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A HULL AND WHITE FORMULA FOR A STOCHASTIC
VOLATILITY LEVY MODEL WITH INFINITE ACTIVITY

HOSSEIN JAFARI AND JOSEP VIVES*

ABSTRACT. In this short note, by using techniques of Malliavin calculus for
Lévy processes, we obtain an anticipating It6 formula for an infinite activity
Lévy process. As an application we derive a Hull and White formula for
an infinite activity stochastic volatility Lévy model. There are no assump-
tions on the Lévy measure and only basic Malliavin calculus assumptions are
considered on the stochastic volatility process.

1. Introduction

The main problem of the Black-Scholes formula for option pricing is the as-
sumption of constant volatility for the underlying price. The effort for explaining
the smile or skew shapped behavior of the implied volatility observed in markets
brought first to consider stochastic volatility models and later to add jumps to
these models. Examples of these models can be found in [7]. As it is known, and
it is shown in the literature, considering jumps is useful to describe better the
short time behaviour of the implied volatility with respect to the strike price (the
so called smile or skew of the volatility).

Most famous stochastic volatility models with jumps, as for example the model
due to Bates [6], assume a concrete dynamic for the volatility, but this dynamic
is difficult to model in practice because volatility is an unobservable parameter.
On other hand, as it was shown in [8], any generalization of Black-Scholes model,
from the case of deterministic volatility to different cases of stochastic volatility,
give a pricing formula, also called Hull and White formula, that depends not
on the current volatility but on the future average volatility. The fact that the
future average volatility is a non adapted process suggests the use of anticipative
calculus techniques as the natural tool to deal with anticipative processes as done
in [3] and [2]. In these papers, a general jump diffusion model with no precise
assumption on the dynamics of the volatility process is analyzed. In the first of
them, the volatility is assumed to be correlated only with the continuous part of
the price process whereas in the second one, the volatility is also allowed to be
correlated with price jumps. This dependence on jumps makes necessary the use of
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Malliavin calculus for Lévy processes to obtain a suitable Hull and White formula
that distinguishes clearly the effects of different correlations.

The goal of this kind of work is mainly to model the plain vanilla price sur-
face given by derivatives markets or the corresponding implied volatility surface,
in order to obtain a better comprehension of phenomena like the smile or skew
behaviour of the implied volatility with respect the strike price or its behaviour
with respect the time to expiry. This is the reason that justifies the assumption
of a risk neutral model, under a risk neutral probability measure chosen by the
derivative market of reference.

In [2] the jump part is modeled by a Compound Poisson process. Now, we
extend it to the case that the jump process is a pure jump Lévy process. More
technically we change the finite Lévy measure associated to the Compound Poisson
process by an infinite one and we obtain an extension of the Hull and White formula
for this more general case.

Our general model covers all cases treated in the literature: correlated sto-
chastic volatility models with jumps (as Bates model for example), uncorrelated
models with jumps (Heston-Kou model, see [10]), correlated and uncorrelated
models without jumps (Heston, Hull and White, Stein and Stein), or in the case
o constant (but non zero), exponential Lévy models. Detailed presentations of all
these models can be shown in [7], [9] and [13], and in the references therein.

Section 2 is devoted to present the model and other preliminaries. Section 3 is
a fast summary of Malliavin Calculus for Lévy processes. In section 4 we obtain
an Itd formula, necessary for our purposes. In section 5 we obtain the Hull and
White formula in our case.

2. Description of the Model and Other Preliminaries

We assume the following model for the log-price process, under a risk neutral
measure chosen by the market:

1 t t
Xt:m+rt—§/ agds+/ os(pdWs + /1 — p2dB,) + J, t € [0,T], (2.1)
0 0

where x( is the current log price, » > 0 is the instantaneous interest rate, W
and B are independent standard Brownian motions, p € (—1,1) and J} is a pure
jump Levy process with possibly infinitely many jumps with triplet (v, 0, ), with
Y0 € R and independent of W and B. The volatility process o is assumed to be
adapted to the filtration generated by W and J° and its trajectories are assumed
to be a.s. square integrable, cadlag and strictly positive a.e.

