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PARAMETRIC FAMILY OF SDES DRIVEN BY LEVY NOISE

SUPRIO BHAR* AND BARUN SARKAR

ABSTRACT. In this article we study the existence and uniqueness of strong
solutions of a class of parameterized family of SDEs driven by Lévy noise.
These SDEs occurs in connection with a class of stochastic PDEs, which
take values in the space of tempered distributions S’. These results extend a
correspondence for diffusion processes, which had been proved earlier in the
literature.

1. Introduction

Given a complete filtered probability space (Q,}' , {ft}tzo,P) satisfying the
usual conditions, consider a class of stochastic differential equations (SDEs) in R9,
viz.

AU, = b(Us_; €)dt + (U ;) - dB, + / F(U,_, 2:€) N(dtdz)
(0<|z|<1)
~ ) (1.1)
+ G(Ui—, ;&) N(dtdz), t>0
(Jz|>1)
U() = KR,

and associated stochastic PDEs in the space of tempered distributions &’ (more
specifically, in the Hermite-Sobolev spaces Sp,,p € R, which are real separable
Hilbert spaces, see Section 2), viz.

dY; = A(Y,_) - dB; + L(Y,_) dt + / (Tr(vi_ 2y — 1d) Yie N(dtdz)
(0<|z|<1)
(1.2)
+ (Tg(ytﬂx) — Id) }/t, N(dtdl’), t Z 0
(lz|>1)
YO = 57
where

(i) {B;} denotes an R%valued standard Brownian motion (with components
B}, B2 .- Bf) and N a Poisson random measure driven by a Lévy mea-
sure v. N denotes the corresponding compensated random measure.

(ii) The initial conditions k and £ are Fy-measurable random variables taking
values in R? and Sp respectively.
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(iii) &, K, B and N are independent of each other and the filtration (F%) is
generated by these random variables.

(iv) 7.,z € R? denote the translation operators (see Section 2).

(v) The coefficients 7, b, F and G in (1.1) are defined in terms of ¢, b, F' and G
which are the coefficients in (1.2). Note that the coefficients are allowed
to be Fy measurable. The notations and hypotheses on these coefficients
are described in Section 3.

(vi) The operator L is a second order differential operator together with an
integro-differential operator. The operator A is a first order differential
operator. These operators are defined using certain coeflicients o,b and F
(see [5] for details).

Special cases of these stochastic PDEs have already been investigated in [3, p.

524], [4, p. 170], [13, p. 237] and [2]. In particular, this model includes the
well-known weak formulation of the It6 formula, viz.

d t d t
Z o1
6Bt, :TBt(sO :50* / 8,;535 de+§ E / 6?535 dS.
i=170 =170

We do not consider these stochastic PDEs in the present article and as such, we
skip the explicit definitions of the operators A and L.

In this article, we consider the existence and uniqueness of strong solutions of the
SDEs (1.1). In [5], we use these results of the present article to prove existence and
uniqueness results for the associated stochastic PDEs (1.2). In fact, we show that
if {U,} solves (1.1) with initial condition £ = 0, then Y; := 7y,& solves (1.2). One
may study the ergodicity/stationarity properties of the stochastic PDEs (1.2) via
the corresponding finite dimensional SDEs (1.1). This problem was investigated
for the Gaussian noise case in [4].

Observe that the transformation Y; = 7y, reformulates the SDEs (1.1) into
the stochastic PDEs (1.2). However, this allows us to study evolution systems
involving a larger class of initial conditions than originally given in the SDE. For
example, the stochastic PDEs (1.2) may model a multi-particle system where £
represents the initial configuration of the system.

1.1. Main results. As already mentioned, in this article we consider the exis-
tence and uniqueness of strong solutions of the SDEs (1.1). A standard approach
in proving the existence and uniqueness results for SDEs is to assume that the
coefficients are Lipschitz (see [1,6-8,10-12] and the references therein). The goal
of this article is to describe hypotheses, which include appropriate parameterized
versions of Lipschitz regularity of the coefficients and prove in detail the existence
and uniqueness results.

If k and & are deterministic, then the problem is reduced to the usual existence
and uniqueness problem for SDEs driven by a Lévy noise. As such, a method in ob-
taining the result for random x and £ would be through a ‘conditioning’ argument.
However, such an approach would require checking the continuity properties of the
process with respect to the initial parameters (k, &) and the proof would need to
be separated into steps where the parameter is bounded or square integrable in
norm and the general case, as in our case (see, for example, Theorem 3.4). Indeed,
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we separate our argument into such steps, but take the usual approach of Picard
iteration in proving the existence and a Gronwall inequality argument in proving
the uniqueness. Another point to note is the notion of solution that we use. We
only require the solution to be an adapted process with rcll path that satisfy the
corresponding integral equation of (1.1). In the diffusion case, it is known via
Tkeda-Watanabe argument (see [8, Chapter IV]), that the solution is a measurable
function of the initial condition and the Brownian motion. In such a case unique-
ness for the equation with random initial condition would follow from the case
of fixed initial condition by a ‘conditioning’ argument. The extension to the case
when the equation depends on an additional parameter £ seems to be open and
a ‘conditioning’ argument is one possible approach to uniqueness. In this paper,
however we use a more direct approach as mentioned above.

