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BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS
WITH RESPECT TO GENERAL FILTRATIONS AND
APPLICATIONS TO INSIDER FINANCE

BERNT OKSENDAL* AND TUSHENG ZHANG

ABSTRACT. In this paper, we study backward stochastic differential equations
(BSDEs) with respect to general filtrations. We prove existence and uniqueness
theorems for such BSDEs and we establish a comparison theorem. Reflected
BSDEs with general filtration are also studied. The results are used to find
the optimal consumption rate for an insider from a cash flow modeled as a
generalized geometric It6-Lévy process.

1. Introduction

The classical backward stochastic differential equation (BSDE) consists in finding
a pair (Y3, Z;) of F; -adapted processes such that

dY, =—f(t,Yi,Z))dt + ZdBy; t€[0,T) (1.1)
Yr =& '

where B, is a Brownian motion on a filtered probability space (Q2, F, {F; }i>0, P) ,
¢ is a given Fr -measurable random variable and f : [0,7] x R x R — R is a given
function.

If f(t,y,z) = f(t,y) does not depend on z, then an equivalent way of writing
(1.1) is

T
Vo= Elg+ [ fs YR te0.1) (1.2)

In this paper we extend (1.2) to a general filtration H; and consider the problem
to find an H;-adapted process Y; such that

T
Vi—Elg+ [ s YodsH telo1) (13)
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where £ now is a given Hp-measurable random variable. Thus we arrive at a BSDE
based on a general filtration #H;, not necessarily the filtration F; of Brownian mo-
tion. This turns out to be a useful generalization for certain applications, for ex-
ample in connection with insider trading in finance, which was the main motivation
for this study. (See Section 5)

Here is an outline of the paper. In Section 2 we give a more detailed presentation
of our BSDE based on a given filtration. In Section 3 we prove existence and
uniqueness of solutions of such equations. In Section 4 we study reflected BSDEs
based on a given filtration. We prove existence and uniqueness of solution and
we show that it coincides with the solution of an optimal stopping problem (for
‘H-stopping times). In Section 5 we give an application to finance. We show that
the optimal consumption problem for an insider can be transformed into a BSDE
with respect to the information filtration H; of the insider. Then we apply results
from previous sections to find the optimal consumption rate explicitly.

2. Statement of the Problem

Let (Q,H,H:, P) be a complete filtrated probability space with a right contin-
uous filtration {H;,t > 0}. Let T > 0 and let £ be an Hy measurable random
variable with E[|¢|]] < oo, where E denotes expectation with respect to P. Let
flw,t,y) : Qx[0,T] x R — R? be a given P x B(R%)-measurable function, where
P is the predictable o-field associated with the filtration {H;:,¢ > 0}. Consider the
following backward stochastic differential equation (BSDE):

BSDE(1): Find an H;- optional process Y; such that

T
E[/ |f(s,Ys)]ds] < oo. (2.1)
0
and
T
Vi—Ble+ [ fsYodsHils te0.17) (2.2)
t
Next, consider the following BSDE:

BSDE(2): Find an H;- optional process Y; and an H;-local martingale M; such
that My = 0 and

dY, = —f(t,Y)dt+ dM,
2.3
{ Yr =¢ (2:3)
An equivalent formulation to (2.3) is that
T
/ [f(s,Y5)|ds < o0 a.s. (2.4)
0
and
T
Vi =¢ +/ f(s,Ys)ds — (Mp — My); te]0,T]. (2.5)
¢

There is a close relation between BSDE(1) and BSDE(2): First note that if Y;
satisfies BSDE(1), then we can define

T
M, = E[¢ + / f(s, Y2)ds|Hy]
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and we see from (2.2) that
T t
Vi = Bl [ s Yods— [ plsYodsi
0 0

t
- _/f(S,YS)ds—f—Mt.
0

Moreover, Yr = &. Hence (Y3, M) satisfies BSDE(2).

Conversely, if (Y;, M;) satisfies (2.5) and M, is an H;-martingale, then (2.2)
follows by taking conditional expectation of (2.5) with respect to H;. Hence Y;
satisfies BSDE(1).

We now proceed to study BSDE(2).

Definition 2.1. We say that a pair (Y;, My, t > 0) is a solution to BSDE(2) if
(i). Y; is an H,-optional, R%-valued process.
(ii). My, t >0 is a cadlag Re-valued H;-martingale.
(iii). For every t > 0,

T
Y, =¢ +/ f(s,Ys)ds — (Myp — M) (2.6)
t
P-almost surely.

Remark 2.2. Our BSDE solution concept may be regarded as a generalization,
both with respect to filtration and to jumps, of the weak BSDE solution concept
introduced and studied in [2][3][4][5]. Our methods of proofs are similar to methods
found in e.g. [2][9][10][15], but adapted to our more general situation.

