IJCTA, 10(07), 2017, pp. 159-170
© International Science Press

Preservation of Arbitrary Fs-Unions and Fs-
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Abstract : In this paper we prove that inverse of an Fs-function preserves arbitrary Fs-unions and Fs-
intersections
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1. INTRODUCTION

Ever since Zadeh [8] introduced the notion of fuzzy sets in his pioneering work, several mathematicians
studied numerous aspects of fuzzy sets.

Recently many researchers put their efforts in order to prove collection of all fuzzy subsets of a
given fuzzy set is Boolean algebra under suitable operations [21].Vaddiparthi Yogeswara , G.Srinivas and
Biswajit Rath[11] introduced the concept of Fs-set and developed the theory of Fs-sets in order to prove
collection of all Fs-subsets of given Fs-set is a complete Boolean algebra under Fs-unions, Fs-intersections
and Fs-complements. The Fs-sets they introduced contain Boolean valued membership functions. They
are successful in their efforts in proving that result with some conditions. In this paper we prove that
preservation of arbitrary Fs-unions and Fs-intersections by the inverse of an Fs-function .For smooth
reading of the paper, the theory of Fs-sets and Fs-functions in brief is dealt with in first three sections. We
denote the largest element of a complete Boolean algebra L, [1.1] by M, or 1,. For all lattice theoretic
properties and Boolean algebraic properties one can refer Szasz [3], Garret Birkhoff[4], Steven Givant ¢
Paul Halmos|[3] and Thomas Jech[5].For results in topology one can refer[10].

2. THEORY OF FS-SETS

1. Fs-set: Let U be a universal set, A, U and let A < U be non-empty. A four tuple
A= (Al’ A A (“1A1’ l’le)’ LA)
is said be an FS-set if, and only if
1. AcA
2. L, is a complete Boolean Algebra
3. Mg, :A,—>L,, u, :A—L,, are functions such that My, |A>p,,
4. A:A — L, is defined by
Ax = Hpy XA (u,, x)°, for eachx € A
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2. Fs-subset : Let A= (A, A, A (“ml w,),L,)and B=(B,, B, B (K0 Hyp)s L) be a pair of Fs-sets.
B is said to be an Fs-subset of A, denoted by B < A, if, and only if

(@) B A,AcCB

(b) L, is a complete subalgebra of L, or L, <L,

(©) R, <Hy,, [ B and pog A=,

3. Proposition : Let B and A be a pair of Fs-sets such that B < A . Then Bx < Ax is true for each x € A

4. Definition : For some L, such that L, <L, a four tuple X = (X, X, X (ule , L), Ly) is not an
Fs-set if, and only if

(@) X € X, or

(0) Wiy, X £ My x, forsomex € XN X

Here onwards, any object of this type is called an Fs-empty set of first kind and we accept that it is an
Fs-subset of B for any B < A.

Definition : An Fs-subsetY = (Y, Y, Y (HIYI’ W,y), L) of A, is said to be an Fs-empty set of second
kind if, and only if

(@ Y, =Y=A
(b) L, <L,
() Y=0

4.1. Remark : We denote Fs-empty set of first kind or Fs-empty set of second kind by @, and we
prove later (1.15), @, is the least Fs-subset among all Fs-subsets of A.

5. Definition : Let B, = (B,,B, ]?1 (M5 Mog,)s L) and
B, = (B, B,. B, (5, Hy,), Ly,) be a pair of Fs-subsets.

1. We say that B and B, are (1,5)-equal, if B, = B, and LB] = LBz

2. We say that B, and B, are (2,5)-equal, if B =B, and L, = LBz

3. We say that B, and B, are 3-equal, if B, and B, are (1,5)-equal and Mg, = Mgy,

4. We say that B, and B, are 4-equal, if B, and B, are (2,5)-equal and Hyg, = Mo,

5. We say that B and B, are Total equal denoted B, = B, (T), if B, and B, are (2,5)-equal and
Bl - BZ

6. We say that B, B, are Full-equal, denoted B, = B,, if B, and B, are 3-equal and 4-equal.

6. Proposition : B, = (B,.B,B, (1 . 1,) Ly) and

B, = (B, B,, B, (W5, 1y ) Ly)
are Full-equal if, only if B, B, and B, = B,.
7. Remark : Whenever X and Y are Complete Boolean algebra @ — X x Y be a relation
(a) We say that ® is (v, A)-complete relation on X if, and only if v ® (A _ o) =A _ (A @ a) for any

Tc X

(b) We say that @ is (v, v)-complete relation on X if, and only if v @ (v__ . a) =v__. (v ® «) for any
Tc X

(c) We say that @ is (A, v)-complete relation on X if, and only if A D (v _ o) =A__ (A © a) for any
TcX.

