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CONDITIONS FOR STATIONARITY AND ERGODICITY
OF TWO-FACTOR AFFINE DIFFUSIONS

BEATA BOLYOG AND GYULA PAP

ABSTRACT. Sufficient conditions are presented for the existence of a unique
stationary distribution and exponential ergodicity of two-factor affine diffu-
sion processes.

1. Introduction
We consider general 2-dimensional two-factor affine diffusion processes

dY; = (a — bYy) dt + o1/ Y, AWy, (1.1)
dX; = (a — BY; —vXy) dt + 02V Y; (0dWy + /1 — 02dBy) + 03 d Ly, '
for ¢t €[0,00), where a € [0,00), b,a, 8,7 € R, 01,092,053 € [0,00), o€ [-1,1]
and (WtaBtuLt)te[O,oo) is a 3-dimensional standard Wiener process. Affine
processes are joint generalizations of continuous state branching processes and
Orstein—Uhlenbeck type processes, and they have applications in financial math-
ematics, see, e.g., in Duffie et al. [7]. The aim of the present paper is to extend
the results of Barczy et al. [1] for the processes given in (1.1), where the case of
6=0, 0=0, 01 =1, 09 =1, 03 =0 is covered. We give sufficient conditions
for the existence of a unique stationary distribution and exponential ergodicity,
see Theorems 3.1 and 4.1, respectively. These results can be used in a forthcoming
paper for studying parameter estimation for this model. An important observation
is that it is enough to prove the results for the special case of ¢ = 0, since there
is a non-singular linear transform of a 2-dimensional affine diffusion process which
is a special 2-dimensional affine diffusion process with ¢ = 0, see Proposition 2.5.
Otherwise, the method of the proofs are the same as in Barczy et al. [1].

2. The Affine Two-factor Diffusion Model

Let N, Zy, R, Ry, Ryy, R_, R__ and C denote the sets of positive inte-
gers, non-negative integers, real numbers, non-negative real numbers, positive real
numbers, non-positive real numbers, negative real numbers and complex numbers,
respectively. For x,y € R, we will use the notations 2« Ay := min(x,y) and
xVy:=max(r,y). By C?(Ry x R,R), we denote the set of twice continuously
differentiable real-valued functions on R4 x R with compact support. We will
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denote the convergence in distribution and equality in distribution by L, and
2, respectively.
We start with the definition of a two-factor affine process.

Definition 2.1. A time-homogeneous Markov process (K,Xt)te]R+ with state
space Ry xR is called a two-factor affine process if its (conditional) characteristic
function takes the form

E(ei(ulyt+u2xt) | (YO) Xo) = (yO; IO))
= exp{yoG1(t,u1, u2) + xoGa(t, u1, uz) + H(t, u1,uz)}, (w1, uz) € R,
for (yo,z0) € Ry xR, t € Ry, where Gi(t,u1,uz), Go(t,u1,uz), H(t,u1,uz) € C.

Let (Q, F, (Fi)ier, ]P) be a filtered probability space satisfying the usual con-
ditions, i.e., (2, F,P) is complete, the filtration (F;);er, is right-continuous and
Fo contains all the P-null sets in F. Let (W, By, Lt)ie[0,00) be a 3-dimensional
standard (Fy)ter .- Wiener process.

The next proposition is about the existence and uniqueness of a strong solution
of the SDE (1.1).

Proposition 2.2. Let (no,&) be a random wvector independent of the pro-
cess (Wi, By, Li)ier,  satisfying P(no € Ry) = 1. Then for all a € Ry,
b,a, 3,7 € R, 01,02,03 € Ry, o€ [-1,1], there is a (pathwise) unique strong
solution (Y, Xi)ier, of the SDE (1.1) such that P((Yo, Xo) = (n0,40)) =1 and
P(Y; e Ry forall t € Ry)=1. Further, for all s,t € Ry with s <t, we have

t t
Y, =e 09y, 4 a/ e dy + oy / et Sy, dw, (2.1)

S S

and

t

X, =e =9 x, 4 / e V(t—u) (o — BY,) du

. s . (2.2)

+ 02/ e~ Y(t—u) /Yu (0dW,, + 1 /1— 02 dB,) + 03/ eV (t—u) dL,.

Moreover, (Y3, X¢)ier, 1is a two-factor affine process with infinitesimal generator
(A, Ny 2) = (a—by)fi(y, z) + (o = By — v2) f5(y, )

1
+ Y[t fL (@) + 200102 12(y, 2) + 03 f32(y, )] (2.3)

+ 5035, ),
where (y,x) € Ry xR, f e C2(Ry xR,R), and f{, i€ {1,2}, and [/},
1,7 € {1,2}, denote the first and second order partial derivatives of f with respect
to its i-th and i-th and j-th variables.
Conversely, every two-factor affine diffusion process is a (pathwise) unique
strong solution of a SDE (1.1) with suitable parameters a € Ry, b,«a,B,v € R,
01,02,03 €ERL and o€ [—1, 1]
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Proof. Equation (1.1) is a special case of the equation (6.6) in Dawson and Li [6],
and Theorem 6.2 in Dawson and Li [6] implies that for any initial value (g, o)
with P((n0,&) € R+ xR) =1 and E(n) < oo, E(]&]) < oo, there exists a
pathwise unique non-negative strong solution satisfying P((Yp, Xo) = (10,&0)) =1
and P(Y; e Ry forall teRy)=1.

Applications of the Itd’s formula to the processes (eY;)icr, and (e7'X;)icr,
give formulas (2.1) and (2.2), respectively.

The form of the infinitesimal generator (2.3) readily follows by (6.5) in Dawson
and Li [6]. Further, Theorem 6.2 in Dawson and Li [6] also implies that Y
is a continuous state and continuous time branching process with infinitesimal
generator given in the Proposition.

The converse follows from Theorems 6.1 and 6.2 in Dawson and Li [6]. O

Next we present a result about the first moment of (Y}, X;);er, together with
its asymptotic behavior as ¢ — oo. Note that the formula for E(Y:), t € Ry, is
well known.

Proposition 2.3. Let (Y;, X;)icr, be the unique strong solution of the SDE
(1.1) satisfying P(Yo € Ry) =1 and E(Yy) < oo, E(|Xo|) < oo. Then

0] = e frmean o] [£39)]
f e b du 0

+ —Be” "th ([ e dv) du foe ¢ duy

{a], teR,.

Consequently, as t — oo, if beRiy, then E(Y;) =%+ O(e™) and

g - ﬁ + O(e= (AN, 7€ Ry,
B(X) - | (a— 2)1+ 01) V=0,
(ib (Yo) —HE(XO)—%-F% o b)b)e T+ 0(1), yeER__;
if b=0, then E(Y:) =at+ O(1), and
aﬁt"'o( 1), v ERy,
—3aft? + O(t), v =0,
(BE(Yo) + E(Xo) — & — %5)e " +0(t), yeR _;
if beR__, then E(Y;) = (E(Yo) — %)e " +0O(1), and
('Yai) ) " +0(1), vERy,
% +EX0> e +0(), =0,

o ) "+ 0(e), v € (b,0),
( e " +0(e 7‘5) v=b,

(
£ E( YO +]E( 0) = £+ 52— 2s)e "+ 0(e™™), v € (—o0,b).

(=55
(
E(Xe) =9 (=55
(=5
(
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Proof. Tt is sufficient to prove the statement in the case when (Y, Xo) = (yo, zo)
with an arbitrary (yo, o) € R4+ xR, since then the statement of the proposition
follows by the law of total expectation.