In order to e "'eXt be a martingale (see for example [7], Proposition 3.18) we
must assume

/ o e'v(dy) < oo (2.2)

and

Yo = /R(ey — 1=yl <1)v(dy). (2.3)
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Due to the well known Lévy-It6 decomposition we can write

/ / N(ds,dy) +11m/ / ds ,dy)
{|y\>1} elo {e<|y|<1}

where N denotes the Poisson measure associated to Lévy process J, N (ds,dy) :==
N (ds,dy) — v(dy)ds is the compensated Poisson measure and the limit is a.s. and
uniformly on compacts.

We will consider the following constants, provided it exist:

ST
- k=i /R k!

Observe that in particular we have

o ::/eyu(dy),
R

o= [ (e = 1otn)

co 1= /R(ey —1—y)v(dy).

Condition (2.2) jointly with the fact that v is a Lévy measure implies that v
has moments of order k > 2 and so ¢; exist for any ¢ > 2 but not necessarily for
i =1 or ¢ = 0. Moreover, the fact that f{‘y|>1} lylv(dy) < oo allows us to define

o i ="y0 — / lylv(dy)
{ly|>1}

and

and to write in all cases,

t
Jt0 — Yot :/ /yN(ds,dy) — cat,
o JR

of course interpreting the integral as an a.s. limit uniformly on compacts.

In the case [ |y|lv(dy) = oo the process has infinite activity and infinite varia-
tion. In this case cg is infinite and ¢; can be not defined or infinite.

If v has first order moment the model has infinite activity but finite variation
and c; is finite. In this case we have ¢; = ¢ — fR yv(dy) and we can rewrite

t t
/ / yN(ds, dy) — cot = / / yN(ds,dy) — c1t
0 JR 0 Jr

and simplify the model accordingly.

Finally, if v is finite, the model has finite activity and in fact it is a Compound
Poisson process with v = AQ where Q is a probability measure and A := v(R) > 0.
In this case,

¢ = /(ey —Dv(dy) =Xk =co — A,
R



HOSSEIN JAFARI AND JOSEP VIVES

where k :=Eg(e") — 1 and

t Ny
| [ ovis.an =>-v.
0 /R i=1

where N is a A—Poisson process and V; are independent and identically distributed
copies of V', the random variable, with law @, that produce the jumps.
So, in the following we will assume, without loosing generality, the model

1t t
Xe=z+4(r—co)t— 5/ o2ds + / os(pdWs + /1 — p2dBs) + J; (2.4)
0 0

with .
J ::/ /yN(ds,dy).
0o Jr

Remark 2.1. Observe that this is a very general stochastic volatility model. First
of all, being o adapted to F v F’, we are allowing jumps both in price and
volatility. We can consider the following particular cases:

o If we restrict our model to the case o adapted only to FV we have a
generalization of the Bates model in a double sense. On one hand we do
not assume any concrete dynamics for the stochastic volatility process and
on other hand we are not assuming finite activity nor finite variation on
V.

e If we assume no jumps, that is v = 0, we have a generalization of the
well-known Heston model or other classical stochastic volatility models in
the same sense as before.

e If in addition p = 0 we have a generalization of different non correlated
stochastic volatility models as Hull - White, Scott, Stein - Stein or Ball -
Roma.

e If we assume no correlation but presence of jumps we cover for example
Heston-Kou model, or any uncorrelated model with the addition of Lévy
jumps on the price process with any Lévy measure v

e If o is constant and we have jumps, we cover the so called exponential
Lévy models.

e Finally if we have no jumps and o is constant we have the classical
Osborne-Samuelson-Black-Scholes model.

