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Pseudo-Differential Operators Associated with the
Bessel Type Operators-11

B. B.Waphare

Abstract: In this paper we define a symbol a(x, y) by using inverse Hankel type
transform. The pseudo differential type operator G(x, D) associated with the Bessel
type operator AQ’B. in terms of this symbol is also defined and it is shown that the
pseudo differential type operator is bounded in a certain Sobolev type space
associated with the Hankel type transform. Finally some properties of symbols
are discussed.
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1. Introduction

In recent years many authors have extended Hankel transformation

1

()0 = [ ()2, () 0y (1.1)
0

to distributions belonging to H L the dual of the test function space H, satisfying
certain condition on I = (0, o). Zemanian [12] has considered these transformations
in his monograph. Waphare [9] has investigated Hankel type transformation

(o)D) = [ )P () b () ly (12)
0

and has been extended to distributions belonging to the dual spaceHd ;B consisting
of all complex valued infinitely differentiable functions ¢ defined on I = (0, «)
satisfying

pul (@) =sup| x" (x D) (P 1o <o (1.3)

xel

d
for every m, k, € N, where D_= o
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Zaidman [11] studied a class of pseudo differential operators using Schwartz’s
theory of Fourier transformation. Pseudo differential type operators associated to a
numerical valued symbol a (x, y) were studied by Waphare [9]. One formula for
such an operators appears as follows:

(h, g X0 = J )P, conaa U, 40 dy (1.4)
0

where

U, )=, 00 = [ )0, ) u) dx; (@-B)=-172 (15)
0

The symbol a (x, v) is defined to be the complex valued infinitely differentiable
functions on I x I. which satisfies

1+x)71'D) (y' DYy alx, »I<K (L+yym? (1.6)

p,i,m, q

d
for all ¢, i, p € N and m is a fixed real number, and where D = d_ .
Y

The class of all such symbols is denoted by H™. If a (x, y) satisfies (1.6) with
g = 0, then the symbol class will be denoted by H/". Clearly H" < H".

2. Notations and Terminology

We shall use the notation and terminology of Waphare [9]. The differential operators
A, s defined by

A 5= A bx= WD oD x2
= (2B—D(4a+2B -2 0 1 2200+ 2B — x5 D 4 @202 (2.1)
1 1
Notice that for oo =—+ E, p=—- B , (2.1) reduces to
4 2 4 2
1 1 2
e —H-= -
x 2Dx™Ip x 2 =S, =D? +—(1 4)

4x*
which is a differential operator studied by Zemanian [12] and many authors later on.

From Waphare [9], we know that for any ¢ € H,,
h, oA, ;0 ==¥h, ;0 (2.2)
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k k . .
(DY G 00) = ) [i j(ﬁ DY O (x" D) (xH19) 2.3)
i=0
A= D b DY (2P 9(x) (2.4)
j=0

where bj are constants depending only on (o — B).

We also need a lemma due to Haimo [1] for the Hankel type convolution
transform.

Lemma 2.1: Let A(x, v, z) be the area of a triangle with sides x, v, z if such a

1
triangle exists. For fixed (o —B)>— > set

D(x, y, x) = 222P(my T Ba + B [T ' (xyz2) 2@ P[A(x, v, 1. (2.5)
if A exists and zero otherwise.

We note that D(x, y, z) = 0 and that it is symmetric in x, y, z and from Waphare
[9, equation (2.10)], we have

o0

J' iz D (x, v, 2)d W(z) = i (xt)i (7F) (2.6)
0

where
1 4o
du(x)=———— x"%dx 2.7)
2 Pr@Ga+p)
and
i(0)=2*"TBa+Px @ PJ _ (x) (2.8)
Refering to Pathak and Pathak [6, p. 311, (1.14)], we can obtain

o0

o (X&) o (X1)= ()PP g @IDELDIND) (o )

2Pra+p) !