The formula for E(Y;), ¢ € Ry, can be found, e.g., in Cox et al. [5, Equation
(19)] or Jeanblanc et al. [9, Theorem 6.3.3.1]. Next we observe that

t
(/ e Y, d(oWy + /1 — QzBu)> (2.4)
teRL

0

is a square integrable martingale, since

E l( / e Y (oW ﬂfm)?

t
= / eI (Y, ) du < oo,
0

where the finiteness of the integral follows from
E(Y;) =e "yo + a/ e % du, seR,,
0

see, e.g., Cox et al. [5, Equation (19)], Jeanblanc et al. [9, Theorem 6.3.3.1] or
Proposition 3.2 in Barczy et al. [1]. In a similar way,

t
( / e V(=W dLu) (2.5)
0 t€R+

is a square integrable martingale, since

E [( /0 t eVt dLu)) i

Taking expectations of both sides of the equation (2.2) and using the martingale
property of the processes in (2.4) and (2.5), we have

t
:/ e (=) gy < o0.
0

t
E(X:) = e a0 + / e (o — BE(Y,)) du
0

t t “
_ ei’ytﬂjo + a/ e—»y(tfu) du — ﬁ/ e*’Y(tfu) (ebuyo + CL/ e v dv> du
0 0 0

t
=e Vyy— Byoe*'yt/ e(r=0u qy
0

t t u
+ a/ e Wdv— Bae_"yt/ e’ (/ et dv) du, teRy.
0 0 0

The asymptotic behavior of E(Y;) as t — oo does not depend on ~y, which can
be derived from

t a _aye bt p£0
E(Y;) = e "y + a/ e tidu=1J5T (yo—§)e™™, b#0,
0 Yo + at, b=0.
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The asymptotic behavior of E(X;) as ¢ — oo does depend on b and ~ as
well. We have

t 1—e 7t t bt _e—t
/ e~ dy — Ty Y # 07 e—'yt/ e('yfb)u du = %7 b # e
0 t, =0, 0 te™ ", b=1,

t u L=t [t (avu _ o(v=b)u
e_"*t/ e’ (/ et dv) du = 5¢ {0 (e € )du, b#0,
0 0 e " [ ue™ du, b=0,

S - A0 A0
%_1—;2’“ b#0, v=0,

_ 1%;%_%, b#£0, v#0, b=1r,
%—1—5;” b=0, v#0,
%, b=0, v=0.

Consequently, if b#0, v# 0 and b # ~, then

e—bt _ e—vt «a

E(X:) = e "xo — Byo po— + ;(1 —e )
af - af3 —b -
—H(l—e Vt)‘f’m(e t—e Vt)
a af p

af bt
=—— L4+ (- + e
v by <7—by0 (v—b)b)

B a af a3 ot
+<v—by0+x0__+bv (v—b)b)e h

Moreover, if b#0, v# 0 and b=+, then

E(X;) = e g — Byote "t + S (1 — e ) — (Z—ﬁ(l —e ) + %te‘”t
v Y

_a_ s + <x0 -2 %)e”t + (—Byo + %)te”.

v by v
Further, if 6#0 and v =0, then
1—e ¥ aB  af
I~ —bt
E(X:) =e "z — Byo A +a t—at—i—b—Q( —e™ )

— —%yo—i- bf + ( abﬁ)t-f— (%yo-f—.%'o — Z—f)e_bt.

In a similar way, if b=0 and ~ # 0, then

1—e t 1—e
()
Y Y Y
a (6% a
Z—Ey + - +—B——ﬁt+ <5y0+$0____§)ewt7

Y v o2 Y Y Yo

Q
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and if b=0 and =0, then

2
E(X:) = zo — Byot + at — aBE.

The asymptotic behavior of E(X;) as t — oo can be derived from the above
formulas. O

Based on the asymptotic behaviour of the expectations (E(Y:),E(X;)) as
t — oo, we introduce a classification of affine diffusion processes given by the
SDE (1.1).

Definition 2.4. Let (Y}, X;);cr, be the unique strong solution of the SDE
(1.1) satisfying P(Yp € Ry) = 1. We call (Y3, Xy)ier, suberitical, critical or
supercritical if bAy€R4y, bAy=0 or bA~y € R__, respectively.

The next proposition describes a non-singular linear transform of a 2-dimensio-
nal affine diffusion process which is a special 2-dimensional affine diffusion process
with o =0.

Proposition 2.5. Let us consider the 2-dimensional affine diffusion model (1.1)
with a € Ry, b,a, 8,7 €R, o01,02,03 €R;, o€ [-1,1], and with a random
initial value (no,Co) independent of (Wi, By, Ly)ier, satisfying P(no € Ry) = 1.
Put

0, z'falz(),
= Zy = Xy — cYs, teR,. 2.6
) {— if 010, vm AT r 20

g1

Then the process (Y, Zy)ier, 1is a regular affine process with infinitesimal gener-
ator

(Av,2) )y, 2) = (a = by) fi(y, 2) + (A = By — v2) f3(y, 2)

1 1
+ iy[affﬂl(yaz) + 33 2//2(%2)} + §U§f2ﬁ,2(yaz),

for (y,z) € Ry xR and fe€C3(Ry x R,R), where

(2.7)

g2, Zf 0'1:0,

A:=a—ca, B:=g—cb—7), Yo =
a—ca B—clb—7) 2 {02 *1_92, if o> 0.

Proof. If o7 =0, then the statement follows from Proposition 2.2.
If o1 >0, then, by It6’s formula, (Y}, Z¢)icr, is the unique strong solution
of the SDE

{dYt = (a — bY;) dt + o1/, AW},

te Ry, 2.8
dZ; = (A — BY; — 7Z;) dt + Soy/Yi dB, + 05 dL,. * (28)

with random initial value (770, Co — 0770). By Proposition 2.2, (Y3, Zt)ier, is a
regular affine process with infinitesimal generator (2.7). ([
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3. Stationarity

The following result states the existence of a unique stationary distribution of
the affine diffusion process given by the SDE (1.1). Let C_ := {z € C: Re(z) <

0}.

Theorem 3.1. Let us consider the 2-dimensional affine diffusion model (1.1) with
a€Ry, beRy, o, R, v€Ryy, 01,00,03 € Ry, o€ [-1,1], and
with a random initial value (no,(o) independent of (Wi, By, Ly)icr, satisfying
P(no e Ry)=1. Then

(1) (Y, X3) N (Yoo, Xoo) as t — oo, and we have
U1 Yoo +ita Xoo = & 93 \2
E(e J=expia [ kel A ds+iZAe = 220 (3.1)

for (u1,A2) € C_ xR, where k¢(ui,\2), t € Ry, is the unique solution
of the (deterministic) differential equation

%(Ula A2) = —bry(ur, A2) —iBe™ " Ay + 2ofki(u1, A2)?
+ipo1o2e ™ gy (ur, Ao) — F03e7 2N, (3.2)

Ko(u1, A2) = uy;

(i) supposing that the random initial value (no,Co) has the same distribution
as (Yoo, Xoo) given in part (1), (Yi, Xi)ier, s strictly stationary.

Proof. First we check that it is enough to prove the statement (i) for the special
affine diffusion process (Y, Z;)ier, given in Proposition 2.5. Hence we suppose
that (i) holds for (Y3, Z;)ier,, and we check that then (i) holds for (Y, X¢)ier,
as well.

If 01 =0 then (Y, X¢)er, = (Y4, Z¢)ter,, hence (i) trivially holds for
(Y:, Xit)ier, as well.

If 01 >0 then (Y3, Z:) i>(YOO,ZOO) as t — 0o, and we have
w1 Yoo+iXa Z > A U% 2
E(e"1¥etiA2Z) — expJa Ks(up, A2)ds +i—A2 — —=)35

0 g 4y

for (u1,A2) € C_ xR, where K;(u1,A2), ¢t € Ry, is the unique solution of the
differential equation

85? (u1,X2) = —bKy(u1, A2) —iBe 7y
+ it K(un, e)® — 553713, teRy, (3.3)
Ko(u1, A2) = uy.

