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NON-CONTINUOUS DOUBLE BARRIER REFLECTED BSDES
WITH JUMPS UNDER A STOCHASTIC
LIPSCHITZ COEFFICIENT

MOHAMED MARZOUGUE* AND MOHAMED EL OTMANI

ABSTRACT. We consider a doubly reflected backward stochastic differential
equations with jumps where the lower barrier and the opposite of the up-
per barrier are assumed to be right upper-semicontinuous (not necessarily
cadlag). We provide existence and uniqueness result when the coefficient is
stochastic Lipschitz by using an equivalent transformation which is a coupled
system of one-reflected backward stochastic differential equations.

1. Introduction

Backward Stochastic Differential Equations (BSDEs in short) were introduced
(in the linear case) by Bismut [5]. The non-linear case was developed by Pardoux
and Peng [32]. These equations have attracted great interest due to their connec-
tions with mathematical finance [11, 12], stochastic control and stochastic games
[5, 19] and partial differential equations [33].

In their seminal paper [32], Pardoux and Peng generalized such equations to
the Lipschitz condition and proved existence and uniqueness results in a Brownian
framework. Other extensions include BSDEs with jumps on non-Brownian filtra-
tions, which are driven, additionally, by a compensated Poisson random measure
[35, 37]. Moreover, many efforts have been made to relax the Lipschitz condition
on the coefficient [23, 27]. In this context, Bender and Kohlmann [4] considered
the so-called stochastic Lipschitz condition introduced by El Karoui and Huang
[8]. Later, some works have investigated this extension, especially [29, 30, 38].

Further, El Karoui et al. [9] have introduced the notion of reflected BSDEs
(RBSDEs in short), which is a BSDE, but the solution is forced to stay above a
given process called barrier. Once more under square integrability of terminal con-
dition and the barrier, and Lipschitz property of the coefficient, the authors have
proved the existence and uniqueness results in the case of a Brownian filtration
and a continuous barrier. These equations have been proven to be powerful tools
in mathematical finance [10], mixed game problems [20], providing a probabilistic
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formula for the viscosity solution of an obstacle problem for a class of parabolic
partial differential equations [9)].

Later, there have been several extensions to the case of a RBSDEs with jumps
[21, 22]. Grigorova et al. [14] is the first paper investigate a new extension of
the theory to RBSDEs in the case where the barrier is not necessarily right-
continuous (just right upper-semicontinuous), the authors studied the existence
and uniqueness result under the Lipschitz assumption on the coefficient. Since
then, some works generalize the corresponding results of [14] in several directions
[1, 24]. Recently, Marzougue and El Otmani [31] discussed RBSDEs with right
upper-semicontinuous barrier under stochastic Lipschitz coefficient.

Doubly reflected BSDEs (DRBSDEs in short) have been introduced by Cvitanic
and Karatzas [6] in the case of continuous barriers, a Brownian filtration and
a Lipschitz coefficient. The solutions of such equations are constrained to stay
between a lower barrier £ and a upper barrier (. Many efforts have been made
to relax the assumptions on parameters [2, 16, 28, 30], and [13, 17] for DRBSDEs
with jumps. In the case of discontinuous barriers, Hamadéne et al. [18] show
the existence of a solution when the barriers and their left limits are completely
separated. Later, Grigorova et al. [15] formulate a notion of DRBSDE in the
case where the barriers do not satisfy any regularity assumption, the authors
show existence and uniqueness result under the so-called Mokobodski’s condition
(assuming the existence of two strong supermartingales whose difference is between
¢ and ¢) and a general Lipschitz driver. The interpretation of solution to this
equations in terms of a two-stopper game problem which has been studied in [15].

Let us have a look at the Dynkin game problem whose the terminal time of the
game is given by a stopping time 7 A v, and the terminal payoff of the game (at
T Av) is given by

J(T, V) = g‘r]l{fgu} + Cl/]l{u<7'}-
We consider the following generalization of the Dynkin game problem which the
criterion is defined as
gtf;T/\V(J(T7 V)))
where St]j () denotes the f-stochastic expectation at time ¢ with terminal time
equal to 7 A v. We refer to this generalized game problem as £/-Dynkin game.
Grigirova et al. [15] have shown that if £ and —( are right upper-semicontinuous
and satisfy Mokobodski’s condition, then there exists a (common) value function
for the £7-Dynkin game, that is
inf  sup E({TAV(J(T, v))= sup inf g({T/\u(J(T, v))

v€T0, 1] €T, 7] ’ €T, 7] veTo,m)
where Tjo 7} is the collection of all stopping times 7 € [0,7] (T" > 0 is a fixed
horizon). But, this result remains valid just in the case when f is Lipschitz driver.
So who can it say in the case of stochastic Lipschitz driver?