Now we define the space L 4(1), 1< p <o, as the space of those real valued
measurable functions on I for which

i »
171, = [J | roo)” du(x)] <o0 (2.10)
0
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L7, is the space of all real valued measurable functions on / for which

| £]L, =ess sup[ foxy| <0 @11

0<x<o

Iffe L}L 8 (I) then its associated function f(x, y) is defined by

oy = J,f(z)D(x, ¥y, 2)d W(z), 0 <x,y<© (2.12)
0

We shall require a Lemma due to Haimo.

Lemma 2.2 (Haimo): Let f and g be functions of L:l (I) and let

F#800=[£063) g WU, 0<x<o0 (2.13)
0

Then the integral defining f# g(x) converges for almost all x, 0 < x < o0 and

gl <UfI gl 2.14)

3. Pseudo-Differential Type Operator G(x, D)
The symbol a(x, y) is defined as the Hankel type transform

ax, ) =7 [ )P T (W (o y)a (3.1)
0

where W(A, y) is a complex valued measurable function on I x 1. such that W(A, y)
is A-measurable for all y € I and

WA, WI<Kk(A) forall yel, Ael (3.2)

where

kW) e L, (a—P)= _%

Note that as

Ix* P, s)l<A,, for (OL—B)Z—%

B

the integral (3.1) exists under the assumption (3.2).

Let G denote the set of all a(x, y) on I x I. such that (3.1) and (3.2) hold.
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For a(x, y) € G, define the pseudo-differential type operator

Gx, Dyu(x) = I T, y)ax, WU, ;) dy (3.3)
0
where
K 1
U, ;0= J )T, o) u () dx, (a.—p) = ) (3.4)
0

Now for [x**#.J _(0I<A_ ., using (3.1), we have

B’

IG(x, D)u(x)l =

[, <xy>[x2ﬁ1 [Py <xx>W<x,y>dX} Ua p(dly
0 0

| x—1+2[3|

[n)* P 1y g M [ o)™ P Ty g CIW ) Uy (30l
0 0

Ag, meil | WL, y) | | Ua, () |d7»dy

IA
O —y 8
O —y 8

o0

xzﬁflAé’B J|k(l)|d7m I | Ua,g()/)|dy<oo
0 0
because k(L) € L'(I) and Uw(y) €H, , (N

Definition 3.1 (Sobolev Type Space): The space G, (D e R, (a—B) € Ris

. P
defined as the set of all those elements u € H'a’ B(I ) which satisfy

IA

s+2p-1

iy, =l b gull, <o (3.5)

1
Theorem 3.2 (Boundedness for G(x, D): Let (oo — ) > -5 Then
G (x, D)u”Gg,B,l <Kl ”””G&,B,I’ ueH, (I (3.6)

Proof: By using (3.3) and (1.5) we have

Gx, Dyu(x) = I T, Coalx, v) (h, ) () dy
0

o0

where a(x, y) = 2+ J' )™, () W (A, y) dh
0
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Now we make use of Fubini’s theorem to change the order of integration and obtain

Gex, D u () = [ () 1, o) | 7 @)™ Iy W |U, )y
0 0

)P WA, U, ;0 C,

|

O —y 8

B

x [ @)z @P I, @0D (v, h Dd p() dhdy
0

where

C, = o
P20 B3 + B)

Ger. Dy uw = | [ @)= WL WU, , )
00

xC,, [ Gy teen ) @Dk D) C, e dzdhdy
0

= (C, 7 [ @00, @) [ [V Uu g0 WON D 2)drdy | de
0 00

Now by inverse Hankel type transform, we have

o0

[ @1, @) Gx, Dyuv)dx
0

= 2%C, ) [ [y U, 02 WO, ) Dy, 1, ) dhdy
00

Thus we obtain

h, (lG(x, D)u(0)](z) = 22

O —y 8
O —y 8

AMFTYPIWOL D, &, U, ()d pM)d w(y)
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Now we can use (3.2) to obtain

Ih, (G, D) u(0)](2)]