1.2. Layout of the paper. We now describe the layout of the paper. In Section
2, we define the space of Schwartz class functions S and its dual, the space of
tempered distributions §’. We also recall definitions of the Hermite-Sobolev spaces
Sp,p € R.

In Section 3, we state the notation and hypotheses followed in the rest of the
article. In Theorem 3.4, the existence and uniqueness result is proved for the
reduced equation with ‘global Lipschitz’ coefficients and then in Theorem 3.5 the
same is proved for the general case (i.e. involving the large jumps) by an interlacing
technique. In Theorem 3.6, we prove the result for ‘local Lipschitz’ coefficients.

2. Topology on Schwartz Space

Let S be the space of rapidly decreasing smooth functions on R¢ with dual

S’, the space of tempered distributions (see [9]). Let Z{ := {n = (n1, -+ ,nq) :
n; non-negative integers}. If n € Z%, we define |n| := ny + - + nq.
For p € R, consider the increasing norms || - ||, defined by the inner products
(Fr9)p =D Clnl+d)*{f,hn) (g hn),  frg €. (21)
neZi

In the above equation, {h, : n € Z%} is an orthonormal basis for £2(R?,dx)
given by the Hermite functions and (-,-) is the usual inner product in £2(R¢, dz).
For d = 1, h,(t) := (2"nly/7)~ Y2 exp{—t?/2}H,(t), where H,,t € R are the
Hermite polynomials (see [9]). For d > 1, hyp(x1, -+ ,2q) := hpn, (1) - Ay (T4)
for all (z1,---,24) € R% n € Zi, where the Hermite functions on the right hand
side are one-dimensional. We define the Hermite-Sobolev spaces S,,p € R as the
completion of S in || - ||,. Note that the dual space S, is isometrically isomorphic
with S_, for p > 0. We also have S = (N (Sp, [| - ), S = Upso(S—p: || - [[-p) and
So = L2(RY).

For z € R%, let 7, denote the translation operators on S defined by (7,¢)(y) :=
é(y — ), Vy € R%. These operators can be extended to 7, : S’ — S’ by

<T$¢7 1/’> = <¢)7 T—:E¢> ) \V/’l/) € S

Proposition 2.1. The translation operators 7,z € R? have the following prop-
erties:

p>0
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(a) ([14, Theorem 2.1]) For x € R? and any p € R, 7, : S, = S, is a
bounded linear map. In particular, there exists a real polynomial Py of
degree k = 2(||p|| + 1) such that

IT2¢llp < Pr(lz))[I4llp, Vo € Sp,
where |z| denotes the Euclidean norm of x.

(b) ([15, Proposition 3.1]) Fiz ¢ € S, for some p € R. The map © € R?
Tz¢ € Sp is continuous.

3. Main Results

3.1. Notations and hypotheses. We use the following notations throughout
the paper.
e The set of positive integers will be denoted by N. Recall that for x € R”,
|z| denotes its Euclidean norm. The transpose of any element x € R™*™
will be denoted by x?.
e For any r > 0, define O(0,7) := {x € R?: |z| < r}. Then O(0,r) = {z €
Re: |z| <7} and O(0,7)¢ = {z € RY: |z > r}.
e Let (Q, F, {F}i>0, P) be a filtered complete probability space satisfying
the usual conditions viz. Fy contains all A € F, s.t. P(A) = 0 and
.Ft = ms>tf5’t 2 0
e Let p> 0. Let 0 = (04j)axd,b = (b1, ,ba)" be such that ¢;;,b; : 2 = S,
are Fy measurable and

B = sup{|loi; (@)llp, [bi(W)llp - w € Q,1 <4, j < d} < 0. (ob)

e Define s : QxRIxS_, = R*”%and b: QxR*xS_, = R? by 6(w, z;y) :=
(o(w), 72y) and b(w, z;y) := (b(w) , T.y), where

(o(w), 7=9))ij == (o3 (W), 7=y) , (b(w), 72))i = (bi(w) , T2y) -

elet F: QxS ,x00,1) - R and G : Q x S_, x 0(0,1)¢ — R?
be Fy @ B(S,) ® B(O(0,1))/B(R?) and Fy @ B(S,) @ B(O(0,1)¢)/B(R?)
measurable respectively. Here B(K) denotes the Borel o-field of set K.

e Define F: QxR¥x0(0,1) xS_, - R, G: QxR4x0(0,1)xS_, — R?
by F(w,z,z;y) := F(w, 7.y, ), G(w, z,2;y) := G(w, 7.y, T).

e Let {B;} denote a standard Brownian motion and let N denote a Poisson
random measure driven by a Lévy measure v. N will denote the corre-
sponding compensated random measure.

