ® A
the product measure of v and the Lebesgue measure .

Preliminaries. As mentioned earlier we will study a stochastic model for a AC-
NSE excited by random forces. We first describe the forces acting on the fluids.
Let (Z, Z) be a separable metric space and let v be a ¥ —finite positive measure on
it. Suppose that P = (Q,F,F,P) is a filtered probability space, where F = (§):>0
is a filtration satisfying the usual conditions, and 1 : Q@ x B(R;) x Z — N is a time
homogeneous Poisson random measure, with intensity measure v, defined over the
filtered probability space 3. A time homogeneous Poisson random measure defined
over P is given in the following definition.

Definition 2.6. Let Z be a metric space and Z its Borel X —algebra, v a positive
Y —finite measure on (Z, Z). A Poisson random measure, with intensity measure v
defined on (Z,Z) over B, is a measurable map 7 : (Q,§) — (M;(Z x Ry), M;(Z x
R+)) satisfying the following conditions:

(i) for all B € B(Z ® R4),n(B) : © — R is a Poisson random measure with
parameter E[n(B)];

(ii) n is independently scattered, i.e., if the sets B; € B(Z @ R+),j = 1,...,n,
are disjoint then the random variables n(B;),j = 1,--- ,n, are independent;

(iii) for all U € Z and I € B(R4)

Eln(U x )] = M(Dv(U);

(iv) for all U € Z the R—valued process (N (U,t));>o defined by N(U,t) =
n(U x (0,¢]),t > 0, is F—adapted and its increments are independent of the past,
ie., if t > s > 0, then the random variable N(U,t) — N(U,s) = n(U x (s,t]) is
independent of §s.

We will denote by 7 the compensated Poisson random measure defined by
0=
where the compensator v : B(Z x 1) — R, is defined by
YA XI)=XI)v(A),I € B(R;), A€ Z.
As noted in [23], while items (i) and (ii) are the classical definition, see for

e.g. Definition 6.1 in [46], of a Poisson Random measure 7, the remaining items
implicitly indicate that 7 is associated to a certain Lévy process L; see, for instance
[[46], Proposition 4.16].

Let M?(R,, L?(Z,v, H1)) be the class of all progressively measurable processes
&Ry x Z x Q — H; satistying the condition

T
2
E/O /Z |&(r, 2)|72v(dz)dr < oo, YT > 0. (2.30)

If T > 0, the class of all progressively measurable processes £ : [0,T] x Z X
Q) — H; satisfying the condition (2.30) just for this one T', will be denoted by
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M?(0,T, L*(Z,v, Hy)). Also, let M2, ,(Ry, L*(Z,v, Hy)) be the space of all pro-
cesses £ € M2(R,, L3(Z,v, Hy)) such that

n

= Ly (Mg, 0T, (2.31)

Jj=1

where {0 =ty < t1 < ... <t, < oo} is a partition of [0, 00), and for all j, &; is an
St;_, — measurable random variable.
For any & € M2, (R, L*(Z,v, Hy)), we set

}j/@ (18],

This is basically the definition of stochastic integral of a random step process &
with respect to the compound random Poisson measure 7. The extension of this
integral on M2(R,,L?(Z,v, H})) is possible thanks to the following result which
is taken from [46], Theorem C.1.

Theorem 2.7. There exists a unique bounded linear operator

I M*(Ry, L*(Z,v; H)) — L*(0,§; Hy)
such that for & € M2, (Ry, L*(Z, v, H1)) we have 1(&) = 1(€). In particular, there
exists a constant C = C(Hy) such that for any ¢ € M?*(Ry, L*(Z,v, Hy)),

2

(dz,d < CE 2n(dz)dr, t > 0.
/ﬁrz zr)L2 //|£rz|Ln(z)r >

Moreover, for each &€ € M*(R,,L*(Z,v, Hy)), the process I(110,48), t >0, is an
Hy—valued cadlag martingale. The process 1jg 1€ is defined by [194&](r, z,w) 1=
Log(r)(r,z,w), t > 0,7 € Ry, 2 € Z and w € ).

As usual we will write

//5” (dz,dr) :== I(§)(t), t > 0.

If T > 0, we denote by D(0,T; Hy) the space of all cadlag paths from [0, 7] into
Hi.

Now we introduce the main set of hypotheses used in this article. As in [23, 5],
we suppose that we are given a function o satisfying the following set of constraints:

Condition 1. There exist nonnegative constants ly,l1,ls such that, for any ¢ €
[0,7] and all (v1,61), (ve,02) € H, we have

lo (¢, 01,91)|L2(ZVH1)<lo+ll|(vl,91) ; for any p > 2,

2.32
o (t,v1,0) = 0(t,02,02) 3 7y < lol(01,61) = (v2,02) - (232

We assume that the external forcing g; is a measurable Lipschitz and sublinear
mappings from Q x (0,7") x Hy into V;*. More precisely, for all (vy, 61), (ve, 62) € V4,
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g1(+,v1,07) is §r—progressively measurable, and dP x dt—a.e. in Q x (0,7
1g1(t,v1,01) — g1(t,v2,02)[lvy < Lafvr — v2p2,

91(t,0,0) € M;t (0,T; V7). (2.33)
Finally, we assume that
(vo,00) € L*(, Fo, P; H). (2.34)
Hereafter, for any (w, ) € H, we set
E(w,v) = |w[Zs + [l (2.35)