Inside the present paper, we consider a further extension of the theory to DRB-
SDEs in the case where the barriers are left limited, and the generator is stochastic
Lipschitz in a filtration that supports a Brownian motion and an independent Pois-
son random measure. We show that the solution to DRBSDESs can be written in
terms of difference between the solutions of a coupled system made of one-reflected
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BSDEs, we show that this system admits a solution if and only if the Mokobod-
ski’s condition holds. To prove our result, we use some tools from the optimal
stopping theory [25], other tools from the general theory of process [7] such as
Mertens decomposition of strong optional supermartingale, and a generalization
of It6’s formula to the case of strong optional supermartingale due to Gal’chouk
and Lenglart [26]. Furthermore, a comparison theorem for the solutions of DRB-
SDEs will be established.

The paper is organized as follows: In Section 2, we consider the case where the
generator does not depend on the solution, we then establish a priori estimate for
solutions, and we give the coupled system equivalent to our DRBSDESs, further,
we prove the existence and uniqueness of a (minimal) solution to DRBSDEs in
this particular case. Section 3 is devoted to solve our DRBSDEs in the case of a
general stochastic Lipshitz driver by using fixed point theorem. In Section 4, we
give the comparison theorem for the solutions of DRBSDEs.

Preliminaries

Let T strictly positive real number. Let (Q, F, (F;)i<7,P) be a filtered proba-
bility space where (F;);<r is the natural filtration generated by a one-dimensional
Brownian motion (By):<r and an independent Poisson random measure p(dt, de)
with compensator A(de)dt. We denote by fi(dt, de) the compensated process, i.e.
f(dt,de) := p(dt,de) — A(de)dt. Let (U,U) be a measurable space equipped with
a o-finite positive measure A\ where U := R!\ {0}, (I > 1). We will denote by ||
the Euclidian norm on R", T, 1) the set of stopping times 7 such that 7 € [t, 7]
and P (resp. O) be the predictable (resp. optional) o-algebra on Q x [0, T].

Let’s introduce some spaces:

e 7?2 is the space of R-valued and predictable processes (Z;);<r such that

T
/ |Z,[*dt
0

e S? is the space of R-valued and optional processes (Ki)i<r such that

|K|3: =E less sup |K,|*| < +oo.

T€T0,1]

e L, is the set of R%valued and P ® -measurable mapping V : Q@ x U = R
such that

|WKAW%WMM<+&

e L% s the space of R%-valued and P ® U-predictable processes (V;);<7 such

that
T
/|MM¢
0

Let > 0 and (a(t))i<r be a nonnegative F;-adapted process. We define the

IVI2: =E < +oo

increasing continuous process A(t) = fg a®(s)ds for all t < T, and we introduce
the following spaces:
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e S?(B,a) is the space of R-valued and optional processes (Y;);<7 such that

IV13 =B |esssup P40, 2

7€T0,1]

< +o00.

e S29(B,a) is the space of R-valued and optional processes (Y;);<r such
that
< +o00.

T
IIaYIIf;;,a:E / AAD | a(t) Y, |2dt
0

e H?(f3,a) is the space of R?-valued and predictable processes (Z;)i<r such
that
121 =

T
/ ePAW| 7, 12dt | < +oc.
0

e £2%(B,a) is the space of R%valued and P ®U-predictable processes (V)<
such that

T
V]2, =& [ | milar| < .
0
o B*(B,a) = §*(B,a) N S**(B, a).
A function f is said to be a stochastic Lipschitz driver if
(i) f: Q2x[0,T] xR x RY x Ly — R, (w,t,y,z,v) = f(w,t,y z0)is
P ® B(RY)-measurable.
(ii) Forall (¢,y,1, 2,2 ,v,0") € [0,T] x RI*F1+d+dx £\ x £, | there exists three
nonnegative Fi-adapted processes 0, v and 7 such that

[f(ty,2,0) = [ty 2 00 < 0]y — | + @)z = 2|+ n(B)llv = o'|lx.

where 0(t) +72(t) + n2(t) = a®(t) > € > 0.
(iid)

vt €10, T,

000 ¢ w50

For a ladlag process Y, we denote Y;y (resp. Y;_) the right-hand (resp. left-
hand) limit of Y at t. We denote by A,Y; := Y;; — Y; the size of the right jump
of Y at t and by AY; :=Y; — Y,_ the size of the left jump.