Consider the following SDE in R¢,

Ay = WU €)dt + (U3 - B+ [ F(Ui i) N(dede)
(0<]x|<1)

+/ CU_,2;€) N(dtdz), ¢>0 (3.1)
e
Uo =K,

where ¢ is an S_j-valued Fp-measurable random variable and £ is an R%valued
Fo-measurable random variable. We also assume that &, x, B and N are inde-
pendent of each other and that the filtration (F;) is generated by these random
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varlables In particular, ]-"0 is generated by k and £. Note that the i-th component
of fo Us_;€) - dBs is Zj 1 Jo 05 (Us—; &) dBI. We list some hypotheses.

(F1) For all w € Q and = € O(0,1) there exists a constant C;, > 0 s.t.
|F(way17l‘) - F(w7y2ax)| < C»L”yl - yQH_p_%;\V/yhyZ € S—I)' (32)

We assume C to depend only on z and independent of w. Since [[y[|_,_1 <

lyll—p, Yy € S_p, we have
|F(w,y1,x) - F(w,yg,xﬂ < C»U”yl - yQH—pavyhyQ € S—P'
e constant (', mentioned above has the following properties, viz.
(F2) Th C ioned ab has the following properties, vi

sup Cyp < 00, C?y(dz) < o0
Jz|<1 (0<|z|<1)

(F3) sup,cq,|z)<1 [F(w,0,2)| < oo and sup,cq f(0<‘z|<1) |F(w,0,2)?v(dz) <
0.
(G1) The mapping y — G(w,y, ) is continuous for all z € O(0,1)¢ and w € Q.

Remark 3.1. Examples of coefficients F' and G satisfying the above hypotheses
can be constructed. See [5, Example 3.1].

Lemma 3.2 ([5, Lemma 3.2]). Assume (F1), (F2) and (F3). Then, for any
bounded set K in S_,, the following are true.

(Z) SqueQ,yelC,|z\<1 |F(w7y7x)| < 00.
(1) SUP,eq yek f(0<|$|<1) |F(w,y,z)|?v(dr) =: a(K) < co.
(i) SUP,eq ek fot f(0<\’£|<1) |F(w,y,z)|[*v(dz)ds < oo for all 0 < t < o0.

Using the continuity result in Proposition 2.1 the next result follows.

Lemma 3.3 ([5, Lemma 3.3]). Suppose (G1) holds. Then the map z € R —
G(w,z,7;¢(Ww)) = Gw,m€(w),z) € RY is continuous for all x € O(0,1)¢ and
w € Q.

3.2. Global Lipschitz coefficients. In this subsection, we establish the exis-
tence and uniqueness of strong solutions of (3.1) under ‘global Lipschitz’ coeffi-
cients &,b, F. To do this we first study the same problem for the corresponding
reduced equation, viz.

dU, = b(U,_; €)dt + 5(U,_;€) - dB, +/ F(Up,2;€) N(dtdr), t>0
(0<]z|<1)
Up = K;
(3.3)

with £ and x as in (3.1). Later, in Theorem 3.5 we prove the result for equation
(3.1).

Theorem 3.4. Let (ob), (F1), (F2) and (F3) hold. Suppose the following
conditions are satisfied.

(i) k,& are Fo measurable, as stated in (3.1).
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(i) (Global Lipschitz in z, locally in y) For every bounded set IC in S_,,, there
exists a constant C(K) > 0 such that for all z1, 22 € RY, y € K and w € Q

b(w, 215 ) — bw, 22;Y)* + [6(w, 215 ) — F(w, 225 y) |

_ _ 3.4
s N - P Pr(dn) < O 1 -l (34
(0<|z|<1)

Then (3.3) has an (F;) adapted strong solution {X;} with rcll paths. Pathwise
uniqueness of solutions also holds, i.e. if {X}} is another such solution, then
P(X;=X}1t>0)=1.

Proof. We split the proof in the following three steps, depending on assumptions
on the random variables x and &.

Step 1: &, & are Fy measurable with E|x|? < co and sup,,cq [[€(w)]|—p < oo.
Step 2: k, & are Fy measurable with E|x|? < cc.
Step 3: K, are Fy measurable.

Positive constants appearing in our computations may be written as v and may
change its values from line to line.

Step 1: The existence is established by Picard iterations and the uniqueness
by Gronwall inequality arguments. This follows the standard approach as in [11,
Theorem 5.2.1], where SDEs driven by Brownian motion were considered. In the
present case, we get the linear growth of the coefficients directly from the structure
of the coefficients, see (3.9) below.