(d) We say that @ is said to be v-increasing on X if, and only if, and only if, v ® a < v @ f for any
a, B € X such that a < .
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8. Proposition : Whenever @ : X — Y is a complete Boolean algebra homomorphism, then
1. ®!isjoin increasing on ® X
2. ®'-complete relation on ® X

3. ®!-complete relation on @ X

3. FS-FUNCTIONS

1. Definition : A Triplet (f,, f, ®)is said to be is an Fs-Function between two given Fs-subsets
= (C,,C,C (K¢, Mye)s L) of A, denoted by
(/. ®):B = (B,B,B (1, by, Ly) =
C = (C,C,C(y, cp W), L) if, and only if (using the diagrams).

f. f
B 5C, B———>C
H1B1l 1M1c1 HoB l 1“20
LBTLC LBT LC

Figure 1: Fs-function f B—C

(@) f=f|5:B—C beonto
(b) @ :L,— L, is complete homomorphism
(f,, f, @) is denoted by

IMAGES OF FS-SUBSET
2. Definition. Let D = B and f : B — C be an Fs-function, where

B = (B, B, B (15, ) Ly),
C = (C,C Cup by L),

D = (D, D, D (kp, byp) Lp),
D = Band f = f|;:B— C be onto.
Define /(D) as follows
f(D) = &= (Ela Ea E(MIEI’ MZE)LE)’
where
1. E =f (D)
2. E=AD)
3. Mg, - E, — L. is defined by
Py, x .
HocV V(e YA yl/flx o ] , ifyeC
xeD,
Mg,V =
o, x .
”’lcly/\[y}/flx o ]’ lfy€C
L xeDy
4. p,. : E— L_is defined by
du,,x
Ly = ey V ulCIy/\ yléx » ]
xeD
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5. L, = ([},tlEl (E,)]) = The complete subalgebra generated by [ulEl (E))], where [u]El (E,))] = The
complete ideal generated by HIEI(EI)

4. INVERSE IMAGE OF FS-SUBSET
1. Definition. Let D c B and f: B — C be an Fs-function, ®' ¢ L _x L be v-increasing (*." Prop 1.7(d))
7 = fls: > be onto.

Let €
where €
Define f ~' (¢) as follows

C,
(B, B, B (uyg s 1yp), L)

N

f'e) =D
= (D, D, D (55 1yp)s L),
where
(@) D, =f"1(E)
(b) D=/"1(E)
(c) Hyp, - D, — L, is defined by
BT , whenever &' fix =&
@—1
Hog XV Mg x A (I)cx:\u/ fx b, 1% xeB
B = B e
O 'n, fix
a€ly

(d) wn,,:D— L is defined by
W,sX ,whenever ', fi =®

\V (I)illezEfx

o= pyp i
acly

Hopt =

Hop XV kg XA

(e) L,=L,

1.1 Remark : We definem

(a) @,= Fs-empty set of first kind imply /' (®,) = Fs-empty set of first kind.

(b) ®,=Fs-empty set of second kind imply /' (@,) = Fs-empty set of second kind.

2. Proposition : f ~' (¢) is an Fs-subset of B, if @' < L. x L is v-increasing

3. Proposition : Let B and C be any pair of Fs-subsets and /: B— C be an Fs-function. Let &, and &,
be Fs-subsets C such that E =E, and E,=E,=C,thenf ' (¢) cf ' (¢,

4. Proposition : Let B and C be any pair of Fs-subsets and /: B — C be an Fs-function. Let & and €,
be Fs-subsets Cand E =E,= C, thenf™' (¢, U ¢, )and /' (¢) U [ (g,) are full-equal.

5. Proposition : Let B and C be any pair of Fs-subsets and /: B — C be an Fs-function. Let € and &,
be Fs-subsets Cand E =E,=C, thenf~ ' (¢, N¢g,)and /' (¢) N f ' (¢,) are full-equal.