Let &€ = (&)i<r and ¢ = (¢t)t<r be two left limited process in S%(8,a) such
that & < ( for all t < T a.s. and & = (r a.s. We suppose moreover that the
processes ¢ and —( are right upper-semicontinuous (r.u.s.c in short). A pair of
process (£, ) will be called a pair of admissible barriers.

We will denote by Ref[.], the operator induced by a reflected BSDEs, defined
as following

Ref : S%*(B,a) —  B%(b,a)
3 — Refl{l=X

i.e. X is the first component of solution to reflected BSDEs associated with pa-
rameters (0,&) (the driver 0 and the lower barrier ).
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Definition 1.1. Let f be a stochastic Lipschitz driver and (&, (;)t<r be a pair of
admissible barriers. A process (Y, Z,V, K+ K~ ,C% C7) is said to be a solution
to doubly reflected BSDE with parameters (f,¢, (), if

(i) (YV,Z,V,K*, K=, C*,C™) € B%(8,a) x H2(8,a) x L2(B,a) x (52)",

T T
(i) m:5T+/ f(s,n,zs,vs)dsﬂK;fKt*)f(K;fK;)f/ Z.dB,
t

t
T
- [ [ v@ntds,de) + (1 - ) - (€5 - €7 (L1)
t JU
(iv) KT and K~ are nondecreasing right-continuous predictable processes
with K = K, =0,

T T
/ ]].{yt7>£t7}th+ =0a.s. and / iy, <¢,ydK; =0a.s. (1.2)
0 0

(v) Ctand C~ are nondecreasing right-continuous adapted purely
discontinuous processes with C’S’_ =C,_ =0,
(Y; —&)ACH =0a.s. and (Y; — ()AC, =0a.s. V7€ Tor, (1.3)
(vi) dK;” 1 dK; and dC;" L dC; .

Remark 1.2. (1) The constraints dK;" 1 dK,; and dC;" 1L dC; will allow us
to obtain the uniqueness of the nondecreasing processes K+, K—, C™ and
C~ without the strict separability condition (& < ¢ and &_ < ¢;— for all
t<T).
(#4) Due to equation (1.1), we have

ACT (w) — AC; (w) = =AY (w), Y(w,t) € Qx[0,T)].

This, together with the condition dC;" 1 dC; gives AC;" = (A, Y;)™ (the
negative part of A,Y;) and AC; = (A,Y;)T (the positive part of A, Y;)
forall t <T a.s.

On the other hand, since in our framework the filtration is quasi-left-
continuous, martingales have only totally inaccessible jumps. Hence, for
each predictable stopping time 7 € Tj 7y, AK;% — AK % = —AY, (con-
sequence of equation (1.1)), where K+ is the discontinuous parts of K*.
This, together with the condition dK;" 1 dK; , ensures that for each pre-
dictable stopping time 7 € Tjo 77, AK;? = (AY;)™ and AK % = (AY;)*"
a.s.

We denote also that Y can jump (on the left) at totally inaccessible
stopping times; these jumps of Y come from the jumps of the stochastic
integral with respect to i in equation (1.1).