First we prove the uniqueness. Let {U}} and {U?} be two solutions of (3.3).
Define, for w € Q

O(t,w) = b(w, U} ()i 6w)) — blw, U (w); £(w)),
2(t,w) 1= 5w, UL (@); €w)) — o(w, UZ ()i @),
Ut 2,0) = Flw, UL (@), 23 €(w)) = Flw, UZ (), 23 € w)).

~—
~—

Note that

E ( sup |UL — U?F)

0<s<t

sup /@ du+/ E(u) - dBy —|—// U (u, x) (duda:)
0<s<t (0<|z|<1)
<E (sup [ /@ )du —|—3 ()-dBu
0<s<t
. 2
+3 // U (u, z) N(dudz)
0 J(0<]z|<1)
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Using Doob’s £? maximal inequality and Ité isometry, we have for some positive
constant v,

¢ an 02027
0<s<t

t t t
<3t ]E/ |®(s)|2ds+12E/ |E(s)|2ds+12E/ / 0 (s, 2) [2o(da)ds
0 0 0 J(0<|z|<1)

Using (3.4), we have

t
(s [0~ U2F) <3+ 98 [ U2 - 02 Pas
0<s<t 0 (3.5)

t
< 37(t+8)/ E ( sup |Ul - U3|2) ds.
0

0<u<s

We then obtain the uniqueness of the solutions by a Gronwall inequality argument.

To show the existence of a strong solution, we use Picard iteration. Set Ut(o) =K
and define

t t
Uty = / bUM: &)ds + / s(UM;¢€) - dB,

/o/o<z<1 UM, 2;€) N(dsda),

for all k > 0. Fix M € N. For k > 1, t € [0, M] we have

¢
E ( sup |UFHD — Us(k)|2) <3v(M + 8)/ E < sup U — U&kl)z) ds.
0<s<t 0 0<u<s
(3.7

By (3.4), there exists a constant C' = C(Range(¢)) such that for z € R, y €
Range(¢)

[b(w, z3y) — bw, 0:9)|* + [o(w, ;) — 7(w, 0;9)

_ _ 3.8
s [Pz - P00 P r(dn) < P (38)
(0<]z|<1)

Using (ob)), we have [b(w,0;9)| = |(b(w),y)| < BVd||yl|l-p and |5(w,0;y)| =
|{(o(w),y)| < Bd||y||-p- From (Fl) we have

|F(w,0,239)] = |F(w,y,2)| < Callyll—p + |F(w,0,2)].

Therefore, using (3.8), (F2) and (F3), there exists a positive constant D =
D(Range(€)) such that

bzl + ozl + [ [P sag)Pudn) <D P, (39)
(0<|z|<1)
As in (3.5), using (3.6), Doob’s £2 maximal inequality and It isometry and (3.9)

we get

E ( sup |[UY — US(O)|2> < (312 + 24t)D E(1 + |)?). (3.10)
0<s<t
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Therefore by induction from (3.7), there exists a positive constant C' s.t.

(Ct)k-i-l
E ( sup |[UFHD — U§’“>|2> < Vk >0, t € [0, M]. (3.11)
0<s<t (k+1)V

For positive integers m, n with m > n, we have
lim E sup |U; (m) Ut(n)|2
MmN 0<t<M

m—1 2

Z (Ut(kJrl) o Ut(k))

k=n

m—1 2
. Z (k+1) _ 77(k)
< m,%IEOOE (k— _SU.p ‘Ut Ut ‘) (312)

m—1 2
— lim E sup U —y® k1
m,n—00 (kz: 0<t<pM ‘ t ‘

(IR ESTOTEPPA I
<nll)rréo<§_:]E sup |U; Y — Uy \k)(lg:k )

0<t<M

= lim E sup
m,n— 00 0<t<M

The second series on the right hand side above converges. By (3.11), the first series

%W — 0 as n — oo. Therefore {Ut(m) :m € Njis

Cauchy and hence converges to some {X;},ej0,a1) in £2(X x P), where X denotes
the Lebesgue measure on [0, M].
Applying the Chebyshev-Markov inequality in (3.11), we get

1 (4Ct)k+1
P Ukt _ k)| > < .
(osillifl Sz om ) S e

is bounded, since Y ;-

By Borel-Cantelli lemma

) 1
P (hmsup sup |UFH) — k)] > 2k+1> =0.

k—oo 0<s<t

Therefore, we conclude that {U(®)} is almost surely uniformly convergent on [0, M]
to {X;}, which is adapted and rcll. Using (3.9) and the fact that a.s. {X;} has at
most countably many jumps, we have

M M
E/ / |F(Xs_, 2;6)*v(dx)ds < E/ D1+ |X,_|*)ds
0 (0<|z|<1) 0

< DM+ (X ripy| < oo

Therefore {fot f(0<\w\<1) F(Xs_,z;€) (dsdx)}te[o M) exists. Similarly, we can

show the existence of {fg 0(Xs—;&) - dBs}icpo,m) and {fo Xo_;&)ds}icpo,m)-
By It6 isometry and (3.4), we have the following convergence in £2(P), viz.