3. Backward Stochastic Differential Equations
3.1. Existence and uniqueness.

Theorem 3.1. Suppose £ € L*(Q) and E[fOT |f(t,0)|%dt] < co. Assume that f is
uniformly Lipschitz with respect to y, i.e., there exists a constant C such that

Then there exists a unique pair (Y, M) such that (Y, M) is a solution to the BSDE(2)
and
E[ sup |V|*] < cc. (3.2)
0<t<T

Proof. Let B denote the Banach space of R%valued, H;-optional processes X such
that )
IX||5 := sup (B[X7])? < 0.
0<t<T

Define recursively a sequence Y;",t > 0 of processes in B by Y° = 0 and
T
Yrr =Bl [ s vds| (3.3)
t
It is easy to see that Y™ € B for all n > 1. Moreover,

T
E[ypH —vpP] < TE| / (YD) — f(s. Y2 Pds]

IN

T
cr / BY? — Y 2lds (3.4)
t
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Set ¢ (t) = E[|Y* — Y""'|?]. Then (3.4) becomes
T
buia(t) < CT / bn(s)ds (3.5)
t
Repeating the above inequality, we get

sup dnsa(t) < ( sup ar(s)) CLT"

3.6
0<t<T 0<s<T n! (36)

This implies that Y™, n > 1 is a Cauchy sequence in B. Denote the limit of Y™ by
Y. Letting n — oo in (3.3) we obtain

T
V= Elg+ [ (s Yads|m (37)
t
Next we show that Yt,t > 0 admits a right continuous version which will be the

solution to BSDE(2). Let M;,t > 0 be the right continuous version of the square
integrable martingale E[¢ + fOT f(s, Ys)ds|7-[t]. Put

t
Y, = M, —/ f(s,Yy)ds, t >0
0
Then Y; is right continuous and for every ¢ > 0,
T A A
Vo= Elg+ [ (s Vads|r) =i
t

P-almost surely. By the Fubini theorem, it follows that

T t
Vo= M-Mpeer [ [T

T N
§+/t f(s,Ys)ds — (Mr — My)

T
€+ / f(s,Ys)ds — (Mp — M,) (3.8)

P-almost surely. This shows that (Y, M) is a solution to the BSDE(2). Let us now
prove (3.2). Using Doob’s inequality, we have

T
E[sup Y] < 2E[ sup |Mt|21+2TE[/ (s, Ya) ds]
0<t<T 0<t<T 0
T T
< GE(MiP)+ 4T [ |f(s.0)Pds] 44T [ B[.Plds
0 0
T
_ OQE[|§+/ F(s,Y2)ds[?]
0
T T
ATE 2d C34T E[|Y.|%d
+ [/0 1£(s,0)[2ds] + Cs / RARLE
T
< C(EIEP) + suwp E[Y[?)+ El / F(5,0)ds] < oo, (3.9)
0<t<T 0
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It remains to prove the uniqueness. Let (X, Z) be another solution to equation
BSDE(2). Then both Y and X satisfy

T
V= Ble+ [ s, vds| (3.10)

T
X; = E[¢ +/ f(s, Xg)ds|Hy] (3.11)
t
Using the Lipschitz continuity of f, as the proof of (3.4), we have
T
E[lY; - Xi]’] < OT/ E[Ys — X,|*)ds (3.12)
t
By Gronwall’s inequality, it follows that Y; = Xy, which in turn gives M; = Z,.
The proof is complete. O

Next theorem states a result on existence and uniqueness under some monotone
conditions on the coefficients.
Theorem 3.2. Suppose

1. € € L*(Q) and B[, |f(t,0)[2dt] < co.
2. There exists a constant C' such that

(y1 = y2)(f(t,y1) = f(t,92)) < Clyn — 2| (3.13)
3. f(t,y) is continuous in y and
|f(t,y)] < Ci(t), (3.14)

with E[fOT Ci(s)ds] < o0.
Then there exists a unique solution (Y, M) to the BSDE(2) satisfying

E[ sup |V;|*] < oo. (3.15)
0<t<T

Proof. Take an even, non-negative function ¢ € C3°(R) with [}, ¢(x)dx = 1. Define

fulty) = /R F(t2)n(y — 2)dz,

where ¢, (z) = né(nz). Since f is continuous in y, it is easy to see that f,,(¢,y) —
f(t,y) as n = oo. Furthermore, for every n > 1,

[ fr(t,y1) — fa(t, y2)| < Chlyr — y2l, (3.16)
for some constant C,,. Consider the BSDE:

T
Ve =g+ [ pls Y0+ ME - M te 0.T) (3.17)
t

Equation (3.17) has a unique solution (Y™, M™) according to Theorem 2.1. Next
we show that Y," is a Cauchy sequence. By It6’s formula, we have

VP =Y Y - Y Y Yy [V - YT Y - Y,
T

o / (V7 Y)Y (fu(5, YD) — Fon(s,YI))ds
t

9 / S ymyaoan - ) (3.18)
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In view of (3.13), (3.14),
(Y =Y (fu(s,Y) = fm(s,Y™))

= [T =YY = ) = Y = et
= [0 = 20 = O = LN = 22) = S = )l

m

4 [ (e SN YD = 2) = fs, Y = 2ol
R

<C [ (7 =52 = O = 20)P0()dz + Culs) [ (el + - [aDol)ds
R R
<COT VPP 40 [ (g + )P0z + Ol [ G|+ Dol

(3.19)
Substitute (3.19) into (3.18), take expectation to obtain
Bl =Y P+ B{Y" =YY" =Yy - [Y" Y™ Y - Y™

T
< c/ E[(Y" — Y™)ds + CT/ (% + %)z%(z)dz
t R

T
+OE[/t Cl(s)ds]/R(%|z|+%|z|)¢(z)dz (3.20)

Applying Gronwall’s inequality, it follows from (3.20) that
BlY;" = Y]

T
<Orl [ (g + )0 + B iy [ (el + laoleiz) (321)

Hence,
lim  sup E[Y" -Y"]* =0 (3.22)

n,m—oo 0<t<T
By (3.20) and the Burkholder inequality, (3.22) further implies
lim E[ sup |M— M"|?]
n,m—00 0<t<T

< lim B(M" - M™]y)

- n,m—o0

= lim E(Y"-Y";)=0. (3.23)

n,m— 00
Consequently, there exist a square integrable, predictable process Y; and a square
integrable, right continuous martingale M; such that

lim sup E[Y" —Yi*]=0 (3.24)

n—oo 0<t<T

lim E[ sup |M"— M;*]=0 (3.25)

n—oo 0<t<T

In view of (3.14), use the dominated convergence theorem and let n — oo in (3.17)
to get

T
Yt=§+/ f(s,Y5)ds + Mp — My;  te[0,T]. (3.26)
t
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Since the right hand side of (3.26) is right continuous, we can take Y to be right
continuous. Thus Y;,¢ > 0 is a solution to BSDE(2).

Now we prove the uniqueness. Suppose that (Y!, M1) and (Y2, M?) are two
solutions to BSDE(2). Similar to the calculations for (3.18), we have

|}/;1 _}/;2|2 4 [Ml _ MQ,MI _ M?]T _ [Ml —M2,M1 _M2]t

T T
=2 [ =YY - s ¥ Nds -2 [ (VD - Y20} - a2
t t
(3.27)
Taking expectation and keeping (3.13) in mind, we get from (3.27) that
E{Y} = Y?P+[M' = M* M — M?|p — [M' — M?, M" — M?];}
T
<cel[ (v -v2pas
t
By Gronwall’s inequality, we deduce that Y;! = Y2, M}! = M? for ¢ > 0, thereby
completing the proof. (Il

3.2. Comparison theorem. Let (Y, M) be the solution to the following linear
BSDE:

T
Yi= €4 (fr — ) + / 8,Yads — (My — M), (3.28)

where ¢y,t > 0 is a given, right continuous process of bounded variation with ¢y = 0
and (; is a bounded predictable process. We have the following result.

Theorem 3.3. Assume the total variation of ¢ is integrable. The following repre-
sentation holds

T
Y=Ll [ Lo (3.20)
t
where
Li = expl | B
t
In particular, if € > 0, then Y; > 0. Moreover Yy = 0 implies £ =0 and ¢ = 0.

Proof. Put Ly = exp(fot Budu). By Ito’s formula, we find that

t t
}/tLt +/ Lsdd)s = YO - / Ldes
0 0

is a martingale. Consequently,

t T
Y.L, +/ L.do, = E[YTLT+/ Lidgs|Hy]
0 0

T
—BlgLr+ [ Lidoui]
0
(3.29) follows. O

Let both (£, f1(s,y)) and (&2, f2(s,y)) satisfy the conditions in Theorem 2.1.
Denote by (Y1, M?') and (Y2, M?) the solutions of the BSDEs associated with

(€Y, fi(s,y)) and (€2, f2(s,y)), respectively.
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Theorem 3.4. Suppose f1(s,Y2) > f%(s,Y2) almost surely on Q x [0,T] and
Y > €2, Then, Y.} > Y2 P-almost surely for all t > 0. Furthermore, if Y,' = Y?
P-almost surely on an event A € Hy, then €' = €2 on A and Y} = Y2 on A for
s > t.