Definition 2.8. Let (Z, Z) be a separable metric space on which is defined a
Y —finite measure v and (vg,6p) € L?(, Fo,P;H). A strong solution to the prob-
lem (2.29) is a stochastic process (v, ) such that

(1) (v,0) = {(v,0)(t), t > 0} is a F—progressively measurable process such that

E sup t‘f(v(S),@(S))Jrﬂﬂ/0 (v, 0)(s)lzzdt < oo,

s€[0,T]
(2) the following holds

(w(t), w) = )_/ (Agv + Bo(v,v) + Ro(6,0) — g1(s, v, 0), w)ds

UOa
/ / (s,v,0,z),w)n(dz,ds), Yw € V1, (2.36)

(0(8), %) = (6o, ) - /0 (A48 + By (v,0), ¢)ds = 0, Vop € Vi,

for almost all ¢ € [0,7] and P—almost surely.

In the deterministic case, the weak formulation of (2.1) was proposed and stud-
ied in [36, 38, 35, 37], where the existence and uniqueness results for weak and
strong solutions were proved.

Before we prove this result let us recall an important statement which is bor-
rowed from [9].

Lemma 2.9. Let X,Y, I and ¢ be non-negative processes and Z, be a non-negative
integrable random variable. Assume that I is non-decreasing and that there exist
non-negative constants C, a1, B,7v1,01 and T satisfying first

T
/ o(s)ds < C, a.s., 261e° <1, 261 < ay,
0

and secondly for all t € [0,T) there exists a constant Cy > 0 such that

X))+ Y()<Z1 + /t p(r)X(r)dr + 1(t), a.s.,
0

t
EI(t) < BEX () + 1 / EX (s)ds + 0 EY (1) + C1.
0
If X € L*=(]0,T] x ), then we have
E[X(t) + a1V (t)] < 2exp(C + 2ty1e“)(EZ + C), t € [0, T).
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3. Existence and Uniqueness of Solutions

In this section, we prove the existence and the pathwise uniqueness of variational
solution to (2.29).

Proposition 3.1. If (v,0) is a variational solution to (2.29), then (v,0) satisfies

E(v,0)(t) +2/0 (Io() 1 + [ A10(s)[72) ds = &(vo, b)

+2/t<gl(s v(s),0(s) ds+/ /Tsz (dz,ds) (3.1)

2 / [ (0= (5,050, 000). 2z, ),

T(s,2) = lo(s—)+o(s,0(s),0(s), 2)|72
—[o(s=)IZ2 = (v(=5),0(s,0(s),0(s), 2))-

where

Proof. Let us set
E(v,0) = [v[L. + [10]*.
Applying Itd’s formula to £(v,#) and using (2.29), we derive that

E(v,0)(¢t) E(vo, bp) // (s,2)n(dz,ds)
/(||U||2+|A 9\L2)d8+2/ (91(s,0(5),6(s)),v(s))ds ~ (3.3)

2 / [ (06=).0(s.0(6).05). 2. ),

where Y (s, z) is given by (3.2).
Note that we use the properties of By, B; and Ry given in (2.18). In particular,
we used the fact that ( see [20])

(Bo(v,v),v) =0, (Ro(0,0),v) = —(B1(v,0), A10).
O
Proposition 3.2. We assume all the above hypotheses. Moreover, we suppose that
gl('a 0, O) € L4(Q7 L2(07 T L2(07 T; Vl*))a and (UOa 00) € LQ(Q7 8:03 ]P7 H) SatiSﬁES
E [€(vo,00)]> < 0o. Then, there exists a unique solution (v,0) € L4(Q, (0, T; Hy)x

C(0,T5V2)) N LA (2, L*(0, T5U)).
Furthermore, the following estimate holds:

T
B sup £(0(t).000) +E | [(v().6() s < C, (3.4)
t€[0,7) 0
provided that BEE (vg, 0p) < 0o
T p
E sup [E(u(t), 0()F +E ( / ||<v<s>,o<s>>||ads> <c.  (35)
t€[0,T) 0

for any positive integer p > 2, provided that E[E(vg, 6p)]P < oo.
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Proof. Let {(w;,v;),i = 1,2,3,---} C U be an orthonormal basis of H, where
{wi,i=1,2---}, {t;,i =1,2---} are eigenvectors of Ay and A; respectively. We
set Uy, = Hy = spanf{(wy, Y1), - (Wi, ¥m) }- We look for (v, 0,) € Hy solution
to

dvm(t) = _H}n [AOUm + BO(Um7 vm) + RO(Gma em) - 91(3, Umy em)} dt
+ [ ot 0 (1), 0 (0), 2D ), (3.6)
d0p, (t) = =112, [A10,, + Bi(vm, 0] dt,
where 11, = (I1},,I12,)) is the orthogonal projection of H onto H,p,.
As in the proof of Theorem 1.2.1 of [2], we can obtain the existence and uniqueness

of a solution (vp, 0y) € L*(Q x [0, T);Uy,) of (3.6) on an interval [0, T5,].
For each n > 1, we consider the §;—stopping time 7,, defined by:

mm=TA inf {S(Wm,ﬁm)(t)—l-/o (||vm(s)|2+|A19m(s)|2L2)ds2n2}, (3.7)

t€[0,T]
where hereafter a A b = min(a, b).
For fixed m, the sequence {7,;n > 1} is increasing to T. Throughout we fix

r €[0,7) and 0 <t < r A 7,. Now using It6’s formula, we derive that as in the
proof of (3.1) that