//0<z|<1 FUL ;) N(dsdz) 222 //0<z|<1> X, 2;€) N(dsda),
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for each t € [O M] Similarly, we conclude that fo o U(k),ﬁ) dBg — fo 5(Xs_;6)-

dB, and fo _,§ds—>f0 X¢_;€)ds in L2(P) as k — oo, for each t € [0, M].
Since {X;} is rcll, from (3.6), we have a.s. Vt € [0, M],

Xt—ff+/0t b(Xs— ,é)ds+/ o(Xs-;8)-dBs +/ /o<m|<1 X, 2;€) N(dsdz).

Suppose {Xt( } and {Xt(MH)} denote the solutions up to time M and M + 1
respectively. Then, by the uniqueness, {Xt(MH)}te[Q ) is indistinguishable from
{Xt(M)} on [0, M]. Using this consistency, we obtain the solution of (3.3) on the
time interval [0, 00). This concludes the proof for Step 1.

Step 2: We follow the technique given in [7, Theorem 3.3], where SDEs driven
by Brownian motion were considered. For k € N, define xx = 1g¢_, <k} and

let €% := xp & Let U® be the solution of (3.3) with the initial condition

€F). Our aim is to show that xzU® = x,U*+D) Let Uy(Lk) and U,(Lkﬂ) be the
approximations of U*) and U*+Y obtained in Step 1 above. Now,

UP () = &, US () = & and xixUSP (8) = U0 (8).
Observe that, for w € )
Xk (@)b(w, U (5=) (w); €M) (@) = xa (@)b(w, UFHY (s=) (w); €D ().

Similar equalities hold for coefficients & and F. Using (3.6) and these equalities,
we have a.s. t > 0,

t t
XeUS (1) = xu 5+ / XU (s=); €®)ds + / Xka (US (s-);:6®) - dB
0 0

t
F(Us® ) N(dsd
+/O/(O<xl<1)xk (U (5-),2; €9 N (dsda)

t
— xR+ / Xeb(UY (s—); €0+ ds
0
t
4 / o (U (s—); €540y B,
0

t
+/ / XeF (U (=), ;€59 N (dsda)
0 J(0<|z|<1)
= U @),

By induction a.s. t > 0 XkU( )( t) = XkU,(LkH)(t).

Letting n go to infinity and using the generalized Lebesgue DCT (see [7, The-
orem 3.4]), we have, as. Vt € [0,T], xxaU®(t) = xxUFHD(t). Note that
P(U{xx = 1}) = 1. Now define

Xi(w) =UP(B)(w), it €w)]-p < k.

Observe that, a.s. V¢ € [0,T], xxU™ (t) = x1X;. Tt is easy to check that {X;}
satisfies (3.3).
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To prove the uniqueness, let {X;} and {Y;} be two solutions of (3.3). Define

Fw,2,2:9) = Liggl <) (@) F (@, 2,25 Lgaign_,<i) (0)9);
and X} := xx Xy, for w € Q,k € N. Similarly define {Y,*} for k € N. Observe that
F(w, 2,2:6W)) = Liggl <k (EW)F (w0, 2, L) <my (Ew)E(W))
= Lae@)l—p<ir (@) F (W, 2,25 Lige@))_p<ip (W)EW)),
and
Xk (W)b(w, X (w); E(w)) :B(W Xk (w); € (w)),
X (W) G (w, Xo— (w); €(w)) = 6(w, XF_(w); ¥ (w)),
Xk (W) F(w, X (w), 75§ (w)) = xx(w ) F(w, XE_(w), 25 xk(w)€F (w))

Therefore, a.s.

XF =X,
t t
_ - k . ¢k — k . ¢cky .
= Xk KJ+/0 b(Xs—ag )d8+/0 O—(XS—’g ) B, (313)

t
+/ / F(X*  z;¢%) N(dsdzx).
0 J(0<|z|<1)

Now, in (3.13) € is norm bounded. Observe that
| VP sy~ Fwsa) ()
(0<|z|<1)

= Lggll—,<r} ()

X / |F(w, 21,25 Liggl_, <kt W)y) — Fw, 22,25 1{g:ug|\,pgk}(y)y)|21’(d$)
(0<]z|<1)

= 1{5:\|g|\,pgk}(y)/ |F(w721,x;y) - F(wazzﬁc;y)FV(dCC)
(0<|z|<1)

< C{7: Igll-p < kP21 — 22,

for any bounded set K in S_, and y € K. Since (3.4) holds for b,  and F, it also
holds for b, @ and F. By the uniqueness in Step 1, we conclude that {X}} is the
unique solution of (3.3) with initial condition x; k and in particular,

Xe(W) Xy = X =Y = xx(@)Ys.
Since k is arbitrary, therefore, a.s. V¢ € [0,T], X; = Y;. This completes the proof
for Step 2.