5. ARBITRARY FS-UNIONS AND FS-INTERSECTIONS BY THE INVERSE OF AN
FS-FUNCTION

1. Proposition : For any Fs-function /: B — C, any family of Fs-subsets €, i € [of Cand E, = C, /'
(U,_,e)and U, _ f'(g) are Full-equal.



Preservation of Arbitrary Fs-Unions and Fs-Intersections by the Inverse of an Fs-function

163

Proof : LHS ForI=®, U, _

I

RHS:uU. _ /()=
Hence /' (u,_,e)and U, _, ! (¢) are Full-equal whenever index set [ = ®.

ForI#®, Let . _

1

L. FIZUiEIEL
2. F=mi€IEi
3' LF:vieILEi
4.
5.

Hye o F = Lyis defined by p,. y = (A, 1y ) v = (A

6=, (U, 8)=] (@)=,

g =F=(F,F, F(HIFI, 1), L) and g < C for each i € I we have

Mg, - F, — L, is defined by g V= v, _, Mg, )y = Vier, Mg, Y where I = {i e L |y e E]i}
iel quiy

Let /~'(u,_,e)=f"N(F)=G=(G,, G, GG, n,),L)

1

LG: LB

A S B

MlGlx =

Mg, X

HopX V

Hig, X A

10. p,,: G — L is defined by

HygX =
Let
where
1. D, =/ E,)
12. Dl.=f*‘) (El.)

Hig, G, = L, is defined by

Mg, X A

‘I)Ol:HIF]fIX
acly

G =/ E)=AD O E)=y, S (E)
G=/'®)=/"D, E)=n._/E)

‘Pa:uwlﬂx
a€ly

\V (I)lulFlflx]

\V cbl“lFlflx]

WX , whenver ® ' w,, fix =&

HopX V

Hyg, X A

\ ®71H2Fﬁx

Pa=pyp fix
acly

, whenver @' W fix =

x€eB

,x¢B

]Til (81') - Di: (Dli’ Di’ Di (HIDli’ ”2Di)’ LDi)’

13w, :D,—> LDl is defined by

l"tlDll-x -

Mg, X

| HapX v

Hig, X A

Mg, X A

V

o =g, fi
acly

14. p,,. :D. — L, is defined by

Hop, X —

l

Wy X

HopX V

AV (I)iluuzl,flx

Po=pg); fix
acly

(I)ll'llE”flx]

X

, whenver &' p,; fix =

g X A

-1
\/ ¢ l"lZELﬁx
o=y, fix
a€ly

|

, whenver &' p; fix=>o

,x€B

,Xx¢B
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15. LDi = LB B
Let Uielfil(ei) = Uiel
Where

and

16 EI - uiel D]i - uie 1f171 (Eli) :f171 (Uiel Eli)

17. H=n,_ D=0, /" €)=/ (", E)

18. L,=v,_ L, =L,

19. My, - H, — L, is defined by My, X = v, _, HID“) X

20. py:H—> L isdefinedby p x= (A _ W) X=A _ 1y
Need to show H and G are Full-equal i.e. to show

21. H=G,H=G

22. L,=L,

23 Py, = Hagyp Moy = Mg

Proof of (21) follows from (6), (7), (16) and (17)

Proof of (22) follows from (8) and (18)

Proof of (23) : By X = (Vo1 )X

v, _, HIDI.)XfOYX eB

V CI)IMlEl,.flx] }

Do =g,
@—1
= HppX V|l XA v {\/iely Hig, flx]”

Hyp X A

Vier 1“2Bx \

acly

-1
VP fix
M]Gl X = HZBX\/ Mlle/\ (I)(x:}/llylflx 1K 1

acly

Pa =y, fix
acly

\/ P! [\/iel}, Mg, flx]

o =pyp ¥
acly
o X .
= Viey, @a:\{w] y s, /i }( Proposition 1.7(b))
a€cly
-1 @—1 X
= HopX V [y XA y ® .\/MlEl,flx = HypX V[Hp XA/ ‘M:\{mly P, S
a;EHLFBIY iel, e, acl
= MIHI X = u]Glx
Case : (IT) I, = {iel|y=fxeE}
I, ={iel|y=fxekE}
From Case (I)
-1 @—1 X
= HopX VIl XA \{ y(I) \/IMIE“fIx] = MypX VI XAV @a:\/ulpy HIE“fl ]
1 el Tl i€l oceLI
a€ly B