Proof. Define

.fl(sxysl)_.fl(sxys2) 3 1 2
3, = VI BV £ Y5 (3.30)
0 otherwise.
Then B, is bounded. Moreover, we have
T
v ovi-g-g+ / (F1(s.Y2) = f2(s,Y2))ds
/ BV = ¥2)ds — (M} — M)~ (M} — MD)]  (331)
Using Theorem 2.2, we have
T
VISV =BILIE -+ [ L YD - PeyDsi) (332)
t
(3.32) implies the desired results. O

As a corollary to Theorem 3.4, we have the following

Theorem 3.5. If f(t,0) > 0 dP x dt, then the solution Y;(§) gives rise a price
system, that is,

1. At any time t, the price Y;(€) for a positive contingent claim & is positive.

2. At any time t, the price Y;(§) is an increasing function with respect to .

3. No-arbitrage holds, i.c., if the prices Y, and Y2 coincide on an event A €
F;, then on A, &' = €2, a.s.

4. Reflected Backward Stochastic Differential Equations
Consider the reflected backward stochastic differential equation:
dY, = —f(t,Yy)dt + dMy — dK, (4.1)

Definition 4.1. Let L;t > 0 be a given cadlag H:-adapted process. We say that
(Y, My, Ky, t > 0) is a solution to RBSDE(3.1) with lower barrier Ly, ¢ > 0 if
(i). Y; is an H;-adapted, cadlag real-valued process,
(ii). Y; > Ly P-a.s. for every ¢t > 0.
(iii). Mg, t > 0 is a cadlag real-valued H;-martingale.
(iv). Kt t > 0 is an increasing, continuous Hs-adapted process with Ky = 0.
(v). For every t > 0,

T
Vi=¢+ / f(s,Ys)ds — (Mpr — My) + Ky — Ky P — almostly surely.  (4.2)

). [} (Y, — Ly)dK, = 0.

In the following we let 7?} denote the set of H-stopping times 7 such that
t <7 <T as. By combining the arguments of [9][10] we get the following result.
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Theorem 4.2. Let f(t,y) and £ be as in Theorem 3.1. Assume & > Ly and one
of the following conditions hold:

(i). Ly is a right continuous, increasing, square integrable predictable process
with E[L%] < oo.

(i1).L¢ is absolutely continuous and E[fOT(L;)th] < 00.

Then :

a) The RBSDE(/}.1) admits a unique solution.

b) The solution process Y; can be given the optimal stopping representation

Y, = esssupreﬂHTE[/ f(S, sz)ds + LoXr<T + §XT:T|Ht];t € [07 T] (43)
" t

¢) The solution process K, is given by

T
Kr—Kp_y = Hléli((g + f(u, Yu)du — (MT — MT,S) - LTfs)i; te [0, T] (44)
S= T—s
where £~ = max(—zx,0).

Proof. a) We first prove the uniqueness. Suppose (Y}, M}, K}) and (Y2, M?, K?)
are two solutions to the RBSDE(2). By Itd’s formula, we have

|Y'tl _ }/;2|2 4 [Yl _ Y2,Yl _ Y2]T _ [Yl _ Y2,Y1 _ Y2]t

T T
— 2 [ YA YD) - fYE)ds —2 [ (v - Y2 )d0u! - )

t t
T
w2 [ v2aie! - K2) (15)
t
Take expectation in the above equation, use (ii), (vi) in Definition 4.1 to obtain
ElY =Y+ E{Y' -Y2 V' =Y - [V - V2 Y -V}

< cf "B~ v2)Plds - 28] / "2~ LaK

S

—2p| / vl - Lak?)

T
< o By -v2ris (4.6)
t
(4.6) and Gronwall’s inequality implies that E[|Y;} — Y,2|?] = 0 for ¢ > 0, proving
the uniqueness.
To prove the existence, we will use the penalization method. For n > 1, consider
the penalized backward stochastic differential equation:

T T
vr=et [ pe s = (g - My e [ 07 -L)Tds @)

Equation (4.7) admits a unique solution according to Theorem 2.1. By the com-
parison Theorem 2.4, we know that the sequence Y™, n > 1 is increasing, i.e.,
Y < Ythr1 P-as. Set V: := lim, o Y;". Similar to the proof of Theorem
4.2 of [10], we next give an a priori estimate for the L? bound of Y™. Put
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K= nfot (Y™ — Ls)~ds. By Ito’s formula, we have
V[P o+ (M, Mg — (M, M

T T
= §2+2/ YS"(f(s,YS")dS—Z/ Y dM?
t t

T
+2n/ YY]— Ls)"ds (4.8)
t
As f has a linear growth in the variable y, it follows that