By the continuous mapping theorem, we obtain

020
01

020

(Ys, X,) = (yt,zt+g—1yt) 2, (YOO,ZOOJr YOO) = (Yoo, Xoo) a5 t— o0.
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Moreover, for each (u1,A2) € C_ X R,
s {5+ 27))
- ]E(exp{ (ul n i—)\g)Yoo + i/\QZOO})

o0 A
- { K u1 +1—)\2,)\2> ds+i—)\2——)\2}
0 Y

%) 2
p{a K u1 +1—)\2,)\2> ds+19A2—1ULQ g — 3/\3}
0 4y

g1
exp a/ Ks(u1, A2) ds—i—l—)\g o3 -2\2
0 4’Y

where

Ke(ug, A2) = Ky (Ul + i%)\z, )\2) - i%eﬂt)a
01 01

for t e Ry and (uj,A2) € C_ x R. Using that K(u1,A2), t € Ry, satisfies
the differential equation (3.3), we get

0K
- : ( U + 1—029/\2, /\2) + i’Y—UQQe_W/\Z
ot o1

. . —~t 1 2 .020 2
= —bKt(’U,l + 1—)\2, )\2) —iBe " Xy + —Uth (’U,l + 1—)\2,)\2>
g1 2 g1
1 _ . 020 _
— 52%6 DY —|—wa—1e T

= —b(mt(ul, A2) + iaige_w)Q) — 1(6 — &Q(b — 7))e‘”t)\2

g1 g1
L,

5031 = g2)e 7N + i ey
01

1
= —b/{t(ul, )\2) — iﬂei’yt)\Q + 50’%%15(11,1, AQ)Q

1 2
+ 20'1 (Iit(ul,)\z)—Flﬂ 77t)\2) —

01

1
+igoroae” " Aok (ur, A2) — 50’%672'”/\%,

and

ko(u1, A2) = Ko(m +iaig)\2,)\2> - iULQ)Q = (ul -HULQ)Q) - 1%)\2 = uq,
o1 g1

g1 g1

hence ki (u1,X2), t € Ry, is a solution of the differential equation (3.2). In a
similar way, if (u1,A2), t € Ry, satisfies the differential equation (3.2), then

Ki(u, A2) == ke (ul — 1229y, )\2) +i22% 1y, teR,,
01 01
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is a solution of the differential equation (3.3) for each (u1,A2) € C_ x R, since

—(U1,/\2) =

0K, Ok ( 020
ot

01

1 2
= —bFLt (’U,l — iaig)\g, )\2) — iﬁei’yt)\g + —O'flit (’U,l - iaig)\g, )\2)
01 2 g1
1
+ iQUlo'ge_vt)\glit (ul — io'ig)\z, )\2) — —036_2’%)\% — i’yaige_’yt)\z
01 2 g1

1 2
= —b(Kt(ul, AQ) — i%ei’ytAg) — iﬂef'yt/\g + 50’% (Kt(ul, )\2) — i%ei'ytAg)
o1 01

1
+ igalagef'yt/\g (Kt(ul, )\2) — i%e”ﬂ)\g) — 50’%6727)5)\% — i"y%ei’yt)g
01 g1

1 1
= —bEK;(u1,A2) —iBe™ Ay + §UfKt(U1, A2)? — 525672%)\%7
and

Ko(ul, /\2) = Iio(ul — iaig)\g, )\2) + 1%)\2 = (ul — I&Q)Q) + 1%)\2 = Uuz.
01 g1 g1 01
Consequently, k¢(u1,A2), t € Ry, is the unique solution of the differential
equation (3.2).

(i): We prove this part for the special linear transform described in Proposition
2.5 in three steps.

Step 1. By Theorem 6.1 in Dawson and Li [6] and Proposition 2.2, we have
E(ew,(Yt,Zt)) ‘ (Yo, Zo) = (yo,Zo)) = o{(0:20), ¥t (w) ¢ (u) (3.4)

for ue C_ x (iR), (yo,20) € Ry xR, t € Ry, forall u = (u1,uz) € C_ x (iR),
we have 9y (u) = ( t(l)(u),e"”uz), t € Ry, where wgl)(u), t € Ry, is a solution
of the Riccati equation

(1)
2 () = Ry (u), e Ttus),  t € Ry,

N (3.5)
(() )(u) = U1,

the function Ry x (C_ x (iR)) 3 (¢,u) — z/Jt(l)(u) is continuous, and

¢
o) = [ PP um) s, teRs,

0
where the (complex valued) functions F' and R are given by

1 1 1
F(u) = auy + Aug + gagug, R(u) = —buy — Bug + 50%1@ + EEgug
for u = (uj,uz) € C_ x (iR). Note that for every u = (ui,u2) € C_ x (iR) and
t € Ry, we have wt(l)(u) € C_ and ¢¢(u) € C_. Indeed,

|E (et 2 | (Yo, Zo) = (yo, 20))| < E(|et™ 20| (Yo, Zo) = (y0,20)) < 1,
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since |ef®(Ye:Z0))| = eRe((w,(Y1,20))) — ¢V Re(u1) < 1 by ¥; >0 and Re(up) < 0.
Consequently,

| (0:20) ¥t (W)+6: (w)| = gRe(((0,20), e (W) +Re(S:(w) — gvo Re(w () +Re(d: (w) ¢ 1

)

hence yo Re( gl)(u)) + Re(¢y(u)) < 0. Putting yo =0, we obtain Re(¢,(u)) <
0, thus ¢;(u) € C_. Further, for each yo > 0, we have Re( gl)(u)) <
—Re(é(u))/yo, thus letting yo — oo, we obtain Re(wil)(u)) < 0, and hence

v (u) e C_.
Moreover, for all ¢t € Ry and w = (u1,uz) € C_ x (iR), we have

t
<mw—A@%Ww+Mvmﬁgﬁwwwﬂ@

t ot —ovt

1—e™7 1 1—e 7

_ D () ds + Ay 1 2 al—e™
a/o i (u) ds + Aug S +203u2 2

In fact, we have

E(e" Y2 | (Yo, Zo) = (yo, 20)) = exp {yo K (u1, A2) +iz0e ™ " Ao + g (ur, A2) }
(3.6)
for (u1,A2) € C_ xR and (yo,20) € Ry x R, where

et 1 2/\31—6

t
. 1-
gt(u1, Ao) = a/o K(ui, A2)ds +1Ax\gf — —C T,

and K (u1,A2), ¢t € R4, is the unique solution of the differential equation (3.3).
Indeed, by (3.4) with wus = i)a, we have

E(eulytJrDQZf } (}/07 Zo) = (y()v ZO))

—2vt
(3.7)

¢
= eXP{y01/)t(1)(U1, iXo) +izge Ao + CL/ M (ur,i)2) ds
0

l—e 1 , ,1—e 2
Fiddg— —agAgL}
gl

for (yo,20) € Ry x R, where

™
Wi (uy,idg) = —bp{) (ur,ire) — B(e i)
+ 102[pM) (ur, )2 + 182(eMN0)2,  tE Ry,
Y (w1, ide) = ua,
and hence, for the function K;(ui,A2) := 1/1,51)(1;1,1)\2), t € Ry, we obtain the
differential equation (3.3). Recall that K;(u1,A2) € C_ for all (u1,A2) € C_ xR.

The uniqueness of the solution of the differential equation (Cauchy problem) (3.3)
follows by general results of Duffie et al. [7, Propositions 6.1, 6.4 and Lemma 9.2].

