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FUNCTIONS
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Abstract: In this paper, we investigate the uniqueness of entire functions of zero order
concerning its derivative and q-shift difference. We deduce the results of X M Zheng
and H Y Xu[24] as particular case of our results and we extend the results of Y Liu,
Y H Cao, X G Qi and H X Yi[16].
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1. INTRODUCTION AND RESULTS

In this paper, the term "meromorphic" will always mean meromorphic in the complex
plane �. We shall use the standard notation in Nevanlinna's value distribution theory
of meromorphic functions ([6], [21], [23], [2], [19]), and S(r, f) denotes any quantity
that satisfy the condition S(r, f) = o(T(r, f)) for all r outside a possible exceptional

set E of finite logarithmic measure (1, ]

1
limr r E dt

t
 and also use S1 (r, f) to

denote any quantity satisfying S1 (r, f) = o(T(r, f)) for all r on a set F of logarithmic

density 1, where the logarithmic density of a set F is defined by (1, ]

1
lim .r r F dt

t
.

Moreover, we assume in the whole paper thatm, n are positive integers, q is a
non-zero complex constant, c ���, and �(z) non-zero small function with respect
to f(z), that is, �(z) is a non-zero meromorphic function of growth S(r, f).

Recently, many articles have focused on value distribution and uniqueness of
difference polynomials of entire or meromorphic functions (see example [1]-[11]).

In this paper, we use following notation.

Let P
n
 (z) = a

n
 (z) zn + a

n-1 (z) zn–1 + ... + a1 (z)z + a0 (z) be a non-zero polynomial,
where a0 (z), a1 (z), …, a

n
 (z) (�0) are complex constants and t

n
 is the number of

distinct zeros of P
n
 (z).
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In 2012, J F Xuand X B Zhang([20]) investigated the zeros of q-shift difference
polynomials of meromorphic functions of finite logarithmic order and obtained
the following result.

Theorem A. If f(z) is a transcendental meromorphic function of finite
logarithmic order �

log
 (f), with the logarithmic exponent of convergence of poles

less than �
log

 (f) – 1 and q, c are non-zero complex constants, then for n � 2, fn (z)f
(qz + c) assumes every value b ��� infinitely often.

In 2014, X M Zheng and H Y Xu([24]) investigated the zeros of differentialq-
shiftdifference polynomials of meromorphic functions of finite positive logarithmic
order and obtained the following results.

Theorem B. If f(z) is a transcendental meromorphic function of finite
logarithmic order �

log
 (f), with the logarithmic exponent of convergence of poles

less than �
log

 (f) – 1 and q, c are non-zero complex constants, then for m � n + k +

1, fm (z) P
n
 (f(qz + c)) ( )

1 ( )k j
j f z assume �(z) infinitely often.

Theorem C. If f(z) is a transcendental meromorphic function of finite
logarithmic order �

log
 (f), with the logarithmic exponent of convergence of poles

less than �
log

 (f) – 1, and q, c are non-zero complex constants, then for

m ��n + k + 1, P
m
 (f(z)) fn (qz + c) ( )

1 ( )k j
j f z assumes �(z) infinitely often.

Theorem D. If f (z) and g(z) be transcendental entire functions of order zero
and m ��n + 2t

n 
+ 5. If fm (z) P

n
 (f(qz + c) ) f' (z) and gm (z) P

n
 (g(qz + c) ) g' (z) share

a non-zero polynomial p(z) CM, then

fm (z) P
n
 (f(qz + c) ) f' (z) = gm (z) P

n
 (g(qz + c) ) g' (z).

Theorem E. If f(z) and g(z) be transcendental entire functions of order zero
and n ��m + 2t

m 
+ 5. If P

m
 (f(z) ) fn (qz + c) f' (z) and P

m
 (g(z) ) gn (qz + c) g' (z) share

a non-zero polynomial p(z) CM, then

P
m
 (f(z) ) fn (qz + c) f' (z) = P

m
 (g(z) ) gn (qz + c) g' (z).