Proposition 1.3. Let (Y, Z,V) € §%(8,a)xH?(B,a)x L%(B,a) whereY is a ladlag
t eBA(s) ¢ BA(s) i
process. Then (fo e YSZSdBS)th and (fo Joe Y.S_Vs(e)u(ds,de))tST

are the martingales.
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Proof. For all v <7 < T we have

T T
/ ePAG) Y, 12| Z,2ds < / e?PA0) ess sup | V52| Z,|2ds
v 0 T€T0,1]

-
< esssupeﬁA(T)|YT|2/ P4 7,2 ds.
T€T 0,1 0

Hence

T T
E \/ / C2BAG|Y, 2| Z,|2ds | < E esssupeﬁAv)YTP\/ / eBAS) | Z,]2ds
v T€T0,1) 0

Since (Y, Z) € S%(B,a) x H?(B,a) then we get the finite expectation. Hence, one
can derive that E [[] ™Y, Z,dB,|F,] = 0. Since ( [y P4V, Z,B,) s
t<T

Fi-adapted process, then it is a martingale.
Now, let’s use the left continuity of trajectory of the process Y;_, we have

Vi@ < sup [V @)*  ¥(s,w)€[0,T] x Q.
t€[0,T]NQ

On the other hand, we have |Y;_|? < esssup |Y,|?, then
7'67-[0,7"]

sup |Y;_|* < esssup |V, ]2
tG[O,T]ﬁQ 7'67-[0,7‘]

From the above equations, we obtain for all v < 7 < T
| [ e piviopa@eds
v U

g/ e2PAG) sup Vi |?|Va(e)|?M(de)ds
0 te[0,7]1NQ

< / €294 ess sup | Y 2|V, (€) PA(de)ds
0 TE'T[())T]

< esssup P4y, |2 / PAS |V ()2 A(de)ds.
TG'T[OVT] 0

Hence

¢ / ' / 625A<s>|Ys_|2|vs<e>|2x<de>ds]
v U

T
<E | /esssup eﬂA(T)|YT|2\// ePAG) || V|3 ds
T€T 0, 1) 0

Since (Y, V) € 8?(B,a) x L2(B,a) then we get the finite expectation. Hence, one

can derive that E [[ [, e®2®)Y,_V,(e)i(ds, de)|F,] = 0, which implies that the

process (fot Jo €PAY,_V,(e)fi(ds, de)) o is a martingale, since it’s a Fi-adapted
t_

process. O

E




NON-CONTINUOUS DOUBLE BARRIER RBSDES WITH JUMPS 365

2. Special Case of Solution to DRBSDEs

In this section we prove existence and uniqueness of the solution to DRBSDE
with parameters (f, &, () in the special case which is the stochastic Lipschitz driver
f does not depend on (y, z,v). Let f(t,y,z,v) = g(t).

We first will proved a priori estimate which is a consequently to uniqueness of
solution.

2.1. A priori estimate.

Lemma 2.1. Let (Y, Z!, Vi Kti K= Ot C™%) be the solution to the DRB-
SDE with parameters (g°,&%, (%) for i = 1,2. We denote T' := T'V — I'? with
I =Y, ZV,K* C* g,¢,C. Then there exists a constant Cp depending on 3
such that

1 + 1218 + 1712 < s (|

2
g 112 =112
2|, 16135 + 113, ).
Proof. Let T € Tjo, 1), one can derive that

_ T _ _ B T
o= e[ )ds+<K;—Kr>—<K;—K;>—/ Z.dB,

/ [ Vontas.ae)+ (@ - ¢) - (€7 -7

We denote M, = [ ZsdBs + [ [, Vs(e)fi(ds, de), — [y 9(s)ds — K} + K

and W, = —C" +C;_. Then the process Y is an optlonal strong semimartingale

with decomposition YT =Y, + M, + N, + W.. Using the Corollary A.6, we have
eﬁA(t) |}_/t|2

t t
= [T+ [ PO s - [ 200OT,d( + ),
0 0

I oo -
+5 / 2740 d < M, M >+ Y P V2 - V2 —2v, AY]
3/, s Y,

0<s<t

t
+/ 2PV d(W)ey + Y P4 [V - V2 -2V AL Y]
0 0<s<t

Moreover, Y2 — Y2 —2Y,_AY, = (AY;)? and Y2 — Y2 — 2V, ALY, = (A, Y,)?,
then

T T
(t)|}7t|2 +/ ﬁeBA(S)CLQ(S)lY/SFdS—F/ eﬁA(s)|Zs‘2d8
t t
— T — — —
PAD g2 +2/ AV (s )ds+2/ PAOY, (dKF — dR])

—2/ ePAOY, Z,dB, —2/ / PARY, _Vi(e)ii(ds,de) — Y ePA)(AYL)?
t

t<s<T

T
+2/ PAOY(dCH, —dCr) — Y PAO(ALT) (2.1)
t

t<s<T
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Let us first show that Y, (dKJ — dK;) < 0 and Y,(AC} — AC;) < 0; indeed,
using the property (1.2) and (1.3), cited in Definition 1.1, respectively, we have

Vi (dKf —dK]) = —(Y) =& )dK? — (V2 — ¢ )dK ]!
H(YL — Go)dE T + (Y2 — (o )dE
< 0,
and
Vi(ACT —ACT) = —(Y) —&)ACTH? — (Y] - &)ACH!