E(Vm, Om)(t) +2/0 (lom ()1 + 410 (5)[72) ds

_ g UO,90)+2/ (01(5, U (5), O (5)), v (5)) I

(3.8)
/ / (s,2)7(dz,ds)
22 [ [ )00, 0 (5) ), ),
0 Jz
where
T(s,2) = |vm(s—) + (8, 0m(s), Om(s), 2)|7

—|vm(s=)[72 = (vin(=5), (8, vm(8), Om(s), 2))-

From the fact that |z|? — |y|? + |z — y|? = 2(x — y, x), it follows that

E(um(t), Om(t)) +2/0 (lom()I* + [A16(s)[72) ds = E(vo, 6)
(3.9)

/ (s, vm(s m(s),z)|%277(dz7ds)

(91 (5, 0m(3), Bon (), 0 (5))ds
o
/Z (0 (5=, 7(5, V(). 6 (5), 2))il(dz, ),

+2/
o
2
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We define the following stochastic processes

X(t) = sup E(vm(s),0m(s)),
sG[Oit]

O 2/ (lom()? + 1418 (5)22) s,

(vm(s (8, Um(8), 0m (), 2))71(dz, ds)

/ 105, U (8), O (5), 2) [2a7(dz, )

— sup |11(s)| + La(0),
s€[0,t]

where
) =2 / [ 050,05 0m(5).05). 2. ),

Ir(t) = sup / /|a(s7vm(s),Hm(s),z)|2L2n(dz,ds).
selo,t] Jo JZzZ

(3.10)

Since I (t) is a local martingale we can apply Burkholder-Davis-Gundy’s inequality
to derive that

E sup |I1(s)] <
s€[0,7ATy]

CE (/TAT”/ (om(s (8,0m(s), Hm(5)72))2u(dz)ds>l/2. (3.11)

Thanks to Holder’s and Young’s inequalities we have

E sup |L(s)| < C

1/2
eE sup |vn,(s )|L2] X
s€[0,t]

s€[0,t]

[ *115/ / lo(5,vm (s m(s),z)@gl/(dz)ds} .

< CeE sup |vg,
se[Ot]| (5)]z (3.12)
t

+OIE / / 10(5, 0 (5), O (5), 2) 2o (d2)ds

0 Jz
< CeE sup E(vm(s), 0m(s))
sGOt]

—11E/ / 10(5, O (5), O (), 2)[2a1(d2)ds.

Using (2.32), we derive that

t
E sup |I1(s)| < CeX(t) —|—Ceill0t—|—0671/ EX (s)ds. (3.13)
s€[0,t] 0

Next, we will deal with the second term of I(t). Taking into account that the

process
/Ot [ 105,050, ().2) Pz, )
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has only positive jumps, we derive from (2.32) that

§l0t+ll/0 E| (v (8), 0m(8)|3,ds (3.14)

¢
<lpt + ll/ EX (s)ds.
0

We also have
12¢91(8, m;, Om), vm)| < 2L1|(vm, Om) |3 [[vm || + 2[|g1(s, 0, 0)]

v Um ||

3.15
< Lol + L]0, 0) B, + s (5, 0,0) 2. F1P)
It follows from (3.8)-(3.15) that
t
B (0 6n)(®) +E | (Jom(s)[ + 416 (5)3) ds < EE (un, 60
(3.16)

0
t t
+cE [ E(vm,0m)(s)ds + CE/ llg1(s,0,0)] %,1* ds.
0 0

Therefore from Lemma 2.3, we derive that there exist a positive constant C' such
that

EE (v, 0 (1) +E/O ([vm ()12 + [ A1, (5)[22) ds < C, (3.17)

for any m € R and t € [0,7 A 7,],7 € [0, 7.
We have just shown that

E sup  E(vm0m)(t) +E/O (lom ()% + [ A1 ()[22) ds

SE[0,tATy] (318)
< C, Vte|0,T],

from which we can infer that
P(r, <t) <Cn™ 2% Vt€[0,T], Yn > 0.

Hence, lim,,—, 1 oo P(7, < t) =0, for all ¢t € [0, T]. That is, 7, — +oc in probability.
Therefore, there exists a subsequence 7,, such that 7,, — +o00, a.s. Since the
sequence (7,)p is increasing, we infer that 7,, ,* +oo a.s.. Now we use Fatou’s
lemma and pass to the limit in (3.18) and derive that

t
E sup E(vm(s),0m(s)) —I—E/ ([[om (8)]1* + |A10m(s)[72) ds < C, (3.19)
s€[0,t] 0
and (3.4) is proved.
To prove (3.5), we proceed as follows. By raising both sides of (3.8) to the
power of p > 2, we derive that
P

E  sup [E(vm(t),0m (1)) + 2E [/0 (||’Um(S)H2 + |A19m(s)|2L2) ds

s€[0,t]

< E[E(vo,00)]? + cE sup |I3(s)|P + cE sup |I4(s)|P (3.20)
s€[0,t] s€[0,1]

t p
+cE U llg1(s,0,0)] %,1*ds} ,
0
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/0 p {‘Um(s—) + H}na(s,vm(s),em(s)7t)‘%2 _ |Um(3—)|2L2}ﬁ(dz,ds), (3.21)