T T
/ Y7 (f(s, V) ds < Cr(1 + / (Y)2ds) (4.9)
t t
For any 6 > 0,

2nE[ / v - LSMS]
- 2nE[/tT(YS" LY - LS)_ds} + 2nE[/tT Ly(Y" — L)~ ds

< %E [O?ET(LS)Q] +6E {(K% - K;L)?} (4.10)

On the other hand, in view of (4.7), we see that
| - K1)
T
< CE[EP]+ CEY" "]+ C(1 + / B[(Y.")]ds)
¢
+CE [(M% — M:)ﬂ
T

CE[E] + CE{Y[2] + C(1 + / Bl(Y™)?]ds)

IN

+OE<[MH7MH]T— [M",M"]t) (4.11)
Take expectation in (4.8) and substitute (4.9)—(4.11) into (4.8) to get

Bl P+ B (7 37— 007 )

T
< anngP]+05E[0335T<Ls>2] v+ [ B

+C(5{E[|Yt"|2] +E([M",M"]T - [M",M"]t>} (4.12)
Select § so that C§ < 1 and apply Gronwall’s inequality to deduce that

sup sup (E[Y?'P]+ B M"12) < CrBleP] + CrE| s (17| (413
n 0<t<T 0<s<T

This implies sup,, E[(M?)?] < co. Thus, there exists a subsequence ny such that
M7}* converges weakly to some random variable Mr in L*(Q2) as k — oco. Let
M;,t > 0 denote the martingale with terminal value Mp. Then it is easy to see
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that M;"™ converges weakly to M; in L?(Q) for every ¢t < T. Replacing n by ny in
(4.7) we get

T
Ky~ K =¥ [ pyrods - Qo - M2 (414)
t
Since each term on the right hand side converges, we deduce that there exists an

increasing process Ky,t > 0 such that K}'* converges weakly to K;. Moreover,
(Y, M, K) satisfies the following backward equation:

T
Y = 5 =+ / f(S, Y;)dS — (MT — Mt) + Kr — K; (415)
t

By Lemma 2.2 in [16], it follows from the equation (4.15) that Y;, K; are right
continuous with left limits. Furthermore, using Fatou Lemma it follows that

Bl /0 Wi odh

T
< liminfE[/ (' — L)~ dt]
n—oo 0
< 1 'flE[K"—K")]<01' 1.y 4.16)
< By Pl - KOl <€ I = *

As both Y and L are right continuous, (4.16) implies that ¥; > L; P-a.s. for evert
t > 0. To show that (Y, M, K) is a solution to the RBSDE(3.1), it remains to prove

T
/ (Y; — Ly)dK; =0 (4.17)
0
To this end, we need to strengthen the convergence of K™ to K. Define

$(u, v) = n[(x — L,)7]

Then ¢(u,x) is convex in x for every u > 0. By smooth approximation, we may
assume ¢ (u,x) exists and ¢”(u,z) > 0, where ¢’ stands for the derivative of ¢
w.r.t. z. By It6’s formula, we have

1
+§¢N(t7 }/tn)d[ynv Yn]g

+d( S (65 YT) — b, Y1) — s Y;UAY;”}) (4.18)

0<s<t
Hence,
T
t Y’n, d // Y’n, Y’n, Yn C
o637+ [ v - u+/ L (w, Y)Y, Y
+ 37 (s, Y = p(s, V) — ¢/ (s, Y )AY}
0<s<t

T T
= 2 [ ey (L= YLy = 20 [ (V7 = L) f (Y
t

t

T
—2n/ (V7" — L)~dM" (4.19)
t
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Since ¢(u,x) is convex in z, we have

T
A S YAV Y 20, ST {0ls, V)~ 6(s, V) — 6/ (5, VLAY 2 0

0<s<t
(4.20)
By virtue of the linear growth of f, it is easy to see that
T 1 /T T
—2n/ (Y — Lu)” f(u, Y,")du < g/ (Y — L) *du+ Cr + CT/ (Y)?du
t t t
(4.21)

If condition (i) holds, —2n ftT X{L.>yr}(Lu = Y,')dL, < 0. In this case, it follows
from (4.19)~(4.21) that

T T
gE[/ [n(Y," — Lu)_]2du} <C+ E[/ (Yu")2du] (4.22)
t t
On the other hand, if condition (ii) is true, then

T T T
1
—2n/ X{Lu>vpy(Lu =Y )dLy, < 5/ n(Y," — Ly) " Pdu + C/ (Ly,)*du
t t

t
In this case, we deduce from (4.19)—(4.21) that

%E[/tT[n(YJ—Lu)—Pdu] < C+CEMT(YH")2du} +OE[/tT(L;)2du} (4.23)