Step 3: We follow the argument given in [1, Theorem 6.2.3]. Define Qp; := {w €
k] < M} for each M € N. Then Q = (J,;cny Qar and Qp C Qpy whenever
L <M.
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Let kM (w) := 15 <m} (w)r(w). Note that € £2. By Step 2, there exists a
unique solution, say {Xt"M }, of the reduced equation (3.3) for the initial condition
KM, ile. as. t>0

t t
X = BM 4 / B(XLT5€)ds + / o(X5€) - dB,
0 0

t
+// F(XF  z;€) N(dsdz).
0 J(0<|z|<1)

We first show a.s. 1qj.<ry(W)Xf (w) = 1qjx<r) (w)X[”M (w),t >0 for all M > L.
Define

F(UJ, 2, T; y) = 1{|K\§L}(W)F(w7 2, X3 y)
Now, {1{m\gL}XfL} and {1{|H‘§L}Xf’M} both satisfy the reduced equation
dX; = B(Xt,; 1{\;<;|§L}€)dt + (X 1{\K|SL}€) - dBy

+/ F(X—, 2 1< y€) N(dtda), (3.14)
(0<|z|<1)
XO = KJL.

It is easy to check that b, &, F satisfy (3.4). Then by the uniqueness in Step 2 for
all M > L a.s.

wl WM
Lni<py Xy = ei<y Xy 5 20

Since Qp increases to ), for all € > 0, there exists M € N, such that P(Q,) >
1 —¢€,Vn > M. Hence,

P <sup|Xfm - XK > 5) <e€ V6 >0,Ym,n > M.
>0

Therefore the sequence of processes {X "”"n}neN is uniformly Cauchy in probability
and so is uniformly convergent in probability to a process, say {X;}. We extract
a subsequence for which the convergence holds uniformly and almost surely. This
convergence implies that {X,} has rcll paths and solves (3.3).

To prove the uniqueness, we consider the solution {X;} constructed above and
compare it with any arbitrary solution {X/};>0 of (3.3). We claim that for all
M > L, Xj(w) = Xt”M (w) for all t > 0 and almost all w € Q. Suppose for some
M > L, it doesn’t hold. Define

X/(w) f Q
X () o= { i) for w e,
X (w), for we Q.

Then X”*" and X*" are two distinct solutions of (3.3) with the same initial
condition x™, which is a contradiction. This proves our claim. Next by applying
a limiting argument we conclude that P(X; = X/,Vt > 0) = 1. This completes
the proof of Step 3 as well as the theorem. O

We now consider the SDE (3.1). The next result follows by the interlacing
technique (see [1, Example 1.3.13, pp. 50-51]).



168 SUPRIO BHAR AND BARUN SARKAR

Theorem 3.5. Suppose all the assumptions of Theorem 3.4 hold. In addition,
assume that (G1) holds. Then there exists a unique rcll adapted solution to (3.1).

Proof. We follow the proof of [1, Theorem 6.2.9]. We have already proved the
existence and uniqueness of the reduced equation in Theorem 3.4. Now, we use
the interlacing technique to complete the proof.

Let {n,}nen denote the arrival times for the jumps of the compound Poisson
process {P,};>0, where each P, = f(|m|>1) xN(t,dz). By Theorem 3.4 there exists

a unique solution {a(l)} to the reduced equation (3.3). Define

l?t(l); for0<t<m
Uy, + GULL AP, €); for t =y
Ue:=q U, + Ut(g) U,g?), form <t <me
7]2*+G( N2 —> 77275) fOI‘t:ng

Here {Ij’t@)} denotes the unique solution to (3.3) with initial condition U,,. Then
{U:} is an adapted rcll process and solves (3.1).

We show that the uniqueness follows by the interlacing structure. Let {ﬁt} be
another solution of (3.1). Then by the uniqueness of the reduced equation, a.s.

Ut:ﬁt:Ut; for 0 <t < m.
Since, a.s. Um— = Um_ = U,,—, we have a.s.

U 771*+G( m—> "7175) 7]1*+G( m— "71’6)

Since {U;} has no large jump in the time interval (n1,72) we have, a.s. for t €
(7717772)

Ut—fe+/t BT, ,s>ds+/t (U, 5€) - dB

t
F(U,—,2;¢) N(dsd G(U_ . 2 €)N(dsd
+/0/<o<|x<1> (Weoie) (SI)+/0/(II>1) (Vs m o)

0, /“(Us ;5>ds+/tc-r<g €)-dB

/m/klx,ﬂ) U, ;) N(dsda)

. t—m1 . - R
_ 0, 4 /0 B(Oy s €)ds + / (U sei€) - dByys

0
t—m o -
w7 W) N (dsda),
0 (0<|z|<1)
(3.15)

We now describe {NJ*}, which appeared in the last term of (3.15). For any set
H C R?, which is bounded away from 0, i.e. 0 ¢ H and for any stopping time 1,
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define
N{(H) := (Nypyy(H) = Nyp(H)) 1<)

By strong Markov property [1, Theorem 2.2.11], we have E[e/AN¢ ()] = R[e!ANe(H)],
{N,"} is independent of F,, has rcll paths and is (F,+¢) adapted. Furthermore,
E[N] (H)] = tv(H) = E[N,(H)].