; [Z{|Um(8—) +10,0(3, Vi (), Om (), 1) 72 — [vm(5)[L20/(d2)ds }
- (U (=8),TIE o (5, U (), O (8), 2))v(d2)ds
< c/o ; 1L, 0 (s, m(s), Om(s), 2))|72v(dz)ds

<o [ @10 0.)Bds
(3.22)
As in [4, 6], we note that
/ {|vm(s=) + I}L,0(s, vm(8), Om(s), 2) |22 — |vm(s—)|%2}2 v(dz)
<o) [ 10005 0u(s), 2 ()

+ c/ |08, U (), O (5), 2)|721(d2)

Z
<co+ Cl|11m(8)|2Lz + CZlvm(S)‘i?
< ki kalvm(s)[72-

It follows that

</ /z {lom(s=) + 11,0 (5, 000 (5), 0 (), D32 = lom(s )72} u(dz)dS)p/2

<l + el | o, em><s>|;ads)p/2 .

(3.23)

(3.24)
‘We derive that

E sup |I3(s)|P < cp(kilT)p/2

s€[0,t]
P/2
P
<c+iE ( sup |vp, (s )Lz> +cE (/ ENE |L2d5> )
s€0,t]

From Hoélder’s inequality, we have

/0t|<vm,0m><s>|%tds <(/t|vmvom |35ds) (/ ) o
<T% (/lvm, |3fds> :
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which gives

(/Ot |(Um,9m)(s)%¢ds>p <crf-t /Ot |(’Um70m)(3)‘§_f(}l8.

From (3.25), (3.26), we get

P
E ( sup |<vm79m)(8)|'2H>
s€[0,t]
t
—&—cp’T/ ]E|(Um79m>(3)|3-tpds
0

E  sup [I3(s)]" <
s€[0,t]

DN | =

< iE sup [S(Um(s),Qm(s))]p-i-Cp,T/o E[E(vm(s), Om(s))]Pds.

s€[0,t]

From (2.32) and (3.22), we also have
mnop < (| 0y |<vm,em><s>|%>ds)p
<ok t |<vm,em><s>|%>ds)p.

It follows that

¢
E sup |I2(s)[? Scp;r—l-cp,:r/ |(vm,0m)(s)|§fds
s€0,t] 0

<ecpr+ cp’T/o E[E(vm(8), Om(s))]Pds.

It follows from (3.20)-(3.30)

E sup [E(0m(s), Om()P < cpr
s€[0,t]

+epT /Ot E[E(vm (s),0m(s))]Pds + ¢ (/Ot 191(2,0,0)|

p
2
v )

p

and Gronwall’s lemma and (3.20) give

413

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

E sup [E(vm(s),0m(s))]” + 2E [/0 (||vm(s)||2 + \Alem(s)\%z) ds] <C, (3.32)

s€[0,t]

and (3.5) follows.

O

Proposition 3.3. We can extract from (vp,,0,,) a subsequence still labeled the

same and there exists a stochastic process (v,0) such that

(Vi Om) — (v,0) in LY(Q, L>°([0,T]; H)),

(Vi Om) = (v,0) in L2(Q, L2([0, T);U)),

Bo(Vm, vm) — B, Ro(Om, 0m) — 78 in L*(Q x [0, T); V¥,
G1(t, Vm, O) — g5 in L2(Q x [0, T); Vi),

Bi(vm, 0m) = BY in L*(Q % [0,T]; V5),

o(t, v, Om-) — 0 in L2(Q x [0,T]; L*(Z,v; Hy)).

(3.33)
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Proof. We note that

‘BO(’Uma’Um) v S C|Um|L2HUm||7
|Ro (8, ) [ < ll6rm || 416 2,
B (Wi, ) vy < clom |15 [0m )12 118|241 60 |1

It follows from (3.32),(3.34) that

T
E sup | (v, 0m)% < C, E / |(vm(5), Bun ()25 < C.
[0,T] 0

T
]E/ (1B (s v0) B 1RO 0) By + 1B, 003 ] s < €
0
T 2
]E[SUP]KUma@m)m <C, E / [(m (), Om (s)llZds| < C,
0,7 0

T
B[ 10009005y < T

T
1B [0 (3), 0 () s < C.

From (3.38), we can find a subsequence still denoted {(vy,, 6, )} such that

(Vm, Om) — (v,0) in LY(Q, L>=([0,T]; H)),

(Vm, Om) — (v,0) in L2(Q x [0, T);U),

Bo(Vm, Um) = B8, Ro(Om,0m) — 15, in L2(Q x [0,T); V;),
gl(t, Um79771) - g?a in LQ(Q X [OvT};Vl*%

Bi (v, 0m) = 7 in L2(Q x [0,T]; V5),

o(t,Vm, Om-) — 0 in L2(Q x [0,T]; L*(Z,v; Hy)).