Step 2. We show that there exists Cy € Ry (depending on the parameters b
and 7), and for each (u1,A2) € C_ xR, there exists Ci(u1,A2) € Ry (depending
on the parameters b, B,v,01 and X5), such that

|Kt(u1, /\2)| <Oy (ul, /\g)e_CQt, te R+. (38)
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Let us introduce the functions wv(ui, A2), ¢t € Ry, and wi(ui, A2), t € Ry, by
ve(ug, A2) := — Re(Ki(ug, A2)), we(u1, A2) := Im (K¢ (u1, A2)), te R4,

We observe that, as a consequence of (3.3), the function (vs(u1, A2), wt(u1, A2)),
t € Ry, is the unique solution of the system of the Riccati equations

%(ul, o) = —bvg(ug, A2) — %0% (vt(ul, A2)? — wy(ug, )\2)2) + %E%e_%t)\g,
85? (u1, X2) = —bwi(ur, A2) — Be "Xy — a0 (u1, Ao)wy(u1, Az),

1}0(11,1, AQ) = — Re(ul),
wo(ul, )\2) = Im(ul)
(3.9)

Note that Ki(ui,\2) € C_ implies vi(u1,A2) = 0 for all (ug,A) € C_ X
R. Clearly, the function w(u1,A2), t € Ry, is the unique solution of the
inhomogeneous linear differential equation

2 (uy, Ag) = — fe(ur, Aa)wy(u1, A2) — BAoe ™, teRy,
wo(ul, )\2) = Im(ul),

(3.10)

with fi(u1, A2) := b+ o?vy(u1, A2), t € Ry. The general solution of the homo-
geneous linear differential equation

ow -
8—;@17)\2) = —fi(u1, A2)we (u1, A2), teRy,
takes the form
at(uh )‘2) =Ce” f[; fZ(UI7)\2)dzﬂ te ]R-i-a

where C' € R. By variation of constants, the function

t
Ry 5t —Blge o fz<“M2>dZ/ eTvsHlg fmA)dz g e R,
0

is a particular solution of the inhomogeneous linear differential equation (3.10).
Hence a general solution of the inhomogeneous linear differential equation takes
the form

t
wi(ur, Ao) = Ce~ Jo F=(m22)dz _ pyoo=fs fz<u11Az>dZ/ oS g Fa(urh2) dz g
0

for t € Ry. Taking into account of the initial value wq(ui, A2) = Im(uy), we
obtain C =1Im(u;). Consequently,

t
|we(u1, A2)| < |Tm(uq)le” Jo f=(ur,A2)dz 4 |B)\2|/ e~ Vs [l f2(urA) dz g g
0

for t € Ry. Applying fi(ui,A2) 2b>0, t €e Ry, weget e Jo £=(urx2) dz e b,
te R+, and

+ + e~ Vt _o—bt e—tmin{7y,b}
/ o= V5= JI f2(u122) dz g < / e~ V5= (t=9)b 1o — b—y < = b #,
0 0 et < e_2be—bt/27 b=,
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—bt/2

since te " < e /2 sup, g te , where sup,cp, te”"/? =2¢7!/b. Summa-

rizing, we have
|wt(u1, )\2)| < Cg(’u,l, )\Q)eicﬁ, t e R+, (311)

with

1 2
Cs(ur, A2) == [Im(uq)| + [BA| (Ml{biv} + gl{b—v}> € Ry,
Cy := min{~,b/2} € R ..
Using (3.9) and (3.11), we obtain

%(ul, )\2) < —bvt(ul, /\2) + C4(U1, /\2)6702)5, te Ry,
’Uo(ul, )\2) = — Re(ul),

with Cy(u1, A2) := (03C3(u1, A2)? + £3A3)/2 € Ry. By the help of a version of
the comparison theorem (see, e.g., Volkmann [17]), we can derive the inequality
ve(u1, A2) < Ug(ug, A2) forall ¢ € Ry and (ug,A2) € C_ xR, where v;(ug, A2),
t € Ry, is the unique solution of the inhomogeneous linear differential equation

%(ulv o) = —bts(u1, A2) + Caluy, Aa)e™ 2t te Ry,
Vo(u1, A2) = — Re(uq).

This differential equation has the same form as (3.10), hence the solution takes
the form

t
g (ul, /\2) = — Re(ul)efbt + C4(U1, )\2)67“/ e~ Castbs ds, teR,.
0

We have b—Cy >b/2>0 and b>b/2 > Cs, thus

e—Cgt bt

— e

Cb—Cy
< O5(U1, )\Q)G_CZt, te R+7

0 < ve(ur, Aa) < Ui (u1, A2) = — Re(ug)e " + Cy(ur, A2)

with Cs(u1, A2) := — Re(u1) + 2C4(u1, A2)/b € Ry. Using (3.11), we conclude

|Kt(u1; A2)| - \/’Ut(ul, AQ)Q + wt(ul, A2)2 < C'l(ul, Ag)eicﬁ, te R+7
with C(u1,A2) := Cs(u1, A2) + C3(u1, A2) € Ry, and we obtain (3.8).

Step 3. For each (uj,M\2) € C_ x R, the function hy, y, : R?> — C, given
by huy x, (Y, 2) = et¥HiA2z (4 2) € R2 is bounded and continuous, since
lewiyHirez| — eyRe(u1) < 1. Hence, by the continuity theorem, by (3.6) and by the
portmanteau theorem, to prove (i), it is enough to check that for all (uj,A2) €
C_ xR and (yo,20) € Ry xR,

t]ilgo[yOKt(ulu A2) + 1206 " Ag + gi(u1, A2)]

o0 A 2 (3.12)
:CL/O Ks(ul,/\g)ds—ki;)@—z—i)\g ::goo(ul,)\z),
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and that the function C_ X R 3 (u1,A2) — goo(u1,A2) is continuous. Indeed,
using (3.6) and the independence of (no,(o) and (Wi, By, Ly)icr,, the law of
total expectation yields that

E(ethJriAzZt) — / / E(ethnLi)QZt ’ (Yba ZO) _ (90720)) P(YO,ZO)(dydeO)
0 —00

= / / exp {yoK¢(u1, A2) +izoe™ " A 4 ge(u1, A2) } Pryy, o) (dyo, d2o)
0 —00

for all (ui,A2) € C_ x R, where P(y, z,) denotes the distribution of (Yp,Zo)
on Ry x R, and hence (3.12) and the dominated convergence theorem implies
that

t—o0

lim E(eulyt+i)\2zt) _ / / @900 (u1,A2) P(YO,ZO)(dydeO) — @Yoo (u1,A2)

for all (u1,A2) € C_ x R. Then, using the continuity of the function C_ x R >
(u1,A2) = goo(u1,A2) (which will be checked later on), the continuity theorem
implies (Y:, Xy) N (Yo, Xo) as t — oo, and then, applying the portmanteau
theorem for the functions hy, x,, (u1,A2) € C_ xR, yields (i).

Next we turn to prove (3.12). By (3.8) and ~ > 0, we have

tllm [yoK¢(u1, A2) + izoe ™7 Ag] = 0.

Recall that

t —yt —ot
1—e™7 1 1—e 7
i (1, Ao :a/ Ky(up, Ao)ds +iddg— o — 22022
(w30 =a [ K. ) i
Since v > 0, we have lim; . 1_‘};7t = % and lim; oo 1_‘3—;2“ = %, and by

the dominated convergence theorem, we get

t
lim Kq(ui, A2) ds—/ Ks(ui, A2)d

t—o0 0

Indeed, by (3.8), [Ks(u1,A2)Lj4(s)| < [Ks(ui,Ao)| forall t € Ry and s € [0,1],
and
Ci(u1, A2)

/ |Ks(u1,A2)|ds < Cl(ul,/\g)/ e v ds < 12 < 0.
0 0 Co

The continuity of the function C_ x R 3 (u1,A2) — goo(u1,A2) can be checked

as follows. It will follow if we prove that for all s € Ry, the function Kj
is continuous. Namely, if (ugn) )\gn)), n € N, is a sequence in C_ x R,
such that hmnﬁoo(ul") A n)) = (u1,)2), where (u1,X2) € C_ x R, then

limp o0 Ko (ud™, ASY) = K(uy, Ao) for all s € Ry, and, by (3.8),
1K™ M) < ol AiMe=C5 neN,  seR,.