Note that the last equality of (3.15) is written in the reduced equation form.
Since {U;} also solves the same reduced equation, by Theorem 3.4 a.s. Ut =U;
for m; <t < my. In particular, a.s. Unz_ = U,,- and hence, a.s.

ﬁnz - Unz— + G(ﬁn'z—v AP"D;g) = Unz— + G(Um—a Apnz;g) = U772'

Continuing this way, we show that a.s. Uy = U;,t > 0. This completes the
proof. O

3.3. Local Lipschitz coefficients. In the previous subsection, we have estab-
lished the existence and uniqueness results under ‘global Lipschitz’ which we now
extend for ‘local Lipschitz’ coefficients.

Let R? := R? U {00} be the one point compactification of R

Theorem 3.6. Let (cb), (F1), (F2), (F3) and (G1) hold. Suppose the follow-
ing conditions are satisfied.

(i) k,§ are Fo-measurable.

(i) (Locally Lipschitz in z, locally in y) For every bounded set K in S_, and
positive integer n there exists a constant C(IC,n) > 0 s.t. for all z1,29 €
O0,n), ye K and w € Q

b(w, 215 9) — b(w, 22;Y)|* + 6 (w, 215 y) — F(w, 225 y) |

_ _ 3.16
+/ |F(w, 21, 23y) — F(w, 22,259)? v(de) < C(K,n) |21 — 2. (3.16)
(0<|z|<1)

Then there exists an (Ft) stopping time n and an (F;) adapted R%-valued process
{X:} with rcll paths such that {X:} solves (3.1) upto timen and Xy = oo fort > n.
Further n can be identified as follows: n = lim,, 0,, where {0,,} are (F:) stopping
times defined by 0, == inf{t > 0: |X;| > m}. This is also pathwise unique in this
sense: if ({X[},n') is another such solution, then P(X; = X;,0<t<nAn)=1.

Proof. To prove the existence result, we first obtain a version of the ‘global Lips-
chitz’ condition (3.4) for b(w, 2;¥), 7(w, 2;y), F(w, 2, z; y) from our assumption on
‘local Lipschitz’ condition (3.16).

Let n,m € N and let R be a positive real number. Let h : R" — R™ satisfy
|h(z)—h(y)| < Clz—y| for all z,y with |z|, |y| < R, where C is a positive constant.
Define

h(z), if|z] <R
hR(z) = ¢ 22 p(Ra/|a)), if R < |2| < 2R
0, if |z| > 2R.
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By [6, Chapter 5, Exercise 3.1], h® is Lipschitz continuous on R™. For every fixed
y and w, we construct 6 (w, -;y) for 6(w,;y) in the same way viz.,

a(w, z;y), for |z| < R;
7 (w, 2 y) = %ﬁ'z' T (w, %;y) , for R < |z| < 2R,
0, for |z| > 2R.

Similarly define b%(w, -;y) and FF(w, -, x;y) for every fixed 2,y and w. Then using
(3.16) and applying the above exercise, we conclude that b (w, z; y) and 5% (w, z; y)
are globally Lipschitz in z as in (3.4). We now show (3.4) holds for Ff(w, z, z;y).

By (3.16) and Lemma 3.2, for any » € R? with |z| < R and any bounded set K
in S_,, we have

/ Flosmpfrdn <2 [ |F@zaig) - F @0 vid)
(0<|e|<1) (0<lzl<1)

+ 2/ |F(w,0,x;y)|2 v(dx)
(0<|z|<1)

<2C(K,R)R* 4+ 2a(K), Yy € K.
(3.17)

Fix 21,20 € RY, with |2;| < R and R < |z < 2R. Then

/ FR(w, 21, 759) — FR(w, 29, 239) Pw(de)
(0<|z|<1)

_ 2R — _ R
= F(W,Zl,l';y)_ |Z2| - F w, Z27J;;y
R
(0<z|<1) |22

2

v(dx)

_ _ R 2
§2/ F(w7217x’y)_F(w7zza$7y> V(dl')
(0<|z|<1) | 22|
||22| — RJ? = Rz ’
+272/ F(w, ,x;y) v(dx)
R (0<|z|<1) |22

2

_RZQ +2

||z2| — R|?
|z2]

Al R2

<20(K,R)

[2C(K, R)R® + 2a(K)]

R2
In the above calculation, we have used (3.17) and two inequalities, viz.