In 2013, Y Liu, Y H Cao, X G Qi and H X Yi([16]) investigated the value
sharing results for q-shifts difference polynomials and obtained the following results.

Theorem F. If f(z) and g(z) be two transcendental meromorphic functions with
zero order. Suppose that qand c are nonzero complex constants and n is an integer.
If n ��14 and fn (z) f(qz + c) and gn (z) g(qz + c) share 1 CM, then f(z) ��tg(z) or f(z)
g(z) = t, where tn+1 = 1.

Theorem G. Under the conditions of Theorem F, if n ����+ 14d + 11 and fn (z)
f(qz + c) and gn (z) g(qz + c) share 1 IM, then f(z) ��tg(z) or f(z) g(z) = t, where tn+1

= 1.
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In 2014, X L Wang, H Y Xu and T S Zhan ([17]) investigated the value
distribution of q-shift difference-differential polynomials of meromorphic functions
and obtain the following result.

Theorem H. Let f(z) be a transcendental meromorphic (resp. entire) function

of zero order and 1( ) ( ) ( ) .d sj
j j jF z P f f q z c  If k�� and n>m (k+1) + 2d + 1

+��� (resp. n > m(k+1) + d + �). Then (F(z))(k) – �(z) has infinitely many zeros,
where (F(z))(k) = F(z), if k = 0.

In this paper, we investigate the uniqueness of differential and q-shift-difference
polynomials considered in Theorem B and Theorem C for entire functions of zero
order, and we prove the uniqueness of q-shift-difference polynomials sharing a
value 1CM(IM) considered in Theorem H for transcendental meromorphic functions
of zero order which extends Theorem F and Theorem G as follows.

Theorem 1.1. Let f(z) and g(z) be transcendental entire functions of order

zero.  If ( )
1( ) ( ( )) ( )m k j

n jf z P f qz c f z  and ( )
1( ) ( ( )) ( )m k j

n jg z P g qz c g z

share a small function �(z) CM, then

( ) ( )

1 1

( ) ( ) ( ) ( ) ( ) ( )
k k

m j m j
n n

j j

f z P f qz c f z g z P g qz c g z

Form � n + 2k + 2t
n 
+ 3, where t

n
 is the number of distinct zeros of P

n
 (z).

Remark 1.1. If k = 1, in Theorem 1.1 then Theorem 1.1 reduces to Theorem D.

Theorem 1.2. Let f(z) and g(z) be transcendental entire functions of order

zero. If P
m
 (f(z) ) fn (qz + c) ( )

1 ( )k j
j f z and ( )

1( ) ( ) ( )n k j
m jP g z g qz c g z  share

a small function �(z) CM, then

( ) ( )

1 1

( ) ( ) ( ) ( ( )) ( ) ( )
k k

n j n j
m m

j j

P f z f qz c f z P g z g qz c g z

for n � m + 2k + 2t
m 

+ 3, where t
m
 is the number of distinct zeros of P

m
 (z).

Remark 1.2. If k = 1, in Theorem 1.2, then Theorem 1.2 reduces to Theorem E.

Theorem 1.3: Let f(z) and g(z) be two transcendental meromorphic functions
with zero order. Suppose that q

j
, c

j
 (j = 1,2,…,d) are nonzero complex constants. n,

d, s
j
 (j = 1, 2,…,d) are positive integers, ��= s1 + s2 + ... + s

d
. If n ����+ 8d + 5 and

1( ) ( ) jsn d
j j jf z f q z c and 1( ) ( ) jsn d

j j jg z g q z c share 1 CM, then either f(z)

� tg(z) or f(z) g(z) = t, where tn+��= 1.
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Remark 1.3. If d = 1, in Theorem 1.3, then Theorem 1.3 reduces to Theorem F.

Theorem 1.4. Under the assumptions of Theorem 1.3, if n ��� + 14d + 11 and

1( ) ( ) jsn d
j j jf z f q z c and 1( ) ( ) jsn d

j j jg z g q z c share 1 IM, then either f(z) �

tg(z) or f(z) g(z) = t, where tn+� = 1.