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

O

As in [5, 23], we can check that v is an Hp-valued cadlag and F-progressively
measurable process, and € is an Vs-valued continuous and F-progressively measur-

able process. Moreover (v, ) satisfies for all 0 < ¢ < T

v(t) —|—/0 onds—l—/o (ﬁg(s) +rg(s))ds =g —|—/0 g?(s)ds

t
- o (s, 2)i(dz, ds),

¢ 702y

o(t) +/ A10ds +/ B (s)ds = 6o,
P—a.s. as a equa(l)ity in U*. ’
Proposition 3.4. We have the following identities
8% = Bo(v,v), 15 = Ro(0,0), 2 =Bi(v,0), o(t,v,0,2) =0’
Proposition 3.5. For any n > 1 we have that as m — +0o0,
110,7) ((Vm 0m) — (0,6)) — (0,0) in L*(Q x [0, T];U),

and
E|(vm, Om () — (v,0)(T0) | — 0 as n — +o0.

(3.40)

(3.41)

(3.42)

(3.43)
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Proof. Let
(T ) = I (0, 6)

where I1,,, = (II},, 112,) is the orthogonal projection of H onto H,,. It follows that

|(7~)mﬂ9~m)|’H < |(’U,9)|7.[
||(17m,~07n)||u < CH(U,H)”L{,
(Om, Om) — (v,0) in U for almost every (w,t) € Q x [0,T], (3.44)

(17m,9m)~—> (v,0) in L2(Q x [0, T};U),
E(|({}ma am)(Tn) - (Uv 0)(Tn)|7-l) — 0 asn — +oo.

From (3.6) and (3.40), we derive that
¢
(5®) = v 008} + [ (Ao(m = 0), i)
0

t

+ [ (B — Bo(vim,vm), wi)ds

O t
+ (rb — Ry (01, O, wi)ds = / <g§ — 91(8, U, Om), wi)ds
0, 0 (3.45)
b -
+/0 § [0 S, Um (S mfs) ,2)— 0O (s,z),wk} 7(dz, ds),
O 0) = 0 (0), vt + [ (As(Br = 00 Arin)s
0

t
+/ <51 B1(Vm, ), A1tbr)ds =0, 1 < k < m.
0

Note that
58—30(%«”” ):ﬂ BO(Umvvm)+B0(Um_Umavm)"‘BO(Uvam_'Um)a
(O ) = 7% = Ro(Or, Oy + R0~ O ) + BolO I — ),
, O

— RO
Bl(vm ) :ﬂ Bl(vmaam) +Bl(vm Um70m) +Bl(vm707n *em)

0
e
Let us set ¥, = Uy — Um, P = O, — O
From the It6’s formula, we have
t
OOl +2 [ (00 + (55 = Bo(um,v). )
0
t
42 [0} = Boltn,0), O
0
t
2/ —g1(8,Vm, 0m), 0 ds+/ / s, z)n(dz, ds)

+2// o (50m(8), Om(s), 2) — IIL 0° (s, )} ii(dz, ds),

(3.46)

where
Y(s,2) = |vm(s=) + om(s,vm(s),0m(s), 2) = 10},0" (5, 2)|32 — |vm(s—) |32
—2(0m (8, Vm(8), Om(s), ) Hvlnob(s Z) m(5—))

)
= |o(5,0m(5), 0 (s), 2) — IT} 0 (s, 2)|2 1o
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Replacing 1y in (3.45)9 respectively by p,, gives

t||pm||2 + 2|Ale|L2 + 2<ﬁ1 Bl<5m7 ém)>A1Pm>
+2<B1(19m, am) Alpm> + 2<B1(Um7pm) Alpm> =0.

Note that

<55 - BO('Um7'Um)319m> = <58 - BO<7~)m75m)aﬁm> + <BO(79maﬁm)7 19m>

< {88 = Bo(Tm, bm), Im) + 3 10m|® + cllom|[9ml72,

( 51 Bl(vma m)s A1pm) = <BE — B1(0m; Om), A1pm)
+(B1 (1977“9 ), A~lpm> (B1(Vm;s pm)s A1pm)
< <ﬁ? - Bl({’ma om)vAlpm> + i(HﬁmHQ + §|Alpm‘2L2)
+cl|0m 12 A10m 721 0m 72 + clOm|Z2l|Tm |1l om I,

( 7”(b) — Ro(Om, 0m), Im) = <7"i(7) - Ro(émaém)a V)
+(Ro(pm, ém)719m> + (Ro(Om, pm), Im)
< <TB - Ro(émvém)aﬂm> + i(”ﬂm”? + %|A1~pm|%2)
+c| A0 72 (10m[T2 + [oml1?) + cllml?|A10m[7 2 [0 72

T(s, 2)[72 IUm(S Ui (8), 0m(5), 2) —113,,0° (s, 2) |72
= I, [0 (5, v (), O (), 2) — o (s, v(5), 0(s), 2)| 7
=M, [o(s,v(s), 0(5), 2) = 0” (5, 2) 72 + S1(s, 2),

where

Sl(sa Z) = 2<H111L[J(53 Um(s)a am(s)a Z) - O—b(sa Z)]a H%[U(S,U(S),Q(S),Z) -

From (2.32) and (3.51), we derive that

1T(s,2)[72 < lo|(vin, 0 ) (8) 3y + Lo (v, 0 ) (5) — (v,0)(s) I3,
—|IL [o(s,v(s),0(s), 2) — o (s, 2)[3, + Sy

We also have

<gl(575m7 em) - 91(87 Uma 0m)719m> < L1|(Q9m?pm)‘7'l||’l9m”

< g 19ml? + LT (D prm) -

Let
Z(t) = [Im®) 22 + [ om ()] = |(Tm — vm)(#)]22 + [|(6m

)| 0 |2 A0 |22 + L3 + cL3,
Es(t) = [[0m* + [A1pmlL2-

5(t) = exp ( / t ms)ds) ,

Let

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

o’ (s,2)]).