The following facts define the notation that is going to be used in the paper:

e We denote by F', FB and F¥ the filtrations generated by the indepen-
dent processes W, B and J respectively. Note that the filtration generated
by J is the same as the filtration by J° because the difference of this two
processes is deterministic. Moreover, we define F = FW v FB v FN,

e Recall that the pricing formula for a plain vanilla call with strike price K
under a risk neutral measure is given by

‘/;: = e_T(T_t)]Et [(CXT — K)+] y
where for simplicity we use the notation E.(-) := E(-|F).
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Yy

7, with Y := ftT o2ds, denotes the future average

e The process v; :=
volatility.

e In the classical Black-Scholes model with constant volatility o, current log
stock price z, time to maturity T — ¢, strike price K, and interest rate r,

the function BS(t,z,0) can be written as
BS(t,z,0) = e ®(dy) — Ke " T 0d(d_), (2.5)

where ® denotes the cumulative probability function of the standard nor-
mal distribution and
—log K T—1t
vologKAr(T=1) | o gy
oVT —t 2

Recall also that the function BS(t,x, o) satisfies

Lps(o)BS(-,-,0) =0

dy =

where
1 1
Lps(o) =0 + iazaﬁr +(r— 502)@5 —r

is the Black-Scholes operator, in the log variable, with volatility o.

e Finally we will write G (¢, x, o) := (82,—0,)BS(t, z,0). Recall from Lemma
2 in [3] that for 0 <t < s < T, G; := ]—“t\/f:‘;V\/sz and n > 0 there
exists a constant C' := C(n, p) such that

_n+1

T
[B(O2G(s, X, v0)|G0)]| < C / o2ds)="F |
t

3. A Fast Review of Elements of Malliavin-Skorohod Calculus

3.1. Malliavin calculus for the Wiener process. Nowadays, Malliavin calcu-
lus for the Wiener process is a classical topic and a lot of references are available.
We refer the reader to [11] and [12]. Here we simply recall some basic definitions
and facts necessary for our purpose.

Let W be the canonical Wiener process, that is, defined on the space of QW :=
Co([0,T]) of continuous functions on [0,7], null at the origin. We consider the
family of smooth functionals of type F = f(W;,,..., Wy, ) foranyn > 0, t1,...t, €
[0,T] and f € Cy°(R™). Given a smooth functional F' we define its Mallavin
derivative D' F as the element of L2(QW x [0,7]) given by

DF = 0if (Wi, ..., W, i, (1).

i=1

The operator DY is closed and densely defined in L?(Q"), and its domain
DomD"W is the closure of the smooth functionals with respect the norm

T 1
IF||pompw = (EW(\F\2)+EW/ DY F|2dt)>.
0
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We define §" as the dual operator of D', Given u € L2(Q" x [0,T]), 6% (u)
is the element of L?(Q") characterized by

T
By (F§Y (u)) = Bw / u, D}V Fdt
0

for any F' € DomDW.

It is well known that D" can be interpreted as a directional derivative on the
Wiener space and 6" is an extension of the classical It integral.

The following results will be helpful:

e If ;G and F - G belong to DomD" we have DV (F - G) = FDVG +
GDWF.
o If F € DomDW, v € Domé"W and F - u € Domd" then

T
SW(F -u) = F" (u) — / u D}V Fdt.
0

We define the space ]L%,[’/2 := L2([0, T]; DomD™W), that is the space of processes
u € L2([0,T) x Q) such that u; € DomD"W for almost all ¢ and Du € L?(QW x
[0, T)?). It can be proved that ]L‘l,{/2 C Domé" and

EW(5W(U>2) < ||u||12t‘1;f = EW(H“”%?([O,T])) + EW(HDWuH%Q([O,T]Q))'
Finally we will denote 6" (u) := 6" (ulljg 4).

3.2. Malliavin calculus for a pure jump Lévy process. The literature on
Malliavin calculus for Lévy processes is more recent and less extended. Here we
follow closely [4] and [14]. We refer the reader to these references for proofs of
next results. Note that our point of view is slightly different as the point of view
of [2] and so, formulas are slightly different.

Let us denote Ry := R — {0}. Consider the canonical version of the pure jump
Lévy process .J. It is defined on the space Q% given by the finite or infinite sequences
of pairs (t;,2;) € (0,T] x Ry such that for every e > 0 there is only a finite number
of (t;,x;) with |z;| > e. Of course, t; denotes a jump instant and x; a jump size.