In view of (4.13), we obtain both from (4.22) and (4.23) that

sng MT[n(Y; — Lu)]Qdu] < 0. (4.24)

Choosing a further subsequence if necessary, (4.24) implies that ng(Y,"* — L,,)~
converges weakly to some function g, in L?(2 x [0,T], P x dt) and K, defined
above is given by K; = fot gudu. Now we are in a position to prove (4.17). Write

T T
/ (Y, — Ly,)dK, — / (Y'k — Ly )dK*
0 0
T

= [ - Lo - L) - gl

T
+/ Yy = Y8 [ng (Y — Ly,) " |du (4.25)
0
Because of the weak convergence, we have
T
lim (Yu — L) [ne (Y — Ly)™ — guldu =0 (4.26)
k—oo Jq

By the monotone convergence theorem and (4.24), it follows that

T
tim | [ (0= Y)Y = L)
0

k—o00
1

< lim </OT(YU —YJ““)Qdu)%</OT[nk(Yu”’“ — Lu)]2du> “_o (4.27)

T k—oo
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Combining (4.26) and (4.27) we obtain

T T
/ (Yu — Ly)dK, = lim [ (V" = L,)dK™ <0
0

k—o0 Jq “

AsY, > L, (4.17) follows. The proof of a) is complete.

b) Next we prove that the unique solution process Y; of (4.3) can be given the
representation (4.4). We do this by adapting the argument used in [9] to our setting:
First note that if 7 € 7%, then by (4.2) we have

T
=&+ / f(s,Ys)ds — (M — M) + Kr — K (4.28)

Subtracting (4.28) from (4.2) and taking conditional expectation with respect to
H: we get

Yo = B[ JsYads+ Y.+ Ko~ Kl
t

> B / F(5,Yo)ds + Loxser + Exor|Hi].

Since 7 € 7’7{ was arbitrary, this proves that

Vi esssuprery B[ F(5.Yds + Loxran +Ecemrltilst € 0.7] (429)
’ t

On the other hand, if we define
fo =inf{s € [t,T];Y; = Ly}
then 73 € 7'% and

E[/ f(8,Y5)ds + Lz, x3, <1 + EX7=1 M
t

- E[/ F(s,Ya)ds + Y, + Ka, — Ky[Ha] = Vi
t
Here we have used that
K; — K, =0,
which is a consequence of the requirement (vi) of Definition 4.1, i.e. of the equation

T
/ (Y; — Ly)dK; = 0.
0

This completes the proof of b).
To prove ¢) we use the following result:

Skorohod Lemma. Let z(t) be a real cadlag function on [0, 0o) such that z(0) > 0.
Then there exists a unique pair (y(t), k(t)) of cadlag functions on [0, c0) such that

(i) y(t) = =(t) + k(t)
(i) y(t) =0
(111) k(t) 1s cadlag and nondecreasing, k(0) =0

(iv fo =0.
The functlon k( ) is actually given by

k(t) = sups<iz™ () (4.30)

where 27 (s) = max(—z(s),0).
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We say that (y, k) is the solution of the Skorohod problem. Comparing with
Definition 4.1 we see that if we put

T
9t) =Yr_y —Lr_, =&+ f(s,Ys)ds — (Mp — Mp_y) — Ly—y + Kp — Kp_y,
T—¢
(4.31)
T
j’:(t) = § + f(S, Y;)dS - (MT - MT—t) - LT—t7 (432)
Tt
k(t) = Kp — Kp_y, (4.33)

then (y(t) = g(t+), k(t),t > 0) solves the Skorohod problem described in Definition
4.1 for z(t) = &(t+). By (4.30) we conclude that K; is given by

Ky — Kp_
T
= rlstliigi(ﬁ + g fu, Yo )du — (Mp — Mp_s) — Lyr—5) "5t € [0, T] (4.34)
Since the unique solution K; of the RBSDE (4.1) is in particular a solution of the
corresponding Skorohod problem and this solution is unique and given by (4.34),
we can conclude that (4.34) defines K; as an H-adapted process. This completes
the proof of ¢) and hence the proof of Theorem 4.2. O

Remark 4.3. A discussion of the Snell envelope and the associated local time in a
semimartingale context can be found in [11].

5. Application to Finance

Let B, = By(w) and N (dt, dz) be a Brownian motion and an independent Poisson
random measure, respectively, on a probability space (2, F, P). We let v(dz) :=
E[N(]0,1],dz)] be the Lévy measure of N and we put

N(dt,dz) = N(dt,dz) — v(dz)dt.
We assume that

/R Cu(de) < oo.

We refer to [14], Chapter 1 for more information about stochastic calculus for It6-
Lévy processes.