(3.52)

(3.53)

. o)1) 0) (),
Yilt) = cllom | el A0 3 + clom 3 l[Tm]? + | A0
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Using (3.46)-(3.53), it followsfrom Itds formula that
Eo(t)Z(t) —HE/ 8(s)(Ka(s) + [TIL [o(s,v(s), 0(s), 2) — 0’ (s, 2)|22)ds

/ 5(s)( = B2 + Bo(Om, Om), O )ds

+E / 5(5)( = B2 + B (s Om), As )
) (3.54)
—HE/ o(s 0O, ), Oy s
+2E//5 )S1(s, z)n(dz,ds)
—I—IE/ o(s —qi(s vm,9),19m>ds.
For each n > 1, we consider the §;—stopping time 7,, defined by:
t
7, = min (T7 inf {t €[0,7); |(v,0)|3 +/ (v, 0)||7ds > n2}> .
0
We derive from (3.54) that
+cE 5(3)(1(2(5) + (13, [0(5,v(s), 8(s), 2) — 0 (5, 2)[72)ds
0., i
<2E 5(5)<*ﬂg +BO(6m76m)+gg — 91(8,Om, O ), V) ds
9. o
19 / 5<s)<rg ROy, ), I} ds (3.55)
0

+2 / /(5 )S1(s, z)n(dz, ds).

Claim 1. The right side of (3.55) goes to 0 as m goes to +o0.
(i). Since I}, o Il =TI} and ||[IT} || < 1, it follows that

1[0,Tn,]5(S)H}n [O—(s, ’U(S), 0(8), Z) - O—b(sv Z)]
is bounded in L2(2 x [0,7T]; L?(Z,v; Hy)). Therefore, from (3.39)s we see that

lim ]E/ 7l/5(s)51(5,z)n(dz,ds) =0.

(ii). Let us now prove that

lim E / " 5()( — B + Bo(im, n), O )ds = 0. (3.56)
m o O
‘We recall that

(Umv m) - (U,Q), (6 vém ( ) (3.57)

ms Om) —
(B Bon) — (s ) — (0.0) i L2(Q x [0,T]:24).
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We also have

lim E [ 6(s)(—= B+ Bo(tm, Om), Om)ds

m— o0 0
= lim E [ 4(s)(~ B 4 Bo(v,v), D )ds (3.58)
m o0 07-
+ lim E 0(s)( = Bo(v,v) + Bo(0m, Um), O )ds.
m— o0 0

From (3.57) and the fact that
1{0,7,16(t) (=55 + Bo(v,v)) € L*(2 x [0, T]; V"),
it follows that

lim IE/ 5(5)( — B2+ Bo(v,v), 9yn)ds = 0. (3.59)
m o 0
We also note that
|| - BO(Ua U) + Bi;g({}ma ﬂm)”\/l* 12 12
< e|Om = vl [Om = I 25|12 Ol + [0lM2 0] ),

which implies that

[1]{0,7,) (—Bo(v,v) + Bo(m; 0m) )|

0,7, (=Bo (v, v) + Bo (U, Om))|
It follows that

vy — 0 asm — oo, dt x dP — a.e.,
v < en||v|| € L2(Q2 x [0, T]; R).

lim E/ 5(5)( — Bo(v, ) + Bo (i, i), Uon)ds = 0. (3.60)
We conclude from (3.59) and (3.60) that
lim E/ 5(5)( = B8+ Bo(tm, ), Oa)ds = 0, (3.61)
m oo O

which proves (3.56).
(iii). Next we will prove that

m—r 00

lim E / 5(5)(r% — Ro(Gyn, Brn), O )dls = 0. (3.62)
From (3.57) and the fact that
1j0,7,10()(r§ — Ro(6,0)) € L*(Q x [0,T]; V),
we also have N
lim E / 5(5)(r% — Ro(6,6), 9yn)ds = 0. (3.63)
We also note that
1RO Om) = Ro(0,0)llvr = [|R1(Om, Om) — Ra(0,0)]lv;-
< | A1(Gm = )2 10m — 61172 ]1011/%| A1)
| B — 012 A1 (O — 0)] 57| A1 | 571101 |2,
which implies that

||1|[0,T,L](R0(é;m7é7n) - RO(97 9))”‘/1* —0 asm — 00, dt x dP — a.e.,
110,71 (Ro (O 0m) — Ro(0,0))[lvy < enllv]| € L*(Q x [0, T]; R).
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It follows that

lim E / " 5(5)(Ro(Bm, ) — Ro(0,0), 9 )ds = 0. (3.64)

m—r o0

We conclude from (3.63) and (3.64) that
lim ]E/ 5(s) (1% — Ro(Bmy Om), O )ds = 0, (3.65)

which proves (3.62).
(iv). Let us now prove that

lim E/ " 5(5)( = B2 + By (Bm, O, Avpyndds = 0.
0

m—r oo

Following similar steps as in (3.61) and (3.65), can check that

Tn

lim E [ 6(s)(— B+ Bi(0m0m), A1pm)ds

m—ro0
- lgn E / 5(5)( — B + Bu(0,0), Aypya)ds
+ lim IE/ d(s){(— Bi(v 9)—|—Bl(vm,0 ), A1 pm)ds = 0.
m—00