+(Y1 - Cs)ACjQ + (Yf - CS)AC;J

IN
o

On the other hand, we have

T - g [T - 9 [T
2/ PABY g(s)ds < 5/ ePAE) G2 () |V, 2 ds + B/ ePA)
t t t

Consequently, the equation (2.1) lead to the following inequality

T T
AT+ [ DA TPds + [ 0|2, s
t t

2

G

a(s)

@2

_ 9 T
< eBA<T>|§T|2+,/ BA(s)
B Ji a(s)

—2//51‘“s Vi(e)iu(ds, de) Z AAY)? = Y PA(AL Y2

s<T t<s<T

T
ds — 2/ ePASY, 7. dB;
t

(2.2)

By Remark 1.2, the processes K*1 and K*?2 jumps only at predictable stopping
times and p(.,de) jumps only at totally inaccessible stopping times, then we can

note that
Z eﬂA(s)(AYs)?
t<s<T
T
/ / eﬁA(S)|VS(€)‘2#(d87d€)+ Z eﬁA(S)(AK’j —AKS_)Q.
t U t<s<T
Hence
T
/ GBA(S)”VsHidS_ Z eﬂA(s)(AYS)2
t

t<s<T

T T
= [ NN [ [ SO0 (s, de
t t U

— > LANARS - AKT)?

t<s<T

T
—/ / ePAGNY, (e)2u(ds, de).
t Ju

IN
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By adding the term ftT e#4()||V,]|2ds on both sides of inequality (2.2), we get

T
L R R A AN A
t

BA(T) £ 12 , 2 g sa(s) | 9(8) 2 g BA(s)v 7
< e 7] + = e 2l ds—2 e Y.Z.dB,
B Ji a(s) t
T — — —
[ A (X Vi) + Tl s, de) (2.3)
t Ju

Observe that

- 1 - - 1 - 1 -
PAMD) e |2 = ZeBA(T) & + (| < 5 eSS ePADE 12 4 5 Csssup PAM|C 2.
7€ T0,1) 7€ T0,1]

Taking expectation on the both sides of the inequality (2.3) with ¢ = 0 and using
the Proposition 1.3, we get

6 V(12 7112 /(|2 2 1.z 2 L= 2
- 2,a 2 2 < A = 2 N 2. .
S0V e + 1208 + VI, < 5||2]|, +5060% + 51008 (24)

~ 2
H
all#H?

On the other hand, from (2.2) we also get for all 7 € Tjp 1)

PAM Y |2
_ 2 (T a(s) |2 T _
< esssupeﬁA(T)|§T|2+f/ ePA) @ ds—2/ ePABG)Y, 7 dB,
7'67_[0,'1"] B 0 a 5) 0
T o T B B
+2 / P4y, Z.dB, — 2 ePABY,_V,(e)ii(ds, de)
0 o Ju

Taking the essential supremum over 7 € 7j,7) and then the expectation on both
sides of the above inequality, using the fact that

esssup X, = sup X;
T€7—[01T] t<T

for all cadlag process X (see Remark A.1 in Grigorova et al. [14]) and Burkholder-
Davis-Gundy’s inequality, we have

= 2E sup
tel0,T)

T
2 ¢ | e piz.as
0

1o 2 21 7112
TIP3 +4¢1Z )2

2IE ess sup

t
/ PAB)Y, 7. dB,
TEIT[(),T]

0

/ ePAS) Y, 7. dB,
0

IN

IN
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/ / PAOT, T, (e)ji(ds, de)
T — —
< 9E / /ewﬂwnJﬂn@Wuwa@>
0 U

1 . r .
“Eesssup eV, |2 + 4¢°E / / ePAV, (e)2 p(ds, de)
o Ju

TE7—[0,T]

and

2[E ess sup
TGTU T]