Since the sequence (u1 )\(" ), n €N, is bounded (since it is convergent), the
dominated convergence theorem implies

im [ Ko, A0 ds—/ Ko(uy, \2) ds,

n—00 0
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which shows the continuity of ¢o. Finally, the continuity of the function Kj

follows from the continuity of the function wg”.

(ii): First we check that the one-dimensional distributions of (Y;, X¢)icr, are
translation invariant and have the same distribution as (Y, Xo) has. Clearly,
it is enough to prove that the one-dimensional distributions of (Y%, Z¢)ter . are
translation invariant and have the same distribution as (Y, Zoo) has. Using
(3.1), (3.6), the tower rule and the independence of (Y, Zy) and (W, B, L), it
is enough to check that for all t € Ry and (u1,A2) € C_ xR,

E (exp {Kt(ul, A2) Yoo +ie 7" N0 Zoo + gi(us, /\2)})
> A U% 2
= exp a/ Kg(up, Ao)ds+i—Ag — —=A35 ;.
{ , Holm ) vy

By (3.1), (3.7) and using the fact that Ki(ui,A2) € C_ for all ¢ € Ry and
(u1,A2) € C_ xR (see Step 1 of the proof of part (i)), we have

E (exp {Kt(ul, A2) Yoo +ie " Ao Zoo + gt (us, )\2)})

o] A 2
= exp {a/o KS(Kt(ul, )\2), ei’yt/\z) ds + i;ei’yt/\g — Z_/g;e*?yt/\g + gt(ul, /\2)}

[ee) t A 2
= exp {a </ KS(Kt(ul, AQ),ei’YtAQ) ds + / Ks(ul, AQ) d8> + 1—)\2 - E)\%}
0 0 Y 4y
Hence it remains to check that
[e%e} [e’e] t
/ Ks(’u,l,/\g)dsz/ KS(Kt(ul,)\g),e_"*t)\g)ds—i—/ Ks(ul,)\g)ds, t€R+,
0 0 0
for all (u1,A2) € C_ xR, ie.,
/ Ks(ul,)\g) ds = / KS(Kt(ul,/\g),e_”t)\g) dS, t €R+,
t 0

for all (u1,A2) € C_ x R. For this it is enough to check that
Ko(Ki(ui, A2), €7 A2) = Kype(ur, ha), st € Ry,
for all (u1,A2) € C_ x R, or equivalently,

Kt(Ks(ul, )\2),6775)\2) = KH_S(’U,l, )\2), s, t € R+, (313)
for all (u1,A2) € C_ x R. By (3.3), we have
aKs—i—t

o (U A2) = —bK oy (u1, Ao) - iBe~7(s+1) ),

1 1 —ois
+ 505K5+t(u1, Ao)? — 5zge 2(s+1) )2
for t € Ry with initial condition Ksio(u1,A2) = Ks(u1, A2). Note also that,
again by (3.3),
oK, —s —vs . —t(,—7s
W(Ks(ul,)\g),e )\2) = —bKt(KS(ul,)\g),e )\2) —iBe (e /\2)

1 1
+ FOPRE(ur, M) €7 A)? + 582 (e Ag)?
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for t € Ry with initial condition Ko(Ks(u1,A2),e" 7" A2) = Kq(u1,A2). Hence,
for all s € Ry, the left and right sides of (3.13), as functions of ¢ € R, satisfy
the differential equation (3.3) with e~ 7%\y instead of A2 and with the initial
value K (ui,A2). Since (3.3) has a unique solution for all non-negative initial
values, we obtain (3.13).

Finally, the strict stationarity (translation invariance of the finite dimensional
distributions) of (Y}, X;)ier, follows by the chain’s rule for conditional expecta-
tions using also that it is a time homogeneous Markov process. (I

4. Exponential Ergodicity

In the subcritical case, the following result states the exponential ergodicity
for the process (Y;, X¢)icr,. As a consequence, according to the discussion after
Proposition 2.5 in Bhattacharya [3], one also obtains a strong law of large numbers
(43) for (Y;g, Xt)tERJr .

Theorem 4.1. Let us consider the 2-dimensional affine diffusion model (1.1) with
Cl;,b S R++, O[,ﬂ S R, v € R++, o1 € R++, 02,03 € R+ and 0 € [—1,1]
with a random initial value (no,Co) independent of (Wi, By, Li)ier, satisfying
P(no € Ry) = 1. Suppose that (1—0?)o3+03 > 0. Then the process (Y, Xi)icr,
is exponentially ergodic, namely, there exist § € Ry4, BeRi4 and k€ Ry,
such that

| |s%ux£)+1 |E (9(Ye, X¢e) | (Yo, Xo) = (40, 70)) —E(9(Yao, Xoo))| < B(V (yo, m0)+1)e "
o (4.1)

forall t e Ry and (yo,xzo0) € Ry xR, where the supremum is running for Borel
measurable functions ¢g: Ry xR — R,

V(yvx) = y2 + sza (yvx) € RJr X Rv (42)

and the distribution of (Yoo, Xoo) s given by (3.1) and (3.2). Moreover, for all
Borel measurable functions f:R* =R with E(|f(Yao, Xoo)|) < o0, we have

1 /7
P g [ X @8 = B X)) = 1 (43)
T—oo T 0
Proof. First we check that it is enough to prove (4.1) for the special affine diffusion
process (Y;, Z;)ier, given in Proposition 2.5. Hence we suppose that (4.1) holds
for (}/t,Zt)tGRJr with 0 S R++, B € R++ and k € R++, and we check
that then (4.1) holds for (Y, X;)ier, with 0 € Ryy, with some appropriate
BecR,,, and with x € Ry, as well. Let g:R? = R be a Borel measurable
function with |g(y,z)| < V(y,z) +1 =y* + ka® +1, (y,z) € Ry x R. Then
9V, Xy) = g(Yy, Zy + ¢Yy) = W(Yi, Z;), t € Ry, where h:R? — R is given by
h(y,z) :== g(y, 2+cy), (y,2) € R%. Clearly, h is also a Borel measurable function.
Moreover, (i) of Theorem 3.1 implies (Yz, X¢) 2, (Yoo, Xoo) as t — co. Again
by (i) of Theorem 3.1, we obtain (Y, X;) = (Y3, Z¢ +cYy) N (Yoo, Zoo+¢Ys) as
t — oo, consequently, (Yoo, Xoo) £ (Yoo, Zoo+¢Ys), and hence, E(g(Veo, Xoo)) =



602 BEATA BOLYOG AND GYULA PAP
E(9(Yoo, Zoo + ¢Yoo)) = E(h(Yo, Zoo)). We conclude
E (9(Ye, X1)| (Yo, X0) = (90, 0)) — E(9(Yoc, Xo0))|

= | E(9(¥i. Zo + c¥i) | (Yo, Zo + c¥o) = (0. 0) — E(g(Yoe: Xo))|

= ’E (h(Ye, Ze) | (Yo, Zo) = (0, 20)) — E(h(Yec, Zoo))’

with zo := 2o — cyo. By the assumption, (4.1) holds for (Y, Z;)ier, and Borel
measurable functions §: Ry xR — R with [g(y,2)] < V(y,2)+1=1y>+r22+1,
(y,2) € Ry x R. We have

h(y, 2)| = lg(y, 2 + ey)l <y + k(2 + ey)® + 1 <y® +26(27 + %) + 1
= (1+2rA)y? + 2622 +1 <O + k22 +1)

with C := max{1 + 2rc? 2}, hence we can apply (4.1) for (Y}, Z;)icr, and the
Borel measurable function £h(y,z), (y,z) € Ry x R. We obtain
[E( S (Ve 2| (%, Z0) = (30,0)) ~ B(
and hence

| E (9(¥2, X1)| (Yo, Xo) = (30, 70)) — E(g(Yoo, Xo0))|

< BO(yg + r(x0 — cyo)® + 1)e™*" < BO(yg + 2r(xg + Pyf) + 1)

= BC((1 + 2kc?)yd 4 2k + 1)e 7% < BO?(y2 + ka2 + 1),

h(Ys, ZOO))‘ < B(yg + Iizg + 1)e_5t,

thus (4.1) holds for (Y, X;)icr, with § € R{;, B:= BC? € R,, and with
K € R++.