Consider w™ € Q. Given (¢,z) € [0,T] x Ry we can introduce a jump of size x
at instant ¢ to w” and call the new element w;", := ((t,z), (t1,21)(t2, x5), ...). For
a random variable F € L*(Q"), we define T} ,F(w") = F(w;Y,). This is a well
defined operator. See [14] for the details. Finally we define

Ty F(w) — F(wh)

DiYmF: : x ,CE#O,

and denote by DomD?Y its domain.

The operator DY is closed and densely defined in L?(Q") and its domain
DomD?Y can be characterized by the fact that F' € DomD?Y if and only if DF €
L?(Q x [0,T] x Ro; P ® ds ® v (dx)).

We define §%V as the dual operator of DV¥. Given u € L*(QW x [0,T] x R,P ®
ds ® v (dx)), 6V (u) is the element of L?(QY) characterized by

T
En(F&N(u)) = Ex / s, DYy Fa?v(da)dt
0
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for any F' € DomD™.
Let’s denote 6} (u) := 6" (ull[g 4)). As we have seen, D" is an increment quotient
operator and it is also known that &}V is an extension of It6 integral in the sense

that .
SN (ullg,) = / /u(s,z)zN(ds,dm)
o Jr

for predictable integrands u.
In this case, the following formulas will be helpful:

o If F,G and F - G belong to DomD™ we have DN (F - G) = FDNG +
GDNF + zDNFDNG.
o If F € DomDY, u € Domé"N and u - T, .F € Domd™N then

SN (F -u) = F§" (u //umeYIszu(dx)dt—éN(a;-u-DNF).

As in the Wiener case we define the space Ly* := L2([0, T]| xR, DomD™), that is
the space of processes u € L?([0, 7] x R x Q) such that u; , € DomD?Y for almost
all (t,x) and Du € L2(QN x ([0,T] x R)?). It can be proved that Ly* C Domd™
and (6% (u)?) < [Jullfrz := En([[ullfzo,r7xm) + BN DY llLa 0 11my2))-

Definition 3.1. We define the space L}\}?_ as the subspace of ILJl\’,Q of processes u
such that the left-limits

u(s—,y) == mlslglmu(r x)

and

DN =u(s—,y) == lim D Julr,
Ny u(s-y) = lim DYyulr)

exists Py ® ds ® z2v(dz)—a.s. and belong to L2(QY x [0,T] x R).

Observe that this definition includes processes not depending on y. So Ys_ and
D?f?f Y, can be considered. On the other hand we can define

Tsi,yu(sfay) - U(S*7y) + yD y U(S* y)
The next proposition will be a key point in the paper
Proposition 3.2. Assumeu € Ly>_ and fOT o, [u(s—=,y)|ly| N (ds, dy) € L*(QN).
Then, for any t € [0,T],

T, u(s—,y) € Domé

t

/ /u(s—,y)yN(ds,dy) zéiv(TSTyu(s— Vg,) / /DSZ’/ u(s—, y)y*v(dy)ds.
o JR

Proof. The proof is analogous to Proposition 3.4 in [2] g

Remark 3.3.

(1) The space L% could be changed by an analogous one with right limits
with respect to the space variable y.
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(2) If w is adapted to the filtration generated by N we have
T, u(s—,y) = u(s—,y),
and

DYN-=u(s—,y) = 0.

>
5,y

Hence, in this case,

| [t s, dy) = 5 (uls— )1z,
0 R

3.3. A canonical space for our model. We will consider our price model
defined on the product of the canonical spaces of processes W, B and J. We will
write (£2, F,P) such that

Q=% x Q8 xQV,
F=FVxFBxFN
and
P =Py x Pg x Py.
If we write the canonical processes as W, B and J and the elements of Q as
w:= (W, wB, W),
processes W, B and J in the model have to be interpreted as

W(w):=W(w"), Bw):=BwW?), Jw):=Jw").

4. An It6 Formula for Lévy Process

Consider processes X and Y defined in the first section. Recall that X is an
adapted process with jumps and Y is a continuous and non adapted process. For
a suitable function F' we introduce the following notation that will be used in the
rest of the paper:

[ ]
AQZF(S7XS—aYS) = F(S7Xs— +x7YS) - F(stS—a}/s)
[ ]

A2 F(s,Xo_,Y,) = F(s,Xo_ +2,Y,) — F(s, X, Ys) — 20, F(s, X, Y5).