(v). Let us also prove that

m—r o0

Jim IE/ 5(5)(G2 () = gu(5, B, ), D)l = 0.
0
From (3.57) and the fact that

1[0, 7] () (45 (t) = g1(t,v,0)) € L*(Q x [0, T]; Vy") and
1[0, 7)0(t) (g1 (¢, v,0) — g1 (t, T, 0r)) — 0 in L2(Q x [0, T]; Vi*) as m — oo,

we derive that

lim E/ ' 6(8)(9'{(3) - q1(8,v,0),0,)ds = 0,
0

m—o0

(3.66)

lim E/ " 5(5)(g1(5,0,0) — g1(5, By O ), Do) ds = 0.

m—r oo 0

Therefore, we derive that

i & [ 5)(a1(5) ~ s O, )

m—00
— lm E / 5(5)(G3(5) — 91(5, 0, 0), V)

m—roo
+ lim E/ 6(5)(g1(5,0,0) — g1(, T, Om), O )ds = 0,
m o0 0

The proof of the convergence of the other terms is similar.
Finally we conclude that the right side of (3.55) goes to 0 as m goes to +oo.
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Now using the fact that 1][0,7,]6(t) < 1, we derive from (3.55) that

n}gllooE|(19nL7¢nL)(Tn)|g{ = W}EHOOE (‘(ﬁmﬁm)(Tn) - (Umvgm)(Tn)lal)

= 0’
Jin B [ als)is = tim B [ (10 + gl as @o
— 3 " 7 _ 2 ] — 2 =
- n}gnooIE/o (15 = 0l 142G — 0r)[32) ds = 0.
O
We now give the proof of Proposition 3.4.
Proof of Proposition 3.4 Our goal is to prove that the following hold true.
o(s,v,0,2) = 0"(s,2) in L2(Q x [0,T); L*(Z,v, Hy)),
Bo(v,v) = B in L2(Q x [0,T]; V7,
Ro(0,0) = 5111 L2(Qx [0,T];Vy), (3.68)
Bi(v,0) = 5? in L*(Q x [0,T; V5),
gl(ta 79) 91 ( ) in Lz(Q X [ ) ]7 1*)

It is clear that (3.68);, follows from (3.33)e.
To prove (3.68)2, we proceed as follows. We note that from (3.67)2 and (3.44),
we also have

(vmv 9m)|[0,rn] — (Ua 9)|[0,T"] in L2(Q X [OaT]au)
Therefore, for any w € L>(2 x [0,T]; V1), we have
E/ (Bo(v,v) — Bo(vm, Up), w)ds
0

< cljwllze=(@xio i) X ]E/O om = 0120 = o2* (0ll + [om))ds

which gives

m—r oo

Jim E/OT" (Bo(v,v) — Bo(tym, o), w)ds = 0. (3.69)
From (3.39)3 and (3.69), we derive that

E/OTn (Bo(v,v) — B, w) = 0, Yw € L=(Q x [0,T]; Vi).
Since 7, T T and L*°(Q x [0, T]; V1) is dense in L?(2 x [0, T]; V1), we conclude that

Bo(v,v) = B in L*(Q x [0, T]; V7).

This proves (3.68)s.
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To prove (3.68)3, we note that

]E/ <R0(97 0) - RO(GWH HM)7w>d5 < C”wHLOO(QX[O,T];Vl) X
0 T

]E/ AL (O — 0)[2(10]/] A,0)2ds

0

+ cl|wll L= @xfo,r)v1) X

]E/ 6 — 0112 A1 (O — 0)[35%| A1 | 2,
0

which gives

lim ]E/ " (Ro(6,0) — Ro(0m, 0, w)ds = 0. (3.70)
0

m—r oo

From (3.39)4 and (3.70), we derive that
E/ (Ro(6,6) —rp, w) =0, Yw € L*(Q x [0,T); V1),
0

which gives
Ro(0,0) = 2 in L2(Q x [0, T]; Vi),

and (3.68)3 is proved.
Similarly, we can prove that

Bi(v,0) = £ in L2(Q x [0,T); V),
g1(t,v,0) = g5 (t) in L2(Q x [0,T]; V}).

4. Pathwise Uniqueness and Convergence of the Whole Sequence
of the Galerkin Approximation

In this part, we show the pathwise uniqueness and the convergence of the whole
sequence of the Galerkin approximation to the solution (v, ) of (2.29).

Proposition 4.1. Let (v},0}), (v3,02) be two Fo—measurable and square inte-
grable H—valued random variables. Let (v1,01), (va,02) be the strong solution to
(2.29) corresponding to (v}, 04), (v3,03) respectively. Then there exists a constant
C > 0 such that

E5(t)|(v1,61) — (v2,02)[3, < CEl(vg, 00) — (v5,65)1%, (4.1)

for all t€ [0,T], where §(t) is defined by (4.13).
Moreover, if (v§,05) = (v3,02) almost surely, then for any t € [0,T),

P((v1,01)(t) = (v2,02)(2)) = 1. (4.2)
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Proof. Let (v1,01), (vs.02) be variational solutions to (2.29). Let (w,¥) = (v1,601)—
(va,03). Then (w, 1)) satisfies

dw + [Aow + Bo(v2, w) + Bo(w, v1)]dt + [Ro(02,%) + Ro(t, 01)]dt
= [g1(t,v1,01) — g1(t, va, 02)]dt

+ / (U(tv U1, 017 Z) - U(ta V2, 027 Z))ﬁ(dzv dt)a (43)

z
B0 1 A + By (v2,0) + Br(w,61) = 0,

(w,%)(0) = (0,0).