Next we prove (4.3) for the special affine diffusion process (Y, Z;)icr, given
in Proposition 2.5. We use the notations of Meyn and Tweedie [12], [13]. Using
Theorem 6.1 (so called Foster-Lyapunov criteria) in Meyn and Tweedie [13], it is
enough to check that

(a) (Yi, Zi)t>0 is a right process (defined on page 38 in Sharpe [15]);

(b) all compact sets are petite for some skeleton chain (skeleton chains and
petite sets are defined on pages 491, 500 in Meyn and Tweedie [12], and
page 550 in Meyn and Tweedie [11], respectively);

(c) there exist ¢ € Ryy and d € R such that the inequality

('AHV)(yv Z) < _CV(yv Z) + d7 (y7 Z) € On

holds for all n € N, where O, := {(y,2) € Ry xR :||(y,2)]| < n} for
each n € N, and A, denotes the extended generator of the process
(Yt("), Zt("))te]R+ given by

n n Y,Z, f t Tn,
R T P
(0,n), for t>T,,

where the stopping time T, is defined by T, :=inf{t € Ry : (¥, Z;) €
(Ry x R)\ O,}. (Here we note that instead of (0,n) we could have
chosen any fixed state in (R4 X R)\ O,, and we could also have defined
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™, Zt("))te]R+ as the stopped process (Yiar,, Ziat, )icr,, see Meyn

and Tweedie [13, page 521].)
To prove (a), it is enough to show that the process (Y, Z;)ier, is a (weak) Feller
(see Meyn and Tweedy [12, Section 3.1]), strong Markov process with continuous
sample paths, see, e.g., Meyn and Tweedy [12, page 498]. According to Proposition
8.2 (or Theorem 2.7) in Duffie et al. [7], the process (Y, Z;)icr, is a Feller Markov
process. Since (Y, Z;)ier, has continuous sample paths almost surely (especially,
it is cadlag), it is automatically a strong Markov process, see, e.g., Theorem 1 on
page 56 in Chung [4].

To prove (b), in view of Proposition 6.2.8 in Meyn and Tweedy [14], it is
sufficient to show that the skeleton chain (Y, Z,)nez . isirreducible with respect
to the Lebesgue measure on Ry xR (see, e.g., Meyn and Tweedy [13, page 520]),
and admits the Feller property. The skeleton chain (Y, Zy)nez, admits the
Feller property, since the process (Y, Z;)icr, is a Feller process. In order to check
irreducibility of the skeleton chain (Y}, Z,)nez, with respect to the Lebesgue
measure on Ry x R, it is enough to prove that the conditional distribution of
(Y1,71) given (Yo, Zy) is absolutely continuous (with respect to the Lebesgue
measure on Ry x R) with a conditional density function [y, z,)| (vo,z0) : R? X
R?* — Ry such that  fiyy 20y (vo,20) W 2|90, 20) > 0 for all (y,z,y0,20) €
Riy x R xRy x R. Indeed, the Lebesgue measure on R, x R is o-finite, and
if B isa Borel set in Ry x R with positive Lebesgue measure, then

E (i 15(Yn, Zn)

= // for,21) | (Yo, 20) s 2 | W0, 20) dy dz > 0
B

(Yo, Zo) = (y0720)> > P((Y1,21) € B| (Yo, Zo) = (Yo, 20))

for all (yo,20) € Ry x R. The existence of fy, z,)|(vy,2,) With the required
property can be checked as follows. By Theorem 2.2, we have

1 1
Vi=e¢" (yo—l—a/ eb“du—|—01/ eb“\/Yuqu) ,
0 0
1 1
Zl =e 7 <ZO + / e’V“(A — BYu) du + 22/ e”“\/ Yu dBu + 0'3/ e’ dLu> )
0 0

1

0
provided that (Yo, Zo) = (yo0,20), (Yo0,20) € Ry x R.  Recall that a two-
dimensional random vector ( is absolutely continuous if and only if V({4 v
is absolutely continuous for all invertable matrices V € R?*2 and for all vectors
v € R?, and if the density function of ¢ is positive on a set S C R2, then the
density function of V{4 v is positive on the set V'S +wv. Hence it is enough to
check that the random vector

1
(al / e"\/Y,, qu,I) (4.4)
0
with
1 1 1
I:= —B/ eWYudu—i—Eg/ e""\/Y, dBu—i-Ug/ e’ dL,
0 0 0
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is absolutely continuous with respect to the Lebesgue measure on R? having a
density function being strictly positive on the set

1
{yER:y>—y0—a/ eb“du}xR
0

For all y < —yg — afol e du and z € R, we have

1 1
]P’(Ul/ eb“\/Yuqu<y,I<z> :P(ebyl—yo—a/ ebudu<y,l<z>
0 0
<P(Y; <0) =0,

since P(Y; > 0) = 1. Note that the conditional distribution of I given (Y;):e[0,1]
is a normal distribution with mean —B fol e"Y, du and with variance

1 1
T2 =2 / e®"Y,, du + o3 / e®" du
0 0

due to the fact that (Y3)ic01) and (B, Lt)icr, are independent. Indeed,
(Yi)ier, is adapted to the augmented filtration corresponding to no and (W;)ier,
(see, e.g., Karatzas and Shreve [10, page 285]), and using the independence of the
standard Wiener processes W and B, and Problem 2.7.3 in Karatzas and Shreve
[10], one can argue that this augmented filtration is independent of the filtration
generated by B. Here we call the attention that the condition (1—0%)o5+03 >0
implies P(Y? € R4 ;) =1. Indeed, X3 = (1 —¢?)03, and the assumption a > 0
yields ]Ib(fo1 e?Y, du € Ry ;) = 1. Hence, using again the independence of the

standard Wiener processes W, B and L, we get for all y > —yo—a fol et du
and z € R, by the law of total expectation,

1
P (al/ e \/Y, dW, <y, I < z>
0
1
:]P’<ebY1 — Yo —a/ e du <y, I< z)
0
1
=E (Yl <e” (y+y0+a/ eb“du) <z (E)t€[071]>)
0
(Yt)te[o,1]>)

(]]'{Y1<c b(y+yota [y et du)} P(I < z| (Yt)te[o,l]))

1 u
(w+ B f, "V, du)? } dw)

E( {Y1<c b y+yo+af0 ebu du)}]]‘{1<2}

I
= =

E

]]'{Y1<e b u+y0+af0 ebu du / W {_ 272

e (U+y0+a ! budu) z 1 +B le,qu du)?
/ [ (oo -2 1 =)
0 —0o0 27TT2 2T

X fy, | Yo (v]yo) dv dw
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1
y : B [} ey, du)?
—yo—a fol ebu du J —oo V2r Y2 27

1
‘lee_b<v+y0+a/ eb“du)>
0
1
X fyi1vo <eb <U+yo+a/ eb”du>
0

where  fy, |y, denotes the conditional density function of Y; given Yp. It
is known that for each yo € Ry, we have fy,|y,(u|yo) > 0 for Lebesgue
ae. u € Ryy, see, eg., Cox et al. [5, Equation (18)], Jeanblanc et al. [9,
Proposition 6.3.2.1] or Ben Alaya and Kebaier [2, the proof of Proposition 2] in
case of yo € Ry, and Ikeda and Watanabe [8, page 222] in case of yo = 0.