< ZZOL

O —y 8
O —y 8

MR D (y, &y 2) YU, O pG)d p(d)

=4K#V, )@

where
K\ = M1 k(L)
and
V, 0 =y11U, 0
Hence

o0

[ 20, ,1Ge Dy @1 ()1d ue)
0

< [&#V, )@dne
0

Finally applying (3.1) and (2.14) we get
1 G(x, DYyu(x) ”Gg . <K uIIGgy .
4. Symbol Related Properties

1
A. Assume that x* a(x, ¥) € L\(I) for fixed y € (0, ) and (a0 — p) > ——
Let us define
WL, y) = j (W) T, () a (x, y) d
0

W(A, y) is the same as an(y) in Waphare [9]. Now from Waphare [9, equation (5.2)]
1
we know that for (a0 — B) > —5, reN,

(W, )ISC, (143" A2 (1 + 1)
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Now if a (x, y) € H®, then
IW(A, )I<k(A), forall yelI andforall A el
where
k(M)=C, M1 +r)" e L)
Conversely suppose that
k(A) e L'I) and WA, WI<k()
Then by inverse Hankel type transform the symbol a (x, y) is defined by

o0

a(y) = [ )T () W, y) dh
0

The integral (4.4) exists under the assumption (4.3) because

T (D<A,

1
. for (a—P) 2—5

B. Variable Separable form of the Symbol

4.1)

4.2)

4.3)

4.4)

Let a(x,v)=a(x)b(y), where A% h, sla(0] (M) € L' and b(.) is bounded measurable

function on 1.

Ib(WI<M, yel

Since
wrat) = [ T, A h, D a0 dh
0
and
Aeh, gla() () € LD,
therefore
wa (e y) = [ (ST () h, 2 a1 0)b () dh
0
Thus we get
WO, y)=h, [ aC NI =h, ¥ a1 b(y)

Since

lb(y)I<M,

4.5)
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and
WA, NI<MIh, [ a@]M)] e L),
therefore W(A, y) in (4.5) is measurable functionon I x I, forall y € 1.
Therefore (4.3) is clearly verified with
KM=M Ihy, g (x** a(x)) W)
Thus by Theorem 3.2, we have
G (x, DYu(x) ”G%,a, SIEK uIIGg’BY1
where
K\ =M1k
=BT M R, s (x*a(x))(\).

REFERENCES

[1] D.T. Haimo, Trans, Amer. Math. Soc., 116 (1965), 330-75.

[2] L I Hirschman, J. Anal. Math., 8 (1960-61), 307-36.

[3] E.L.Koh, and A. H. Zemanian, SIAM J. Appl. Math. 16(5) (1968), 945-57.
[4] L. Schwartz, Theorie’des Distributions, Hermann, Paris (1978).

[5]1 R.S. Pathak, Integral Transforms of Generalized Functions and Their Applications, Gordon
and Breach Science Publishers, (1997).

[6] R. S. Pathak, and S. Pathak, Certain Pseudo-Differential Operator Associated with the Bessel
Operator, Indian J. Pure Appl. Math., 31(3) (2000), 309-317.

[7] R. S.Pathak, and P. K. Pandey, J. Math Anal. Appl., 215 (1997), 95-111.
[8] I N. Sneddon, The Use of Integral Transform, McGraw-Hill Books Co., New York (1972).

[91 B. B.Waphare, Pseudo-Differential Operators Associated with Bessel Type Operators-I
(Communicated).

[10] G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press,
Cambridge, (1958).

[11] S. Zaidman, Ann Mat.Pura Appl., 92(4) (1972), 345-99.

[12] A. H. Zemanian, Generalized Integral Transformations, Inferscience, New York, (1968).

B. B. Waphare

MAEER’s MIT Arts, Commerce & Science College (MIT ACSC)
Alandi (D), Tal: Khed, Dist: Pune, India

E-mails: bbwaphare@mitpune.com, principal@mitacsc.com