Reasoning as in the proof of Proposition 3.1, applying It6’s formula to |w|%2

and using (4.3)1, we derive that

t

s +2 [ (il + b vn,w)ds +2 [ (Rofba, ) + Ro(w, ). u)ds
/ 91(t,01,01) — g1 (t, vz, 0), w)ds
+2/ / (s,v1(s),01(s),2) — o(s,v2(s),02(s), 2))7(dz, ds)

//|osv1 ,01(5),2) — a(s,v2(5),02(5), 2))|[22m(ds, dz).

Now we take the duality of (4.3)2 with A;¢. Adding the resulting equality to (4.4),
we derive that

lw(®)]? + (| ()]* + 2/ (lw® + |A19[72)ds = —2/ bo(w, vi,w)ds
¢ 0 0
+2/0 ((Ro (0, ), w) + (Ro(, 61), whds
-2 [ w6, 410) + b 0,0, Arw))ds
0

(4.4)

t (4.5)
+2/ (91(t,v1,01) — g1(t, v2,02), w)ds
2 / / (5,01(5),01(5), 2) — 05, va(5), 0a(5), 2))ii(dz, ds)
/ / o5, 01(5), 81(s), 2) — 0 (5, v2(s), Ba(s), 2)) Zam(dz, ds).
Note that
o, o1, )| < glhwl® + clen 2 (16)
|<RO(¢7‘91) >| = |b1(w7917A1¢)| (4 7)
< Ll + [Argl2) + clwf. 617 4101 2., :
(Ro(B2, 9),w)| = [y (w,1p, Ay )
< (]2 ¥ 1Aal2) + c(wl2 + |vw\iz>||ezu2|9z|zz,( |
4.8

1
|b1(v2, ¥, A1¢)| < §|A1¢I%2 + clva|7a lual P[], (4.9)
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‘<gl(t7v1701)_gl(t>v2792)7w>| SLleH'(w»wH’H (4 10)
< gllwll® + L3 (w, )3, '
lo(s,01,61) = 0 (5,02,02) 727,11y < 13 |(w, )3, (4.11)
Let
Vo(t) = [w(t)[72 + [0,
and

K1 (t) = c([va]l? + 10117 A161]7 > + [102]1*|A162]F 2 4 [v2| 72 [|v2]1?)
+Q1(101] g1 |02 1) (|A161]72 + |A102]3.) + cL + 13,

—eXp< /K1 ) (4.13)

Applying It6’s formula to the process §(t)Va2(t) and using (4.5)-(4.11), we derive
that

(4.12)

E6()Va(t) +E / 5(5)(lwl? + | A1[22)ds < EV3(0)

+E/5 AT

Note that since 0 < §(t) < 1, the expectation of the stochastic integral in (4.5)
vanishes. Therefore we obtain

(4.14)

t
E5(1)Y(t) < EV3(0) + E / 5(s)Va(s)ds, 0 <t <T.
0
It follows from the Gronwall lemma that there exists a constant C' > 0 such that

ES§(t)Va(t) < CEY>(0),

for any t € [0,T], which proves the first part of the Proposition. Since 4(¢) is
bounded and positive P—a.s., we conclude that the second part of the Proposition
follows from the last estimate. O

Next we will show that the whole sequence of solutions to the Galerkin approx-
imation (3.6) converges in mean square to the exact strong solution of (2.29).

Theorem 4.2. The whole sequence of solutions to the Galerkin approximation
{(Vm, Om); m € N} defined by (3.6) satisfies

i (o, 000)(T—) = (0,0)(T-)f = 0,

lim. B[ (v, 6,0) — (v, )[Z = 0. (419)

Proof. For the proof, we first recall from [2, 7] the following lemma.

Lemma 4.3. Let {Q,,; m > 1} C L2(Q2x[0,T]);R) be a sequence of continuous real

processes, and let {T,;n > 1} be a sequence of §1—stopping times such that 1, 1 T}

sup E|Qm(T)]* < o0, and lim E|Q,,(7,)| =0, forn > 1. Then lim E|Q,,(T)| =
m—o0 m—00

TYL

0.
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Applying Lemma 4.3 to Q. (t) = [(v,0) — (v, 0m,)|3, and 8, = 7, and using

(3.5), (3.67); and the uniqueness of (v,8), we conclude that the whole sequence
given by (3.6) satisfies

lim E|(v,0) - (U, Om) |3, = 0, Vt € [0,T].

Similarly, applying Lemma 4.3 to

Qu(t) = / 10,0)(5) — (v, B (5)| 2l

and using (3.5), (3.67)2, we conclude that the whole sequence (vyy, 0y,) converges
to (v,0) strongly in L?(Q x [0, T};U), i.e.,

10.

11.

12.

13.

14.
15.

16.

17.

m— o0

lim E/O (v, 0)(5) = (U, O (8)||Zds = 0, Vt € [0,T].
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