In what follows we will make use of the following simple observation: if £ and
7 are random variables such that P(§ e Ry1) =1, E(§) < oo, P(n e Ryy) =1,
and 7 is absolutely continuous with a density function f, having the property
fa(x) > 0 Lebesgue a.e. =z € Ry, then E({|n = y) > 0 Lebesgue a.e.
y € Ry,. For a proof, see, e.g., the proof of Theorem 4.1 in the extended arXiv
version of Barczy et al. [1].

Now we turn back to the proof that the random vector (4.4) is absolutely
continuous with respect to the Lebesgue measure on R? with a density function
being strictly positive on the set {y eR:y > —yo— afol ebv du} x R. Using
that fy, v, (e7™"(v + w0 + afol e du)|yo) > 0 for all v > —yo — afol e du,
there exists a measurable function g : R? — R, such that g(v,w) > 0 for
v > —yg — afol e du, w e R, and

1
P(Ul/ eb“\/Yuqu<y,I<z)

0
ff’yoiafl wuqe ) oo g(v,w)dvdw if y > —yo — afol et du, z € R,
= 0
0 ifyg—yo—afoleb“du, z€R.

y0> e’ dvdw,

Consequently, the random vector (4.4) is absolutely continuous with density func-
tion ¢ having the desired property.

To prove (c), first we note that, since the sample paths of (Y, Z;)iecr, are
almost surely continuous, for each n € N, the extended generator has the form

(-Anf)(yv Z) = (a - by)f{(yv Z) + (A - By - ’VZ)fé(yv Z)

2
Yy o

for all (y,z) € O, and f € C*(R; x R,R), see, e.g., page 538 in Meyn and
Tweedie [13]. We also note that, by Duffie et al. [7, Theorem 2.7], for functions
feCi(Ry xRR), A,f = Af on O,, where A denotes the (non-extended)
generator of the process (Y;, Z;)icr,. For the function V defined in (4.2), we
have V € C?*(Ry x R,R) and

Vll(y7 Z) = 2y7 szl(% Z) = 2527 ‘/1/,/1 (y7 Z) = 27 Vv217/2(y7 Z) =2K
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for (y,2z) € Ry xR, and hence for all n € N and ce Ry,
(A V) (Y, 2) + ¢V (y, 2) = 2(a — by)y + 26(A — By — v2)z + y(of + kX3)
+ Iiag + cy2 + ck2?
= —(2b — ¢)y* — 26Byz — k(27 — ¢)2*
+ 1y + 2kAz + Ko

for all (y,z) € O,, with
¢ = 2a+ 0] + kY3,
Thus
2
kBz kBz
(A"V)(y7 Z) + CV(?J? Z) = —C2 <y + C—> - CSZ2 +c1 <y + C—) +cq2 + IiO’g
2 2
for all (y,z) € O,, with
B? B
cy :=2b—c, c3 :—A<2v—c—ﬁ—), ca ;:2,@4_01'%_7
C2

whenever c; # 0. Consequently,

2 2
(A V) (y,2) +cV(y,z) = —ca (y + KBz _ C_l) —c3 (z — C_4> +d

for all (y,z) € O, with

2 2

l C4 2

= — + — + Ko3,
462 463

whenever c2 #0 and c3 # 0. Let us choose
2y —c¢)(2b —
¢ € (0,2min{b,~}), K€ (O, MCBZ#) .
Then ¢, >0 and c3 > 0, hence
(AV)(y,2) < =cV(y,2) +d,  (y,2) €On, nEN,
and the proof is complete. O

5. Moments of the Stationary Distribution

Theorem 5.1. Let us consider the 2-dimensional affine diffusion model (1.1) with
a€Ry, beR,,, o, R, yER,y, 01,00,03 ERy, o€ [-1,1], and the
random vector (Yoo, Xoo) given by Theorem 3.1. Then all the (mized) moments
of (Yoo, Xoo) of any order are finite, i.e., we have E(YZ|X|?) < 0o for all
n,p € Zy, and the recursion

E(YXP) =

ocoT T oo

l _ 2 n—1yp\ _ n+1 yp—1
nb+py[(na+2n(n 1)01)E(Y00 XP)—pBEYZTXP)

+ pla + nooioz) (Y X2

1
+ 5 plp— DA BN ?)

1
+ 30l - DR EYEXE ).
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holds for all n,p € Zy with n+p > 1, where E(YEXL):=0 for k(€ Z
with k<0 or ¢ <0. FEspecially,

a 2y _ a(2a+07) 3y _ ala+0f)(2a+ of)
ba — E(Xs) — BE(Y2 E(Ys
by b+~
_ 2 2
E(X2) = 2E(YooXoo) + 20 E(X o) + 05 E(Y) + 03 7
2y
2 _ 3 2
E(Y2X.) = (2a+ 0) E(YooXoo) — BE(YZ) + (a + 200102) E(YZ) 7
2b+ vy
(Yo X2) = aB(X2) - 2BE(Y2 X)) +2(a+ 00102) E(Yoo Xoo)
b+ 2y
N oS E(Y2) + 03 E(Vo)
b+ 2y '
If o1 >0 then the Laplace transform of Yo, takes the form
o2 —2a/0}
E(e™ =) = (1 + 2—117)\> , AeER,, (5.1)

i.e., Yoo has gamma distribution with parameters 2a/o} and 2b/o?, hence

F(i-g-i-li) 2
E(Yoz):tﬁliau K€ (—U—Z,OO>

(%) T (%) !

If o1 >0 and (1 —0*)03 +03 > 0 then the distribution of (Yoo, Xoo) is
absolutely continuous.

Proof. We may and do suppose that all the mixed moments of (Y, Xy) are finite
and P(Yy > 0) = 1, since, due to Theorem 3.1, the distribution of (Yoo, Xoo)
does not depend on the initial value of the model. First we show that

t
/ E(Y,"X?*)du < oo  forall t€ R, and n,p€ Z,. (5.2)
0

One can easily check that it is enough to prove (5.2) for the special affine diffusion
process (Y%, Zy)ier, given in Proposition 2.5. Indeed, then

t t
/ E(Y"X2) du = / E(Y,"(Zy + cYy)??) du
0 0

2p t
-3 (215) c2p—’f/ E(Y," 2P~ 72F) du < .
k=0 0



608 BEATA BOLYOG AND GYULA PAP

Applying (2.5) and the power means inequality (a + b+ ¢+ d)* < 42P=Y(a?? +
b% + c? 4+ d*P), a,b,c,d € R, we obtain

2p

t t u
/ E(Y"Z2P) du < 4?71 / E [Yu" <e2m"Z§p + ( / e 7= (4 — BY,) dv)
0 0 0

u 2p u 2p
+ (/ e~ (u—v) /Y, dBv> + (/ e~ (u—v) dLU) )}du
0 0

for all t € Ry and mn,p € Zy. Since for all w € [0,¢], the distribution
of fou e 7)) qL, is a normal distribution with mean 0 and with variance
fou e 27(u=v)qy, and the conditional distribution of fou e 7w /Y dB, with
respect to the o-algebra generated by (Ys)seco, is a normal distribution with
mean 0 and with variance [ e=27(=v)Y, du, to prove (5.2), it is enough to
show that, for all ¢t € Ry and n,p € Z,,

t t
/ E(e™ 2Py Z3P) du < oo, / E(Y,")du < oo,
0 0

t u 2p
/IE Yy </ e—Wu—”)Yvdv) ]du<oo,
0 0
t u p
/ E [Y; (/ e~ (u—v)y, dv> ]du < 00,
0 0

which can be checked by standard arguments, see, e.g., in the arXiv version of the
proof of Theorem 4.2 in Barczy et al. [1].