Let F; = o(Bs, N(ds,dz); s < t) be the o-algebra generated by By and N(ds, dz)
for s < t, and let F' = {F;}+>0 be the corresponding filtration. We may regard F;
as the information obtained by a person observing B, and N(ds,dz) up to time
t. If a person has more information than this, she is called an insider (at least in
a financial market context). We represent such inside information by a filtration
H = {H:}i1>0 where H;, D Fy for all t > 0. We assume that {H;}i>0 and {F;}i>0
are right-continuous and contain all sets of P -measure 0.

If the initial condition or some of the coeflicients of a stochastic differential equa-
tion driven by dB; and N (dt,dz) are Hi-adapted and not necessarily Fi-adapted,
the corresponding stochastic integrals are anticipating. Then it is necessary to
specify what type of anticipating integral one is using. In this section we study a
problem about optimal consumption of an insider in a financial market, and in this
context we choose to represent the anticipating integrals as forward integrals. See
e.g. [6][13] or the monograph [7] for a motivation for the use of the forward integral
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in the context of insider trading, and see [17] for the basic properties of the forward
integral.
Now suppose we have a cash flow X; = XN (t) given by

dXt = Xt_ [(/J,t — )\t)dt+0td_Bt
+/ 9(t,z)]\~](d7t,dz)];Xo >0;0<t<T (5.1)
R

where u, 0+ and (¢, z) are given bounded H;-predictable processes, § > —1, and
d~ By, N(d~t,dz) indicates that we use a forward integral interpretation. Here
c(t) := M X, is the consumption rate, \; being our relative consumption rate. We
assume that we are given a family Ay of admissible controls A\; > 0 included in the
set of H;-predictable processes, where H; O F; is a given filtration.

By the It6 formula for forward integrals the solution X; of (5.1) is given by

t
1
A A
0 2

—|—/R[log(1 +0(s,2)) — 0(s, z)]v(dz)}ds —l—/o osd” Bj

+ /Ot/Rlog(l +0(s,2))N(d" s, dz)] ;0<t<T. (5.2)

We assume that Ay satisfies the following conditions:

(i) For all A\, 8 € Ay with 8 bounded there exists 6 > 0 such that A+yS8 € Ay
for all y € (=46, 0).

(ii) For all to € [0,T],h > 0 with ¢, +h < T and all bounded measurable a(w)
the control f,(w) := a(w)&ty,to+r(5) is in Az

Let Uy,Us be given utility functions. We assume that U;, U; are increasing

and concave C! functions on (0,00) and that z — %[ii is strictly decreasing with

limg o0 % =0; i =1,2. Consider the problem to find ® and \* € Ay such that

O = sup J(\) = J(\Y), (5.3)
AEAy

where J()) is given by
T
J()\) = E[/ e U ()‘sXs)dS + e_pTUQ(XT)];
0

where T' > 0, p > 0 are given constants.
To study this problem we use a perturbation argument: Suppose A is optimal.
Choose g € Ay, 6 > 0, and consider

g(y) = J(A+yB) for ye(=94,9)
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Since A is optimal we have ¢’(0) = 0. Hence
d T
0 = d—E[/ e P UL ((As +yB) X)) ds
Y 0

— A
te pTU2(X,§—' +y6)):|y20
T
- E[/ Ui ((As + yBs) XA TP emrs
0
d
[BXPHP 4 (O yB) g XOHD) ds
d

_ AyB A+yB
e PTUy (X >)d—yX; DN (5.4)
Now, by (5.2),
d t
2y = xion [ ga .
Y 0
Hence, (5.4) gives
T s
B| / e P UL (A X {B XN — A X[ / Brdr] }ds
0 0
T
—e Ty (x M x / Brdr] =0 (5.6)
0
By the Fubini theorem,
T s T T
/ hs/ Brdrds :/ (/ h..dr)Bsds
0 0 o Js
Hence (5.6) can be written as
T T
E[ / {e P U{ (A XM) XV — / Ul A XN XPNe=rrary
0 s
—e PTUy (XM XV Beds] = 0 (5.7)
Now apply this to
Bs = a(w)Xjt,t+n)(s) (a Hi —measurable)
for a fixed t € [0,T). Then (5.7) becomes
t+h T
E[ / {e7 U] (A X)XV — / UlAXMINXNerrdr
t s
—e PTUs (X)) XM ads) = 0 (5.8)

Differentiating w.r.t. h at h = 0 and using that (5.8) holds for all H; -measurable
o, we get

T
E[{e U (MXM) x Y - / UL (A XN XN errdr
t

—e P TUH X)X H] = 0 (5.9)
Define
Y; o= e U (A XY x Y (5.10)