Forallie L, LHS : p x, RHS: p x
: LHS = RHS
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Oy fix
MlHl X = \/{MZB xV MIB1 LA @a:}x{i“ fix et
icl a€Lly
Dy fix Oy fix
=V 1“23 XV g XA <I>0L:>1/E”f1x it VIV (Mg X VIR XA @az}éuflx Tt
i€l acly i€l acly
Sincey e [,= Mg, ).f.x is not defined
= O Mg, fix=®@
= U Mgy, Jx=0
= Vien ! Mg fl’x =0
Oy fix
=V {HzB xV Mg, XA @a:}éhﬁx Tt
iel a€ly
@—l
MIGI‘X = MZBx \% MIBI XA (ba:\p{ﬂflx {i\e/ll HlE”fix v ié/lz ulEUflx }]
a€ly
DN/ g, fix
= UpX V K, XA %Z\u{plﬁx i\e/l] 1E;; /1
acly
Case:(Ill)x ¢ B,y e A _ E,
I, ={iel|ly=fxekE}
and I, ={iel|ly=fxekE}
From Case (I)
P! O g, fix
acly a€ly
Foralli e I,,LHS : 0, RHS : 0
: LHS = RHS
O 'n, fix
a€ly
Oy, fix T "
=V { K XA @a:}l/E” fix et VIV [Hup, XA <I>0L:>]/E“/ix Bt
iel a€ly icl acly
Since y e L
= W, fx s not defined
= @ M1151[f1x =@
= Oy, fx =0
= Vi12 ! Mg flx =0
Oy, fix
“’lH X = \/{MlleA (DO‘:}l/E”flx 1E;; /1
! icl a€ly
_ o X X
l"llGl X = MIBIX/\[@(X\I{Flle {i\e/llulE” ﬁ v ié/lzulE“ f;
a€Lly

|

|
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DN/ iy fix
= ;,LlB]x/\ %:\r{ﬁf]x i\e/ll 1E; /1
acly
= l"LlHlx - l"LlGlx
Case (IV) x ¢ B,
y = flx € /\ieIEli
[ ={iel|y=fxeE}
and L ={iel|y=fx¢Ej}
-1
\V P “1E1,.f1x
MlHl)C - ie\/l1““3]x/\ Do =g, Six
a€ly
o X o X
= \/ MIBl DA @a:}LI/EI_flx ulEUﬁ \ \/ l"llBl XA ‘Da:>1/ﬁl»f1x MlE”ﬁ
icl aeLBI il aeLB’
Since y = fxel,
= W, [, X is not defined
= o Mgy flx =@
= @ “uzlzflx =0
i€ Iz N ulEliflx =0
o X
= VM, XA @a:\u]/E fix MlE”fl
icl aELBh
_ ¢! x x
},LIGIX - Mlle/\ @a:\p{F]flx {[I\E/I] ulE],‘fi \/ i\g/ll MlE],‘fi
a€cly
DN/ g fix
= Hjp XA @a:\p.{plfix i\e/lI et
acly
= Mlﬂlx - ulGlx
Mg X~ (/\iel MZD[)x =Ne Hop, X
-1
\Vi O, fx
= /\iel{MZB xV Mg, xV o= i, fo :
a€ly
GINTI
WX = HppXVIHp XA <1>a:\/szﬁc o
a€ly
o X
= HypX Vg XA (I)G:\{Zfo Mo f (/\iel Hog, ﬁf)]
acly
VO (A by 1) = A (VO fx) (. prop 1.7)
= Mg XA (VD) (A, L By J3) = Ry XA A (VO fX))

= Msz Vv [MlBl XA (V (Dil (/\iel HZEiﬁ))]
= Hop X

2. Proposition : For any Fs-function /: B — C, any family of Fs-subsets €, i € I of C and E. = C,

S (N, _,e)and . _ [~ (e) are Full-equal.