Remark 1.5. If d = 1, in Theorem 1.4, then Theorem 1.4 reduces to Theorem G.

2. SOME PRELIMINARY RESULTS

To prove our theorems, we require following lemmas.

Lemma 2.1 ([23]). Let f(z) be a non-constant meromorphic function, then

T(r, P
n
 (f)) = nT(r, f) + S(r, f).

Lemma 2.2 ([20]). Let f(z) be a transcendental meromorphic function of finite
logarithmic order and q, � be two non-zero complex constants. Then we have

T (r, f(qz + �)) = T(r, f) + S1 (r, f),

N (r, f(qz + �)) = N(r, f) + S1 (r, f),

1

1 1
, , ( , ).

( )
N r N r S r f

f qz f

Lemma 2.3([15]). Let f(z) be a non-constant zero-order meromorphic function
and q be a non-zero complex number. Then

1

( )
, ( , ).

( )

f qz
m r S r f

f z

Lemma 2.4([23]). Let f(z) be a non-constant meromorphic function in the
complex plane and l be a positive integer. Then

( ), ( , ) ( , ) ( , )lT r f T r f lN r f S r f

( ), ( , ) ( , ).lN r f N r f lN r f

Lemma 2.5([22]). Let F and G be two nonconstant meromorphic functions,
and let F and G share 1 CM, then one of the following three cases holds:

(i). max 

(ii) F = G,

(iii) FG � 1,
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Where 2

1
,N r
F

denotes the counting function of zero of F, such that simple

zero are counted once and multiple zeros are counted twice.

Lemma 2.6 ([18]). Let F and G be two nonconstant meromorphic functions,
and let F and G share 1 IM. Let

(2.1)

If H ��  0, then

(2.2)

3. PROOF OF THEOREMS

Proof of Theorem 1.1.

Denote

� S1 (r, F1) = S1 (r, f) and S1 (r, G1) = S1 (r, g) (3.1)

Since f(z) is a transcendental entire function of zero order, By Lemma 2.1,
Lemma 2.2, Lemma 2.3 and Lemma 2.4, we have

    (3.2)
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On the other hand,

      

(3.3)

From (3.2) and (3.3), we have

(m – n) T(r, f) + S1 (r, f) � T(r, F1) ��(m+n+k)T(r,f) + S1 (r,f) (3.4)

Similarly,

(m – n)T(r, g) + S1 (r, g) � T(r, G1) ��(m+n+k) T(r, g) + S1 (r, g) (3.5)

Since f(z) and g(z) are entire functions of order zero and F1 and G1 share �(z)
CM, we have

1

1

( ) ( )

( ) ( )

F z z

G z z

where � is a non-zero constant.

If ����1, then we have

F1 (z) – �G1 (z) = �(z)(1 – �)
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Since P
n
 (z) has t

n
 distinct zeros, by using the Second main theorem, Lemma

2.2 and Lemma 2.4, we have

� (t
n 
+ 1 + k) T(r, f) + (t

n 
+ 1 + k) T(r, g) + S1 (r, f) + S1 (r, g), (3.6)

Where �
j
, �

j
,…, �tn

 are the distinct zeros of P
n
 (z). Similarly, we have

(3.7)

From (3.4), (3.5), (3.6) and (3.7), we have

which contradicts for m � n + 2t
n 
+ 2k + 3.

Therefore ��= 1, then we have F1 (z) = G1 (z)

That is,

Proof of Theorem 1.2.