IN

Lo 20117112
21713 + 437125,
where c is a universal positive constant. Then
V2 <1—2 92 1}72 42 7112 42|V |I12
71 < 51603 + 30013 + 5 e + 378 + 412 B, + 4V
By (2.4), Tt follows that

Pl = o (|12],, + 160, + 1133 (25)

where Cj is a constant depending on 8 and c¢. The desired result obtained by the
estimates (2.4) and (2.5). O

2.2. The coupled system equivalent to DRBSDE. We first show that the
existence of a solution to the DRBSDE is equivalent to the existence of a solution
to a coupled system made of reflected BSDE. Let (Y, Z,V, KT K—,C*t,C™) €
B2(B,a) x H2(B,a) x L2(B,a) x (§%)* be a solution to DRBSDE with parameters
(9.€,0)-

We denote Y; = [&p + ft ds|]-"t} together with equation (1.1), we
get

V,=X, - X, t<T a.s.,

where the processes X and X’ are defined as
X, =E[K} -K/+C} —Cl|FR]and X, =E[K; —K; +C;_—C,_|F] a.s.

We note that X € B2(3,a) and X’ € B2(3,a) are two nonnegative right upper-
semicontinuous strong supermartingales (with X1 = X/ = 0 a.s.), and they are
of class (D) (i.e. the set of all random variable X,,, for each finite stopping time
v, is uniformly integrable). Then by the Mertens decomposition (see Theorem
A.4), there exists an uniformly integrable martingale (cadlag) M (resp. M'),
nondecreasing right-continuous predictable process K+ (resp. K- ) (with f{gt =
0) such that E[KZ] < +oo and nondecreasing right-continuous adapted purely
discontinuous process Ct (resp. C~) (with Ci = 0) such that E[CE] < 4oo,
gives the following

X, =M, - K; —C (vesp. X| =M, -K; —C;) Vt<T.
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On the other hand, from the martingale representation Theorem there exists a
unique pair (Z,U) (resp. (2’,U’)) belongs to H? x £2? such that

/ZdB // fi(ds,de) + K — K +Cf_ —C= (2.6)

(resp. X, = —/ Z!dB; / /U’ ji(ds,de)+ K —K; +Cr_—Ci). (2.7)
t

Noting that KT = K+, K~ = K~, Ct =C* and C~ = C~. Now, let introduce
the following optional processes

~ T ~
& =& —E |&rp +/ g(s)ds|}}] and (7 := ¢
t

-E CT+/t g(S)det]. (2.8)

We denote by
EX9=X'+¢9 and (X9 =X-(9

Remark 2.2. Since the coefficient of reflected BSDE (2.6) (resp. (2.7)) equal to
zero, then thanks to Grigorova et al. [14] the solution (X, Z,U, K*,C™) (resp.
(X', 2", U'",K~,C7)) belongs to 8? x H? x L2 x §% x §2.

Lemma 2.3. Assuming that I ¢ H?(B,a).
a

(i) The process (X, Z, U, K™T,C%) is solution of the reflected BSDE associated
with parameters (0,€X9) belonging to B2(8, a) x H2(3, a) x L2(3, a) x S% x
S2.

(i1) The process (X', 2',U’, K~,C™) is solution of the reflected BSDE associ-
ated with parameters (0,(*%9) belonging to B2(B,a) x H2(B,a) x L2(B, a) x
S? x §2.

Proof. Note that 57*’5"9 = C}{{’g = 0 a.s. Let show that £X'9 € §2(3,a). By (2.8),

we can write

esssup e74(7)|€9)2

T€T 0,1
- 2
< 2esssup e e 242 sup e7AOE éhT—i_/ g(s)ds|]-'t]
TE€To,1) 0<t<T
Moreover
, T
e3AW || §T—|—/ g(s)ds]:t]
¢
- . .
< V2R || eBAD|ep |2 + eBAW®) / g(s)ds| |F;
¢
1 g(s)|”
< VIE |[efADep|2 + = " et ds|F
B Jo (S)
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Thus, by Doob’s martingale inequality one has

e+ / g(s)ds|ft]

It follows that £9 € S2(8,a), since X’ € S2(8,a) then £X9 € 82(8,a). Similarly,
it can be shown that (X9 € S§2%(B,a).