2
< |z — 22f?, |lz2l = RI* < |21 — 22|

= |21 — 2 [6C(IC, R) + 404(/@)} .

292

z1 — —
|22

We indicate a proof of the first inequality. We have

2

Rz
2l <z — 2 = 2P+ R*-2

)

zZ1 —

|22

< 2(|z2] — R) (21)"22 < |22|(|22|* — R?)
<~ 2(21)t22 < (|22| +R)|22‘

(Zl)tZQ < |21|2 + |2’2‘2 - 2(21)tZ2
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Of course, the last statement holds true, since 2(z1)'20 < 2|21||22] < (|22] + R)|22]-
The inequality ||22| —R|? < |21 —22|? follows from the observation that 21 € O(0, R)
and that the distance between O(0, R) and z3 is ||z2| — R|, which is achieved by
the point 222

|z2] *

Similar arguments show that (3.4) holds for FF for all 21,20 € R% This
shows that the ‘global Lipschitz’ regularity (3.4) holds for 6%, & and F®. Since
bR (w,0;9) = b(w,0;y),5%(w,0;y) = 7(w,0;y) and FH(w,0,2;y) = F(w,0,z;y)
for all |z| < 1,y € S_,, the growth condition (3.9) can be established for b%, 7
and F'I' as done in Step 1 of Theorem 3.4. Then arguing as in Theorem 3.4 (Steps
1, 2 and 3) and Theorem 3.5, for R € N, we have the existence of a unique process
{X [t} satisfying a.s. for every ¢t > 0

t t
Xt = [+ [ oK) b,
0

0
t t
FR(XE 2:¢) N(dsd G(XE | :€) N(dsda).
+/0/(0<|II<1) (X2, 2;8) (sx)+/0/(m21) ( 2:€) N(dsda)
(3.18)

Let m;,2 = 1,2, - - denote the arrival times for the jumps of the compound Poisson
process {P,};>0, where each P, = f(|w\>1) xN(t,dx). Let m,n € N and m < n.
Consider the stopping times -

O i=inf{t > 0: [X3"] Or [ X' > m} A 7.
Take ¢ = 1. Then {X]"} and {X]'} both satisfy the same reduced equation
dXt = Em(Xt_; f)dt + 5’m(Xt_,§) . dBt
+ / F™(X,_,a:6) N(dtdz), <67, (3.19)
(0<|z|<1)
X() = Kj

First assume ¢ is norm bounded and consider the stopped processes { X7 . 1} and
{XDon 1}. Then arguing as in the uniqueness proof of Step 1 in Theorem 3.4, we

conclude a.s. X" = X't < 01+ In particular, a.s. X;" = X' for t =0y, ;.
Further, for almost all w such that m (w) = 0}, ; (w), we have

X' (w) = X7 (W) + (X (W), AN, 5€) = XT'(w),  t=mi(w).

We extend this result for 7y measurable § by arguing as in Step 2 in Theorem 3.4.
Take ¢ = 2. Note that the contribution of the term involving G in X{?\%xz and
XZLAQ:M for the large jump at t = m; are the same. Arguing as in the case i = 1,
we conclude a.s X{" = X', t <0 5.
Repeating the arguments, we have a.s. for all i,m,n with m < n, X" =

X7t <07 .. Since a.s. m; T 0o as ¢ — 00, a.s. for all m,n with m < n we have
X=X, t <0}, where

On, =inf{t > 0: |X{"| Or |X}'| > m}.
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In particular, 02 = inf{t > 0: |X/*| > m} =inf{t > 0: |X7*| > m}. As such,
07 is independent of n(> m). Define 6,, :=inf{t > 0: |X*| > m} and set

X, = X fort < 6,
oo, for t >,

so that ({X;},n) is a solution of (3.1) for ¢ < 1 := limytoc Orm.

To prove the uniqueness, we consider the solution ({X;},n) constructed above
and compare it with any arbitrary solution ({X[},7’) of (3.1). In the proof of
existence of solutions, we had compared {X;"} and {X]'}. We follow the same
approach and define

0f .= inf{t >0:|X,| Or |[X/| > R} AnAn,YREN.,

We then conclude a.s. X; = X/,t < 0 VR € N. Letting R go to infinity concludes
the proof. 0

Remark 3.7. In Theorem 3.6, it is easy to see that a.s. n > 0, where 7 is as in
the proof of existence. Since the processes {X;"} are right continuous at 0, it
follows that a.s. 6, > 0 for all m. Moreover, 0,, are increasing in m. As such a.s.
1 = sup,, 0, > 0.

Remark 3.8. The ‘local Lipschitz’ condition (3.16) follows from regularity assump-
tions on o,b and F, provided other hypotheses are satisfied (see [5, Proposition
3.7]). As mentioned in Section 1, the class of SDEs (3.1) considered above are
related to a class of stochastic PDEs taking values in S’. The existence and
uniqueness problems for these stochastic PDEs are studied in [5].
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