¢ = e PTUy(xV)x (5.11)
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[t y,w) = Ay. (5.12)
Then (5.9) can be written

T
Y = E[{—F/t f(s,Ys,w)ds|H]; € [0,T7]. (5.13)

This is an equation of the type considered in Section 2. Hence we can apply the
results of that section to study (5.13).
By Theorem 3.3 the solution of (5.13) is

T
Y, =E[¢ exp(/t Asds)|H,]

T
= EleTUy(XM) X P exp( / Aods)|Hy],
¢
which combined with (5.10) gives

t
exp(—pt + / Aeds) UL (N X XY
0

T
- E[exp(—pT+/ Xeds)Us (X)X H, 5t € [0, T).
0

Note that

¢

eXp(/ Aods) XY = X,
0

where Xt(o) is the solution of (5.1) when there is no consumption (A = 0). Therefore,

if we write Z; = t(o) we have the following:

Theorem 5.1. The relative consumption rate A is optimal for problem (5.3) if and
only if the following holds:

exp(—p) Ui (MX M) Z, = E[exp(—pT)Us (X)) Zp|He]it € [0, 7). (5.14)
Equation (5.14) gives a relation between the optimal consumption rate

Ct = )\tXtO\)
and the corresponding optimal terminal wealth X})‘). In some cases this can be
used to find both. To see this, note that by (5.14) we get

Zr

Ui(er) = exp(p(t = T) B[US(X1) 2 [He]
i = I (exp(p(t — THE[UF(X) 2L y), (5.15)

Zy
where I} = (Uj)~!, the inverse of Uj. Substituting (5.15) into the equation (5.1)
we get

dXM = X [pedt + ovd™ B, + / 0(t, 2)N(d"t,dz)] — c,dt. (5.16)
Ro
The solution of this equation is
) "G
X, = XoG;: — / — cqds, (5.17)
o Gs
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where

G, = xexp“ {_—a +/ log(1 + 6(s, 2)) — (s, 2)]v(dz) }ds

+/ osd” Bs —i—/ / log(1 + 0(s, 2))N(d"s,dz)|;t > 0. (5.18)
0 0 JRo
Hence, putting ¢t =T in (5.17) we get

T
Cs
xW = Gr(x, - / )
0

S

T
= G- [ =D By zelw i, (5.19)

which is an equation for the optimal terminal wealth X () We do not know how
to solve this equation in general. However, there are some solvable cases:

Corollary 5.2. Suppose
Us(z,w) = K(w)x (5.20)
where K is a bounded Fr-measurable random variable. Then the optimal terminal
wealth X:(F)‘) is given by
T
1 ex t—T
X = Gr(Xy —/ Efl(ME[ZTKWtht) (5.21)
o Gt t

and the corresponding optimal consumption rate ¢, is given by (5.15)

Corollary 5.3. (Complete future information)

Suppose that Hy = Fr for all t € [0, T]. Then the optimal terminal wealth X;)‘) 18
a solution of the equation

T
1
— Gr(Xo— / S I(ep(p(t — 1)
o G
and the corresponding optimal consumption rate ¢; is given by (5.15).

Example 5.4. Suppose U;(z) = K1 (w )Wx'V and Us(z) = Ka(w )Waz’y where K;(w)

are bounded Fp-measurable random variables and v € (—o0, 1)\ {0}. Suppose that
H, = Fr for all ¢ € [0,T]. Then

Zr UQ(X()‘)))dt) (5.22)

So (5.22) becomes

XM = GT<X0_/TL(& exp(p(t — T) L) ™ 1X(A)))dt)
0 Gt Kl Zt

which gives
GrXo
Koyt (T @ Zr\ 72T
L+ (52)7 fy G (exp(p(t —T))ZE) > "dt
Thus we see that even with complete information about the future, the optimal
consumption problem has a finite solution. This is in contrast with the optimal

portfolio problem, which gives an infinite value even in the case of a slightly ad-
vanced information flow, i.e. with H; = F;, 5(;) for some 6(¢) > 0. See e.g. [1][6][12].

X = (5.23)
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A special case:
If Uy(x) =lnax,Us(x) = Klnz (K constant ) then (5.13) simplifies to

T
Y, = E[Ke T +/ AsYods|H,] (5.24)
t
By (5.10)
e Pt
Y, = —
t N
Hence, by (5.24),
e Pt

1
=Ke T 4 Z(e Pt — e PT
y p( )

This gives the optimal consumption rate

e p
M= = R Tyee D (5.25)

This case was solved in [13]. However, the method in [13] does not apply to
other cases than the logarithmic utility case.

Acknowledgment. We are grateful to Hans-Jiirgen Engelbert, David Hobson,
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