We have the following Ito formula that will be useful for our purposes:
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Theorem 4.1. Assume o> € Ly;7 Ly Let F € Cp>%([0, T) x R x [0,00)). Then
we have

t
F(t,X,Y) = F(0,Xo,Yy)+ / 0,F (s, X,, Y.)ds
0
t 02
+/ O F (s, X4, Yy)(r — 75 —¢a)ds + 6P (0, F (s, Xo_,Y,)0s)
0
t t
_/ 8yF(s,XS,YS)U§ds+p/ 92,F (s, X5, Y,)Aods
0 0

1 t
+§/ ang(S,Xs,)/;)UEdS
0

t
+/ /AizF(s,XS,,YS)V(dx)ds
o Jr

4 5tN <T AzF(S, Xs—; Ys) ]I]RO (I))

x
t
ALF(s, X,_,Y,
_|_/ /D*Mﬁy(dl‘)ds
o JR T
where 6B is the Skorohod integral with respect to the Wiener process

pWs + /1 — p?B;
and Ay = (fST Dzvafdr) Os.

Proof. Fix first of all € > 0, and consider the process

1t ¢
Xy = o+ (r—co)t— 5/ o?ds —l—/ os(pdWs + /1 — p2dBs)
0

0
t
+/ / xN(ds, dx)
0 J)z|>e

This process has a finite number of jumps and converges a.s. and in L? to X;.
Denote by Ty the jump instants, and write 7§ := 0. Then

T —
F(TE, X, Yay,) - PO X5 Ya) = [ ap(s xay)

+F(nf+17 X%;+1,YT_6 ) — F(Tie-i-l’ X,iarl_’ }/"11é )

i4+1 i+1

On the stochastic interval [T5,T5, ;[ we can apply the anticipative It6 formula for
continuous process presented in [5] and proceed as in [3]. Then we have that

0:F (s, X-,Ys)osllpg 4(s) € Doms™?
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and

t
F(t,Xf,}Q):F(O,X07YO)+/ B.F (s, X£,Y,)ds

2
/ 0, F (s, X, Y,)(r — % —ep)ds + 8P (9, F (s, XE_,Y,)o)
// F(s, X¢ qudxds—/anxg,Ys)aﬁds
{\x|>e}
—|—p/ F(s X;,Ys)Asds—l—§/ 02, F(s, X5, Y,)o%ds
0

SOIF(TF. X Yay) = F(TE X Yol

We can write

t
SOIF(TY, X, Yie) — F(T X, Ve )] = / ALF(s, X,_, Y,)N(ds, dz).
i ) |z|>€

Then

SR (TS, X, Yie) — F(TS, X, Vi) / [ 0uF(s Xe Yoavan)as
‘ ‘ |z|>e

%

t
— [ ] AP X YN (s do) / A2, F(s, XE_, Y )u(da)ds.
|z|>e |z|>e€

Observe that this equality is the crucial step of the proof. Only introducing
A2 F(s,X¢_,Y,) we become able to apply succesfully the dominated convergence

theorem, even if Y has no jumps.
Using Proposition 3.2 we have

t
/ A F(s, XS ,Y,)N(ds,dx)
|z|>e€

A F(s XY

s—

= (T Lijz>e})
/ . D A F(S SO r?v(dx)ds. (4.1)

Using mean value theorem and the fact that first and second derivatives of F
are bounded we have
i, PN )| APl X TV

S,T T |*|

AL F(s, X, T, Y, ’
|DN’ ( s—r s )| < C‘DiYQ—Ts_,GJYSl = C/ |D£Y?;_TS_,$O'Z|CZU
S

| <C,

Y T
and

AF(8X§7 s)

DY | <CIDY Y| = c/ N o?|dr,

for a generic constant C.

10
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So, using the norm of ]L}\}Q, the hypotheses on 02 and the dominated convergence
theorem the right hand side of (4.1) converges when ¢ goes to 0.