Denote

F2 (z) = P
m
 (f(z)) fn (qz + c) ( )

1 ( )k j
j f z and

��S1 (r, F2) = S1 (r, f) and S1 (r, G2) = S1 (r, g) (3.8)



334 Renukadevi S. Dyavanal and Rajalaxmi V. Desai

Since f(z) is a transcendental entire function of zero order, By Lemma 2.1,
Lemma 2.2, Lemma 2.3 and Lemma 2.4, we have

(3.9)

On the other hand,

(3.10)

From (3.9) and (3.10), we have

(n – m)T(r, f) + S1 (r, f) � T(r, F2) ��(m + n + k)T(r, f) + S1 (r, f) (3.11)

Similarly,

(n – m)T (r, g) + S1 (r, g) � T(r, G2) ��(m+n+k) T(r, g) + S1 (r, g) (3.12)

Since f(z) and g(z) are entire functions of order zero and F2 and G2 share �(z)
CM, we have
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where � is a non-zero constant.

If ��� 1, then we have

F2 (z) – �G2 (z) = �(z) (1 – �)

Since P
m
 (z) has t

m
 distinct zeros, by using the Second main theorem, Lemma

2.2 and Lemma 2.4, we have

� (t
m 

+ 1 + k) T(r, f) + (t
m 

+ 1 + k) T(r, g) + S1 (r, f) + S1 (r, g), (3.13)

Where �
j
, �

j
,…, �t

m
 are the distinct zeros of P

m
 (z). Similarly, we have

(3.14)

From (3.11), (3.12), (3.13) and (3.14), we have

which contradicts for n � m + 2t
m 

+ 2k + 3.

Therefore ��= 1, then we have F2 (z) = G2 (z)

That is,



336 Renukadevi S. Dyavanal and Rajalaxmi V. Desai

Proof of Theorem 1.3.

Denote

1 1( ) ( ) ( ) ( )j js sn d n d
j j j j j jF f z f q z c and G g z g q z c

Then

1

( , ) , ( )
j

d sn
j j

j

T r F T r f z f q z c

1
1

, ( ) , ( , )
j

d sn
j j

j

T r f z T r f q z c S r f

� (n + �)T(r, f) + S1 (r, f)
On the other hand,

(3.15)

Similarly,

(n – �)T(r, g) + S1 (r, g) ��T(r, G) ��(n + �) T(r, g) + S1 (r, g) (3.16)

Now

Therefore,

��(1 + 2d) T(r, f) + S1 (r, f) (3.17)

Similarly,
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(3.18)

(3.19)

(3.20)

Since F and G share 1 CM, let us assume (i) of Lemma 2.5 holds and hence
T(r, F) + T(r, G)

substituting (3.17)-(3.20), we get

T(r, F) + T(r, G) � 2[(1+2d)T(r, f) + (1 + 2d) T(r, g) + (1 + 2d) T(r, f)
+(1 + 2d) T(r, g)] + S1 (r, f) + S1 (r,g)

� 2[2(1 + 2d) (T(r, f) + T(r, g))] + S1 (r, f) + S1 (r, g) (3.21)

From (3.15), (3.16) and (3.21), we get

(n – �) (T(r, f) + T(r, g))
� 4(1+2d) (T(r, f) + T(r, g)) + S1 (r, f) + S1 (r,g)

��(n – ��– 8d – 4) (T (r, f) + T(r, g)) ��S1 (r, f) + S1 (r, g) (3.22)

which contradicts for n ����+ 8d + 5.

Thus by Lemma 2.5, we have

either F ��G or F. G ��1 (3.23)

If F ��G, that is,

Let  Suppose that h(z) is not a constant. Then we have

(3.24)

Lemma 2.2 and (3.24) imply that
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Hence h(z) must be a nonzero constant, since n ����+ 8d + 5.

Set h(z) = t. By (3.24), we know tn+��= 1.

Thus f(z) = tg(z), where tn+��= 1.

Which is one of the conclusion of Theorem 1.3.

Again by (3.23), we have

F.G � 1, that is,

Let l(z) = f(z) g(z). Suppose that l(z) is not a nonzero constant. Then we have
obtain

(3.25)

Lemma 2.2 and (3.25), imply that

Hence l(z) must be a nonzero constant, since n ����+ 8d + 5.

Set l(z) = t. By (3.25), we know tn+��= 1.

