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1. PRELIMINARIES

DEFINITION - 1.1 [5]

Let (X, Y,), (X, Y,), ..., (X, y,) betheset of n data points. The process of constructing
afunction say y = f(x) which fits the given data pointsis called interpolation. If the
interpolated function is a polynomial it is called a polynomial interpolation.

DEFINITION —1.2[1]

A function consisting of polynomial bits joined together with certain smoothness
conditions is known as a Spline function.

Consider aninterval | =[a, b] composed of nsubintervals|, =[x , x],i=2,3,

....... ,Nwitha=x <X, <—-—-<x =Db. A spline §x) of degree mon theinterval |
is a polynomial having continuous derivatives up to order m— 1 and coinciding
with y = f(x) on each subinterval |, =[x_,,%],i=23,......., n such that

S ()% <X<X,
S, (X), X, < X< X

S(x)= |

S, (%), X,y < X< X,
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Let S(a)=f'(a),S(b)=f'(b) and S'(x)=M, ,i=12,..n.1f m=4, the
corresponding spline is called quartic spline interpolation.

DEFINITION - 1.3 [4]

If yisasingle valued function of x say y = f(x), the process of finding the value of
dependent variable x is known as inverse interpolation.

2. POLYNOMIAL ITERATION METHOD [2], [3]

Let the cubic polynomial bey =a, +a X+ a2X2 + a3X3 (2.1
Hence y—a, = aX+a,x +ax’
ax=(y—a)-a,x* ~ax’ (2.2)

From (2.2) we get the value of x,

(y_ao) A o2 83 3

X =77 ——"X-——77X 2.3
a a a (3)
Neglecting higher powers of x from (2.3), we get the first approximation of x
as.
() _ y—4a,
X == 2.4
a, (2.4)

Substituting the value x from (2.4) to (2.3), we get the second approximation
of x as:

2 3
(@_ Y& aly-a | aly-a
al al al al al

2 2 3 2 2 3
y a4 &y +Zaoa2Y_a2ao a3y +3a3y ao_‘?’asyao +a3ao

= 3 3 3 4 4 4 4
& a a 2 2 & & & &

= —533 ¥ +(3a0?3 _azsjyz +(1+ 2510:;12 B 3302433]y+(ao3?3 S, aza:z]
, Y a, a a, a, a, a a,

Hence the inverse of the cubic polynomial in (2.1) is
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—a 3a,a, a 1 2a,a, 3a,a aa, a, a,a,’
X = 43y3_'_ 043_ 23 N 032_ 043y+ 043_70_230
al al al al al al al al al

(2.5)

3. DERIVATION OF QUARTIC SPLINE INTERPOLATION
FORMULA[6]

Leta=x,<X <.... <X =bbeapartition of [a, b]. Let Q,(x) be thequartic spline
which interpolates at the knots. [30]

Legx .—x=h,i=0,1,2,

b1 ; b =Y L 4

Since Q.(x) isaquartic splineitsthird derivative should belinear and continuous
inXx.

. X=X X
Hence Q (X)= Mi+lTl+ M; x% i=012,...n-1 (3.1

Integrating (3.1) three times we get,

Q)= G (%) 51" +G e 3 Hxa )+ D xx)
+E(X,,-%x) ,i=012,...n-1
(3.2
Since the spline always interpolates at the nodes we have,
Qi (Xi) =Y
Q%)= i i=012,...,n-1 (3.3)

Since Q.(X) is a quartic spline its first three derivatives are continuous and
hence we have

Qi"(XiJrl) = Qi+l"()(i+l)

Q| (Xi+l) = Q+1V(Xi+l) I = 0'1'2 -------- n-2 (34)

Q| (Xi+1) =Qu (Xi+1)

The spline function has a chance to oscillate at large abscissa value, so to
avoid this we take
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Qn—lﬂ (Xn ) = O (35)
Applying (3.3) to (3.2) we get the constants D, and E, as
D —_ M,.h’° + Yia
' 24 h,
Mihi2 i
Ei:?"'ﬁi:O,l,Z, ....... ,n-1 (3.6)

Differentiating (3.2) we gdt,

00 =M (x_y P Mity yfac(x, 4% —2¢)+D, —E
Qi (X)= 6h| (X XI) +6h (Xi+1 X) +C|(X|+1+X| 2X)+D| EI

(3.7)
Substituting the value of D, and E, in (3.7) and applying the continuity condition

QI(XH—l) = Q+1I (Xi+1) we ga’

h- 2 2_ 2 h2 .
'2‘2 Mi_l+h sh‘l M. _ZMHl—i_Cihi +C h,=6,-6,=12..n-1

(3.8)

Where 0; = 22*1_32 = y”lh_ Y ,i=01........ n-1
X |

Differentiating (3.7),

Q (x)= oh (x—x) o (%,, —x)*-2C, , i=012,.....,n-1

(3.9)

Applying the continuity condition Q ”(Xi+1) = Q|+1“ (Xi+1) in (3.9) we ge,

Ci_l=Ci+WMi i=12,,n-1 (3.10)