The other terms converge also by the dominated convergence theorem, and the
1t6 formula follows. O

5. The Hull and White Formula

In this section we use the anticipating It6 formula proved in the previous section
to find a Hull-White type formula for our general Lévy model.

Theorem 5.1. Assume o2 € Ly;? (LY. We have
~Vvif = ]Et(BS(ta Xt7vt))

T
+ gEt(/ e_T(S_t)axG(s,XS,US)ASds)
t

T

- Et( eiT(57t)azBS(Sv X37 US)(ey -1- y)y(dy)ds)

+Ei( e_T(S_t)AinS(s,Xs,,us)u(dy)ds)

T

—
— s 5

+ Ey( e*T(s*t)Dg{AyBS(s,Xs_,vs)yy(dy)ds).

Proof. We know that Vp = (eX7 — K); = BS(T, Xr,vr). So, we can write
e "V, =E, (e BS(T, Xr,vr)) .

We want to apply the previous Itd formula to the function e™"*BS(s, X, vs).
This function is not bounded and has no bounded derivatives. So we will use an
approximated version. Let

5. Y;+4
' T—t

for a fixed small § > 0 and

BSn(t,I, G) = BS(t7I7U)¢(%)

where ¢ € C£[0,00) such that ¢(z) = 1 for all z < 1 and ¢(z) = 0 for all z > 2
and ¢(x) € [0,1] for x € [1,2]. Now we can apply the previous Itd formula to the
function

_ y+94
F, ,T,y) =e "°BS, y Ly )
s(s,zy):=e (s x Ts)

11
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that belongs to C, ([0, T] x R x [0,00)), on the interval [t, T]. We have

e "I BS, (T, X7,v3) = e " BS,(t, Xy, v?)

T
+ / e " Lps(os)BS,(s, Xs, vg)ds
¢

1 T
_ ,/ e_TsaUBSn(S,Xsavg)
2 J:

(02 = (12)%)
i(T—s)

T
- 02/ efrsﬁwBSn(s,Xs,vg)ds
t
+ 5W’B(e*”8zBSn(s, X, vg)asll[t,T] (s))

T
B —rs 92 1
+ 2/ 05.BSn (s, XS7US)U5(T—S)ASdS

S

/ / e " A2, BS, (s, Xo-, v )v(dy)ds

—Ts — A BS (S X.Sfﬂlvs)
+5N< T, ) 11[07T]>

T 5
A, BS, (5, X, ,
—|—/ /eiTSDéYZ’; Y (Z US)yQV(dy)ds.
¢ Jr

Notice that
5 X
EBS(US)BSn(SaX&Us) = (Lps(os)BS(s, Xm%))d’(?) + An(s),

where

An(s

~

l\')

% 0BS (5, Xor )6 (5) + 5 BS(5, Xuud) (6 (52) = 6 (2))

n n

/

r X,
—BS(s, Xs, v, —).
+ L BS(s, X, 080 ()
We can use the following relations

6035(571'70) = (3:327761)BS(5MI50—)’

o(T —s)
and

Lps(os) = Lps(vl) + (1/2)(02 — (v))*) (0, — 8z),

12
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then
e "TBS, (T, X1, v5)

T
eiTtBSn(t,Xt,vf)—F/ e " A, (s)ds
t

T
—Cy / e "0, BS, (s, Xs, vg)ds
t

+ 6W’B(6_T‘98IBSn(s, X, vf)asl[t,T] (s))

T
P —Ts XS L XS
_’_7/ [5‘ G(s, Xs,00) (= - )+ G(s, Xs,vs)ngb (n)] Agds

/ / e T A2 BS,(s, Xy, v0)v(dy)ds

e AyBS, (s, X, 00
+5N (6 Ts’y L (y )]l]R(]( )]l[tyT](S)>

T
AyB X,
+\/ /efrsDk]gVZ,!f Y S (S s ,’Us) 2V(dy)d8
t JR ’ Yy

Now taking conditional expectations with respect to ¢, and using the fact that
Skorohod integrals have zero expectation, we obtain

Ei(e " BS,(T, X1, v3))