On the other hand, from &€ <Y < ¢ and definition of Y, €9 and (9, we derive
that £&9 <Y < Cg Since Y = X — X’ we have X > X9 and X’ > (X9, Note
that Y — & = YV — €9 = X — £X9. The minimality condition (1.3) satisfied by
O can thus be written (X, — £X9)ACS = 0 a.s. We also have {V;_ > & _} =
{X— > ffi/’g}, hence the Skorokhod condition (1.2) satisfied by K can be written
fOT 1{Xt7>£~f<_r,g}dKj = 0 a.s. Additionally, the process (X, Z,U, Kt,C™) satisfies
the equation (2.6), then it is a solution of the reflected BSDE associated with the
driver 0 and the barrier éx/’g. In other terms, X = Ref[gxl’g]. By similar
arguments, we get that X' = Ref[éx’g].

Now, remark that

2

62A(t)E < 400.

E sup
0<t<T

X, = /ZdB // fi(ds,de) + K} — Kt +Cf_ —CE
= Xo+ M+ N+ W,
where
M, = /ZdB —i—// fi(ds,de), Ny =—K; and W, = —C;" .

Using the Corollary A.6, we get
T T
ePAW)| X, |2 +/ BePA) a2 (5)| X | ds —|—/ ePAB)| 2 |2ds
t t

T T
= -2 / ePAS X Z dB, — 2 / / PAD X, U, (e)i(ds, de)
t t U
T T
+2 / PADX, _dKF +2 / PAG) X d(CF)oy
t t

B Z PAE) (AX,)? — Z PAE (AL X,)2. (2.9)

t<s<T t<s<T

Since the process KT be a jumps only at predictable stopping times and p(., de)
jumps only at totally inaccessible stopping times, then we can note that

S e (ax,) / / BAOU, (e)2u(ds,de) + 3 PACHAKH?.

t<s<T t<s<T
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Then one can derive that

T
| eOuds - Y o,
t

t<s<T

:/ AU, HAds—/ / PAD|U,(e) Pu(ds, de) — Y ePACN(AKT)?

t<s<T
/ [ AW as. do).

By adding the term ft ePAE) || U, ||2ds on both sides of inequality (2.9), we get
T
|0 Q2+ 1R} as
t
T T
<2 / SO X, Z,dB, — / / ¢BAE) 2X, U, (e) + [Us(e)[?} fi(ds, de)
t t Ju
T T
+2 / PAOX, dKF +2 / PAG) X d(CF) oy
t t

Since X,_dK] = éﬁ’gdKj and X,ACH = £X"9ACT, taking into consideration
the Proposition 1.3, we get

T
]E/ PAS) | Z,[2 1 |UL|2) ds
t

T
<2E / PADEIART 2R Y P IACT
t t<s<T

< 4E esssup 4D |EX"912 4 B[P AN KL 4 Bl CH? < oo
TGTQ )

Here we suppose, in addition, that E fOT{G(t) +72(t) + n*(t) }dt < +oo. Tt follows
that (Z,U) € H?*(B,a) x L%(B,a).

Finally, from Remark 2.2, (X, Z, U, K*,C") € B2(3,a) x H?(B3,a) x L%(3,a) x
8% x 82. Similarly, we can prove that (X', 2", U’ K—,C~) € B2(B,a) x H2(3,a) x
L2(B,a) x 8% x §2. The proof is complete. O

Lemma 2.4. The following assertions are equivalent:
(i) The DRBSDE associated with parameters (g,&,¢) has a solution belonging
to B*(B,a) x H*(B,a) x L*(B,a) x (§?)*.
(ii) There exists two processes X € B2(B,a) and X' € B2(B,a) such that

X = Ref[EX"9]
{ X' = Ref[E%9)], (2.10)

Proof. (i) = (ii) has been proved above. (ii) = (i): Let X € B2?(3,a) and
X' € B2(B, a) be satisfying the coupled system (2.10). Let (Z,U, K+,C%) (resp.
(Z2',U', K~,C7)) be the vector of the remaining components of the solution to
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the reflected BSDE whose first component is X (resp. X”’). We note that the
equations (2.6) and (2.7) hold for X and X’. We define the optional process Y by