Substituting (3.10) in (3.8) and grouping the terms,
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h,’ h > _
31 M. +7,°M, —'—3Mi+1+8;(iCi =86,_,-61i=12...n-1
(3.12)
Where  y,=h +h_ ,=X,,-X,,1=12,...n-1 (3.12)

Hence the quartic splineis given by (3.2) where the constants D, E and C, are
given by (3.6) and (3.10)

4. DERIVATION OF INVERSE QUARTIC SPLINE INTERPOLATION
FORMULA USING POLYNOMIAL ITERATION METHOD

The quartic spline interpolation formula is

2
x.2+{'\"g‘+qn +D -E |X,

M;h?
+Eh ——
h 24

The above equation is also written as

y=lL+mX +nX?+0X°>+uX"*i=012.n-1

M;h’
24

Where | =Eh -
m :{MIThZ+C|h +Di_Eii|

M .h
n = —[#+ Ci} (4.2)

M, _(Mi+1_Mi)
Q=% U=""24n

In the above equation polynomial iteration method is applied as follows:
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y—l =mX, +nX2+aX° +uX*, i=012.n-1

mX :(y_li)_ni Xiz_oi Xis_ui Xi4’ i=012..n-1

X =M_ n x_z_&x?_ix_“

m m m m
The first approximation for X is obtained by neglecting higher powers of X

(4.2)

y-l;
Hence Xi(l) = T (4.3)

The second approximation is obtained by substituting the value of (4.3) in

(4.2
X, :y"i_”[y—'iiz _O[V—'T _U[V—'T
om o omim | mlm | m[m

X @ :y;li_i[yz_z—w}_&[ys—wzli +3yl.° _|i3}

! m m m 2 m m?

m, m 4

_i[y“—4y3li +6y?l 2 —4y|i3+li4}

Grouping y*, y?, ¥?, y and constant terms we get,

~u o 4u n 6% 3o
X, = IRV TN S SIS et RV O U St M Sl o B Y2
mi5 Y [ m4 m5 Jy [ 8 5 4 Jy

i i mi mi mi
1 4°u 2nl 30l? ~-1. nl? 1P 1%,
F-" 5 T3 T S|yt m m3 R
Lm m m, Lm m m

Since X—X = X, weget X=X + X

Thus the inverse quartic splineis Q ~(y) = x, + X, where ye[yi,ym], i=01,..,
n-1
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Hence

5.EXAMPLE
Consider the data points be (-1 , -0.762), (-0.5, -0.462), (0, 0), (0.5, 0.462), (1,
0.762)
Sinceh =%, —% ,i=01.... ,(n-1), we get
hy=h =h,=h,=05
0,=06,06,=0924,5,=0924,5,=0.6

n=x.=x3=1
Hence we get the following set of equation

2 2

h h
%M0+7512M1_?M2+8Z1C1 =86, —0,]

2 2

h h
?M1+Z22M2_%M3+8752C2 :8[51_52]

2 2

h h
%M2+Z32M3_%M4+8J{3C3 =8[6, — ;]

0.0833M, + M, —0.0833M, +8C, = -2.592
0.0833M; + M, —0.0833M, +8C, =0 (5.1)
0.0833M, + M, - 0.0833M , +8C, = 2.592

Hence

FOR NATURAL SPLINE
C,,=0=C,=0
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h, +h
C,=C, +%M3 =0.25M,
h, +h
C,=C,+—=2—1M,=025M, +M,] u
(5.2
+h
C, :C1+hl 2 °M, =029M, +M, + M,] |
Substituting the values of (5.2) into (5.1),
0.0833M, + M, +1.917M, + 2M , = -2.592
0.0833M; + M, +1.917M, =0 (5.3)
0.0833M, + M, —0.0833M , = 2.592
For natural splineM, =M, = 0 and solving (5.3) we g&t,
M,=3.109, M, =-6.217 , M, =3.108
From (5.2), C,=0,C, =-0.7773,C, =0.777,C, =0
Using (3.6), (4.2.1), (4.2.4) we get
D, = -0.9564 D, = 0.065 D,=0.892 D,= 1524
E,=-1524 E, =-0.892 E,=-0.065 E, = 0.9564
m, = 0.5676 m, = 0.698 m, = 1.086 m, = 0.697
,=0 n, = 0.389 n, = 0.00013 n, = -0.389
,=0 0,=0518 0,=-1.036 0,= 0518
u, = 0.259 u, =-0.777 u,=0.777 u, = -0.259
l,=-0.762 |, =-0.462 |, =-0.0001 l,=0.462

Using (4.4), the inverse natural spline in each interval is

~4.396y* —13.399y° —15.316y2 - 6.019y —1.139, y € [- 0.762,—0.462]
(y) 4.689y" + 6.484y° +1.837y? + 0.828y — 0.084, y € [- 0.462,0]
QW= 0.5144y* +0.745y° + 0.0001y? + 0.921y + 0.0001, y < [0,0.462]
1.574y* —5.104y* + 6.2072y? —1.653y + 0.371, y < [0.462,0.762]
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