T
= Et(e_rtBSn(t,Xt,v?))—l—Et(/ e " A, (s)ds)
. ¢
702Et(/ e "0, BS, (s, X,,v0)ds)
t
T
pEt(/ e (0.G (5, X, 02)bn( S) +G(s, X5, 00) 1¢/(%))Asd‘9)

—HEt/ / 7”A2 yBSn(s X, 00 w(dy)ds)

. A,BS, (s, X, 00
-HEt(/ /e‘”Dé\j{ Y (s vS)ygl/(dy)ds).
¢t JR

Y
Letting first n 1 oo, then § | 0 and using properties of function G and the
dominated convergence theorem we obtain the result O

Remark 5.2. Observe that in fact we can write

T
Vi = Ed(BS(t, X 0) + SB[ 000,65, X, 0)Auds)
t
T
Et{ / / D (AL BS(s, Xy, 0s) — (¥ — 1)9, BS (s, Xo,v5)] u(dy)ds}
t R

T
+ Eq( / / e " TIDN TN BS(s, X, v )yv(dy)ds)
t R
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and all the terms are well defined.
Observe that we cannot split the third term in two terms because in the general
case

T
Et(/ /e_’"(s_t)AyBS(s,Xsf,vs)u(dy)ds)
t Jr
and
T
B[ [0 - DaBS(s X v vldy)ds)
¢t JR

are not convergent.
Moreover

A, BS(s,Xs-,vs) — (¥ —1)0,BS(s, X4, vs) = (8% — 0;)BS(s, X4—,vs).

J
|

u‘@

I|
N

J

Remark 5.3. Observe that if in the previous theorem we assume [, |y|v(dy) < oo,
that is, finite variation, we obtain

‘/;5 = Et(BS(t,Xt,'Ut))

T
+ gEt(/ e_r(s_t)&vG(s,Xs,vs)Asds)
t
T
—Ey( / / e "7 (e¥ —1)0, BS (s, X, vs)v(dy)ds)
t R

T
+Et(/t /Re_’“(s_t)TS_’yAyBS(S,Xsf,vs)u(dy)ds)7

that is exactly the formula obtained in [2] for the finite activity case.

The key fact is that the third term on the right hand side of the formula of
the previous remark only can be splitted in the finite variation case, but not in
general. After splitting this third term in two terms, the first part is joined with
the last term via the operator T~ and the second one becomes the third term of
the new finite variation version of the formula.

Observe that in particular we are showing that the formula obtained in [2] in
the finite activity case is also valid in the infinite activity and finite variation case.

Remark 5.4. If the volatility process is independent from price jumps, we have
DY~ u(s—,y) = 0 and we obtain

‘/Yt = Et(BS(t, Xt, ’Ut))

T
+ g]Et(/ e "9, G (s, Xy, v5)Asds)
t

T
+Et{ / / =0 [A, BS(s, Xy 05) — (¥ — 1)0, BS (s, X, v5)] V(dy)ds}
t R

that generalizes the formula in [3]. As in the previous remark, only in the finite
variation case we can recuperate exactly the formula in [3].

This formula covers Bates model and any correlated model with any type of
Lévy jumps in the price process.

14
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Remark 5.5. If moreover, the volatility process is independent from the price
process, that is, p = 0, we obtain

‘/;5 = Et(BS(t, Xt, 'Ut))
T
+E, / / e MDA, BS(s, Xo,05) — (¥ — 1)0s BS(s, X, v3)|v(dy)ds
t R

This covers all the so called uncorrelated models plus jumps (Heston-Kou model
for example) and in the particular case of constant volatility, the so called expo-
nential Lévy models. In the jump part we can consider infinite activity jumps as
CGMY model (for Y > 0) or Meixner model for example.

Remark 5.6. All these formulas for the different mentioned particular cases, that
is for different concrete models for the stochastic volatility process and for different
selections of the Lévy measure, give detailed pricing formulas that can be useful
in practice. The Heston case is analyzed with detail in [1]. For the finite activity
jump case, some detailed formulas are obtained in [2]. The analysis of some infinite
activity particular cases and the development of other consequences of the formulas
presented here, for example for the short time behaviour of the implied volatility,
are in progress and will be part of a forthcoming paper.
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