For all n,p € Z,, using the independence of W, B and L, by Ito’s formula,
we have

d(Y"XF) = nY" 7' X7 [(a — bY3) dt + 01 /Y, dW]
+ Y XP T (o — BY; — v X,) dt + 091/ Y: (0dW, + /1 — 02dBy) + 03 dLy]
+ gnln — DY/ X0, di + Sp(p — )Y X]2(3Y: + 03) dt
+ npY X oo oYy dt

for t € Ry. Writing the SDE above in an integrated form and taking the
expectation of both sides, we have

E(Y"XY) — E(Yg'X()

= / t [naE(Yu"_lX}j) — nbE(Y,"XP) + pa E(Y,2 XP~1)
—Opﬁ E(Y XY — pyE(Y, XD)
+ gotn(n — ) E(Y ' XE) + sodplp — 1 EYVTXE)

1
+505p(p = DEYX]™?) + eo10omp E(Y,' X7 ) | du
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for all t € Ry, where we used that

t t
</ yn-1/2xr qu) : (/ ynHt/2 xp=1 qu) ,
0 teERL 0 teERL

t t
( / yntl/2 xr=1 dBu) : ( / yrxr! dLu)
0 teER | 0 teER

are continuous square integrable martingales due to (5.2), see, e.g., Ikeda and
Watanabe [8, page 55]. Introduce the functions f, ,(t) := E(Y;"X?), t € Ry, for
n,p € Z4. Then we have

f;z,p(t) = —(nb + pY) fupt) = PBfrt1,p-1(t) + (na + %gf’n(n - 1)>fn—l,p(t)

1 1
+ pla + oo109n) frp—1(t) + §U§p(p — 1) frg1,p—2(t) + 5092,1)(1) — 1) fnp—2(t)

for t € Ry, where fio(t):=0 if k€ Z with k<0 or £<0. Hence for all
M €N, the functions f,,, n,p € Z4 with n+p <M satisfy a homogeneous
linear system of differential equations with constant coefficients. The eigenvalues
of the coeflicient matrix of the above mentioned system of differential equations
are —(kb+tv), k£ € Zy with k4+¢< M and 0. Thus, for all n,p € Z4,
the function f,, is a linear combination of the functions e~ ¢+ ¢ R,
k.0 € Zy with k+/¢ < n+p, and the constant function. Consequently, for all
n,p € Zy, the function f,, is bounded and the limit limy; o fpnp(t) exists
and finite. By the moment convergence theorem (see, e.g., Stroock [16, Lemma
2.2.1]), limy—yoo frp(t) = limyoo E(Y,"X?) = E(Y2ZXE), n,p € Zy. Indeed,
by Theorem 3.1 and the continuous mapping theorem, Y;"X7 N YIXP  as
t — oo, and the family {Y;"X? :t € R4} is uniformly integrable. This latter
fact follows from the boundedness of the function fan 2, see, e.g., Stroock [16,
condition (2.2.5)]. Hence we conclude that all the mixed moments of (Yoo, Xoo)
are finite.

Next, we calculate these mixed moments. We may and do suppose that the
initial value (Yo, Xo) is independent of (Wi, By, L¢)icr,, and its distribution
is the same as that of (Yoo, Xs), since, due to Theorem 3.1, the distribution of
(Yoo, Xoo) does not depend on the initial value of the model. Then, by Theorem
3.1, the process (Y3, X¢)icr, isstrictly stationary, and hence, f, ,(t) = E(YZ XZ)
for all t € Ry and n,p € Z,. The above system of differential equations for the
functions f, ,, n,p € Zy, yields the recursion for E(YZ2XZ), n,p € Z,. By
this recursion, one can calculate the moments listed in the theorem.

The fact that, in case of o7 > 0, the random variable Y, has gamma
distribution with parameters 2a/o? and 2b/c} follows by Cox et al. [5, Equation
(20)].

Finally, we prove that the distribution of (Y, X ) is absolutely continuous
whenever o1 > 0 and (1 — ¢*)o3 + 0% > 0. Let us consider a 2-dimensional
affine diffusion model (1.1) with random initial value (Yp, Xo) independent of
(W4, By, Lt)te0,00) having the same distribution as that of (Y., Xoo). Then, by
part (ii) of Theorem 3.1, the process (Y3, X¢)ic[0,00) IS strictly stationary. Hence
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it is enough to prove that the distribution of (Y7, X;) is absolutely continuous.
According to the proof of part (b) in the proof of Theorem 3.1, the conditional
distribution of (Y1,X;) given (Yp,Xo) is absolutely continuous. This clearly
implies that the (unconditional) distribution of (Y7, X;) is absolutely continuous,
and hence, the distribution of (Y, Xs) is absolutely continuous. (]

References

1. Barczy, M., Doring, L., Li, Z., and Pap, G.: Stationarity and ergodicity for an affine two
factor model, Adv. in Appl. Probab. 46(3) (2014) 878-898.

2. Ben Alaya, M. and Kebaier, A.: Asymptotic behavior of the maximum likelihood estimator
for ergodic and nonergodic square-root diffusions, Stoch. Anal. Appl. 31(4) (2013) 552-573.

3. Bhattacharya, R. N.: On the functional central limit theorem and the law of the iterated
logarithm for Markov processes, Z. Wahrsch. verw. Gebiete 60 (1982) 185-201.

4. Chung, K. L.: Lectures from Markov Processes to Brownian Motion, Springer-Verlag, New
York—Berlin, 1982.

5. Cox, J. C., Ingersoll, J. E., and Ross, S. A.: A theory of the term structure of interest rates,
Econometrica 53(2) (1985) 385-407.

6. Dawson, D. A. and Li, Z.: Skew convolution semigroups and affine Markov processes, Ann.
Probab. 34(3) (2006) 1103-1142.

7. Duffie, D., Filipovi¢, D., and Schachermayer, W.: Affine processes and applications in finance,
Ann. Appl. Probab. 13 (2003) 984-1053.

8. Ikeda, N. and Watanabe, S.: Stochastic Differential Equations and Diffusion Processes,
North-Holland Publishing Company, 1981.

9. Jeanblanc, M., Yor, M., and Chesney, M.: Mathematical Methods for Financial Markets,
Springer-Verlag London Limited, 2009.

10. Karatzas, I. and Shreve, S. E.: Brownian Motion and Stochastic Calculus, 2nd ed. Springer-
Verlag, 1991.

11. Meyn, Sean P. and Tweedie, R. L.: Stability of Markovian processes. I: Criteria for Discrete-
Time Chains, Adv. in Appl. Probab. 24(3) (1992) 542-574.

12. Meyn, Sean P. and Tweedie, R. L.: Stability of Markovian processes. II: Continuous-time
processes and sampled chains, Adv. in Appl. Probab. 25(3) (1993) 487-517.

13. Meyn, Sean P. and Tweedie, R. L.: Stability of Markovian processes. III: Foster-Lyapunov
criteria for continuous-time processes, Adv. in Appl. Probab. 25(3) (1993) 518-548.

14. Meyn, Sean P. and Tweedie, R. L.: Markov Chain and Stochastic Stability, 2nd edition.
Cambridge University Press, Cambridge, 2009.

15. Sharpe, K. I.: General Theory of Markov Processes, Academic Press, New York, 1988.

16. Stroock, D. W.: Probability Theory, an Analytic View. Cambridge University Press, Cam-
bridge, 1983.

17. Volkmann, P.: Gewdhnliche Differentialungleichungen mit Quasimonoton Wachsenden Funk-
tionen in Topologischen Vektorrdumen, Math. Z. 127 (1972) 157-164.

BEATA BOLYOG: BOLYAI INSTITUTE, UNIVERSITY OF SZEGED, ARADI VERTANUK TERE 1, H-
6720 SZEGED, HUNGARY
E-mail address: bbeata@math.u-szeged.hu

GYULA PAP: BoLYAI INSTITUTE, UNIVERSITY OF SZEGED, ARADI VERTANUK TERE 1, H-6720
SZEGED, HUNGARY

E-mail address: papgy@math.u-szeged.h

URL: http://www.math.u-szeged.hu/"~ papgy/index_en.html