Hop XV [y X A (A, (v @y f3))]

Hag X
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Proof : LHS For [ = ®,n_,¢g=C
SN Iy )e) = [1(O=B
RHS : NS ') =B
Hence /~' (M, _, €)and N, _, f'(¢) are Full-equal whenever index set I = ®.
ForI#®,Letn _ & =F=(F,F, F(“m , ), L) and E. < C for each i € I we have
l' FlzmieIEli
2. F=u,_E=C
3' LJF= /\ieILEi
4 Wy By o Leisdefined by pyp v = (A Byg )Y = Ao Hyg, Y
5. p,:F— L, isdefinedby p,.y=(v,_, pZEi)y =V Mg Y
Let (n_e) =1 (F
= G = (Glo G) G (Mlle MZG)’ LG)
6. G =/ E) =/ ("0 B =0 /i (EY
7. G=HE) =D, E)=u,_ /T (E)
8. L,=L,
9. Mg, : G, = L, is defined by
By X , whenver &' . fix =
@71
HopX V Hig X A <I>a:\l{r1 hx ulFlflx] ,x€B
“’1(}1 X =) acly
q)—l
HlBl'x N Pa :\L{Fl fix MlFlflx] ,» X g B
a€ly
10. p,,: G — L is defined by
[,,x , whenver &' p, fr =&
My X = o TIs
2 HopX V [y XA @a:\{zpﬁc 2F
a€ly
Let f71 (8[) = D[: (Dli’ D[’ Di (MIDU’ l"l2D,')’ LDI')’
where
1D~/ (E,)
12. D=7""(E,)
13. Hyp, - D.— LD] is defined by
[, , whenver &' p; fix=>®
o X
HapX V |Hyp X A q,a:}l/Eh i Hag, i ] x€B
HIDU X =7 acly
(Dfl
by X A %:X“ - HlE”flx] x&B
L a€ly
14. p, :D,— L, is defined by
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WX , whenver @' Hop Jx=2

Hy X = R TI:
20 HopX Vg XA @a:\p./zﬁiﬁc 2
a€ly
15. L, =L,
Let N, f ') =n_,D=H
= (H, H, H (uy, by Ly)
Where

16 El - miel Dli - miel frl) (Eli) :jrl) (mi el Eli)
17. H=u._ D =u. _ fHE)=fH(u _,E)=f"(C)=B
18. L,=A,_ L, =L,
19. My, - H, — L, is defined by My, X = G “m”) X=A By X
20. p,,:H— L isdefinedby p,, x=(v,_ m )x=V,_ 1, X
Need to show H and G are Full-equal i.e. to lshow l
21. H=G,H=G
22. L,=L,
23 Wy, = Hagp Fon™ Mg
Proof of (21) follows from (6), (7), (16) and (17)
Proof of (22) follows from (8) and (18)

Proof of (23) : Case (I): Forx € B

Hig, ¥ = (/\iel M1D1,-)x =N Hip,*

O g fix
= Nl XV Mg, XA ‘I’Oﬁ:\ué”flx 1E,; /1
a€cly
-1
\VAIR g, Six
= HZB X\/ MIBI X/\ lI>0L:H1F1f1x
acly

@—l
= My X V|l XA v [/\ielulEl,flx]]

Pa = pyg fix
aely
@71
= %:\H{Flﬁx /\ieIMlEliﬁx]
acly
-1
Vo P g fix s
= A |t e ' (.- Proposition 1.7(a))
! a€ly
P! \/ ol Wi .flx
= Haop X VIl X Vi go -y fiv Nier B, flx}] = Mo X VI XA A o, fiv )
a€ly iel acly
= R ¥ = Hig*
Case : (II) xZB,y = fxeA _E.

MlHlx - (/\iel lJ’l])ll')'x

Nici Hip,, *
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\V o HlE“flx]

Vier Mg, X A

®a =y, fix
a€ly

\V4 o H1F1f1x]

Mg X = K XA Po=pp, fix

acly
@71
= Mg XA %:\u{F fix [/\ieIHIE”ﬂx]]
OLEL;
@—1
= %:\H{F fx [/\iel Hig, .flx]
aEL;
@—1
= Aoy |Pe=tr fir Mg, fix (. Proposition 1.7(a))
acly
& 'y fx
= MzBl XA (I)a:\"{ﬂflx [Aiel HIE“ flx] = H‘lBl XA /\[el <I>u:\u{mf1x et
acly acly
= P, X = Hyg ¥
Now,
K, X = (vielumi)x =V, by, X
O, fi
= Vier (HppX V{Hp X A @a:\p/lE‘_ f 2
acly
',y fi
B X = HopXV|Hp XA @a:\p/”ﬁc 2
a€ly
@—1
= HppX ARy XA qm:\u/”fx (vielMZEi.ﬁC)]
a€ly
= DV, By ) =V, (v Oy, fx) (L propl.7(b))
= Mg, X A (v D! (v, _, uZE[fx)) = My, X AV, (v ) MZE[ﬁC))
- Mo = Mg X
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