Thus f . g = t, where tn+� = 1.

Proof of Theorem 1.4

Let

and let H be defined as in Lemma 2.6. Using the similar proof as in the Theorem
1.3, (3.15)-(3.20) holds.

and by Lemma 2.2 , we obtain
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(3.26)

Similarly,

(3.27)

(3.28)

(3.29)

If H �� 0 and since F and G share 1 IM, then by Lemma 2.6 , we have

T(r, F) + T(r, G)

(3.30)

Substituting (3.17)-(3.20) and (3.26)-(3.29), we get

(3.31)

From (3.31), (3.15) and (3.16), we get

(3.32)

which contradicts for n ��� –14d – 11.

Hence we have H ��0.

Integrating (2.1) twice and using H � 0, we have

(3.33)

where a � 0 and b are constants. By (3.33), we have
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(3.34)

Next, we consider following cases.

Case (i). b � 0, –1in (3.34) and for constants a and b.

If a – b – 1 ��0, by (3.34), we obtain

Using Second fundamental theorem, Lemma 2.2 and (3.16), we obtain

��(n – ��– 2 – 2d) T(r, g) ��(1 + d) T(r, f) + S1 (r, f) + S1 (r, g) (3.35)

Similarly,

(n – ��– 2 – 2d) T(r, g) ��(1 + d) T(r, f) + S1 (r, f) + S1 (r, g) (3.36)

From (3.34) and (3.35), we get

(n – ��– 2 – 2d) (T(r, f) + T(r, g) ) ��2(1 + d) (T(r, f) + T(r, g))

+ S1 (r, f) + S1 (r, g)

��(n – ��– 4d – 4) (T(r, f) + T(r, g)) ��S1 (r, f) + S1 (r, g)

which contradicts with n ����+ 14d + 11.

Hence, we obtain a – b – 1 = 0, so
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Using the similar method as above, we obtain

(n – �) T(r, g) ��(2 + 2d) T(r, g) + (1 + d) T (r, f) + S1 (r, g)

��(n – ��– 2 – 2d) T(r, g)���(1 + d) T(r, f) + S1 (r, f) + S1 (r, g) (3.37)

Similarly,

(n – ��– 2 – 2d) T (r, f) ��(1 + d) T(r, g) + S1 (r, f) + S1 (r, g) (3.38)

From (3.37) and (3.38), we get

��(n – ��– 4 – 4d) (T(r, f) + T(r, g)) � S1 (r, f) + S1 (r, g)

which contradicts withn ����+ 14d + 11.

Case (ii). If b = –1 and a = –1 in (3.34), then FG = 1 follows trivially.

Therefore, we may consider the case b = –1 and a ��–1 in (3.34), we have

1

a
F

a G
 and 

( 1)a F a
G

F

As in Case (i), we get a contradiction.

Set 
( )

( ) .
( )

f z
h z

g z  Suppose that h(z) is not a constant. Then, we have

1
( ) ( ) 1j

d sn
j jj

h z h q z c (3.39)

Lemma 2.2 and (3.39) imply that

Hence h(z) must be a nonzero constant, since n ����14d + 11.

Set h(z) = t. By (3.38), we know tn+��= 1.
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Thus f(z) = tg(z), where tn+��= 1.

Which is one of the conclusion of Theorem 1.2.

Case (iii). If b = 0 and a = 1 in (3.34), then F = G follows trivially.

Therefore, we may consider the case $b = 0$ and a ��1 in (3.33), we have

1G a
F

a
 and G = aF – (a–1)

As in Case (i), we get a contradiction.

Let l(z) = f(z). g(z). Suppose that l(z) is not a nonzero constant. Then we have
obtain

1
( ) ( ) 1j

d sn
j jj

l z l q z c (3.40)

Lemma 2.2 and (3.40), imply that

Hence l(z) must be a nonzero constant, since n ��� + 14d + 11.

Set l(z) = t. By (3.39), we know tn+� = 1.

Thus f . g = t, where tn+��= 1.
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