T
Y, = X, — x;+]E[gT+/ g(s)ds|F] VE<T as. (2.11)
t

Since X and &’ are belongs to B2(S,a), it follows that the process Y is well-
defined. From (2.11) and the property Xr = X} = 0 a.s., we get Y = &r a.s.
Note that, he coupled system (2. 10) implies that A" > §X 9 and X' > (X9 as.
Then, by using the definitions of §g Cg and Y, we derive that £ <Y < ( a.s.
Moreover, the processes KT and C* satlsfy the minimality condition for re-
flected BSDE. More precisely, for all 7 € Tjo 7 (X — gf/’g)AC’j a.s. and for

allt < T fOT]l{XOéxl,g}th“' = 0 a.s. Now, by using the definitions of ¥ and
€9 we get {X, = &9} = (Y, = &}, {X- = €79} = {Y,- = &} and
{X > étXl’g} = {Y; > &}, then we can derive that for all 7 € Tjo ) (Y7 — & )ACT

a.s. and forallt < T fOT Ty, >e, }thJ“ = 0 a.s. By applying the same arguments
to K~ and C'~ we also get for all 7 € Tjo. 1) (Y- — (-)ACT as. and for all t < T

fO ]l{Yt—<Ct—}th =0 a.s.
Now, we note that the process ( {ST + ft d$|]:t]) o corresponds to the

first component of the solution to the non-reflected BSDE with parameters (£7, g).
Hence, by martingale representation theorem, there exists Z” € H? and U” € L2

such that
:§T+/ g(s )ds—/ Z!'dBy — / /U” f(ds, de).
t

Further, by using Itd’s formula for a semimartingale, we have also Z” € H?(3,a)
and U” € L£2(B,a). Together with definition of ¥ and the equations (2.6) and
(2.7), we obtain

T
E §T+/ g(s)ds|F
t

T T
v, = 5T+/ o)is— [ 2B+ (F ~ K) - (K7 = K7)
t

//V filds, de) + (C7_ — Ci") = (Cq_ = C),

where Z =Z - Z'+ 2" and V =U — U’ + U". Moreover,

2

T
1y <3 118, + 11, + [ [er + [ g(s)dsm] < oo
E B B . 2
5
Thus, if dK™ 1 dK~ and dC* 1 dC~, the process (Y, Z,V,KT, K—,C*,C7) is
a solution to the DRBSDE with parameters (g, &, (). d

2.3. Existence of a (minimal) solution to DRBSDE. Let us notice that
obviously for arbitrary pair of admissible barriers (£, (), the DRBSDE with pa-
rameters (g, &, ¢) does not have a solution since, for example, £ and ¢ coincide and
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¢ is not semimartingale then we cannot find a semimartingale which equals to &.
However as into account the Mokobodski’s condition which reads as:
(ME): There exist two nonnegative supermartingales (H)i<r and (H})i<r
such that
Vi< T, & < Hy— H{ < (.
Then we can prove the existence of a solution for DRBSDE with driver g and a
pair of admissible barriers (¢, ¢).

Theorem 2.5. Assume that 2 € H?(B,a) and (Mk) holds. Then the DRBSDE
a

associated with data (g,&,¢) admits a unique solution (Y, Z, V., K+t K~ CT,C™)
that belongs to B2(8,a) x H*(B,a) x L2(B,a) x (§%).

The idea to the proof is from establishing the existence of solution to the coupled
system (2.10) which equivalent to the DRBSDE by using lemma 2.4. To do that,
we use Picard’s iterations, whose we define recursively the processes

{ X0 =0, X0 =0;

X7L+1 — Ref[X’” + ggL X/n—i—l — Ref[xn _ é:g] (212)

Lemma 2.6. The sequences (X™)p>0 and (X'™),>0 are nondecreasing of optional
processes. Moreover, there exists two nonnegative strong optional supermartingales
X and X' in B2(B,a) satisfying the system (2.10) and

<X X <. (2.13)

Proof. By induction, the processes X" and X" are well-defined, moreover they
are strong supermartingales in B2(3, a).

We first show that X > 0 and X" > 0, for all n € N. Clearly, X} = X7 = 0.
Since X™ is a strong supermartingales, it follows that X > E[X]|F;] = 0 a.s. for
all 7 € Tjo, 1), which implies that X™ > 0. Similarly we see that X"™ > 0.

We prove recursively that (X™),>0 and (X'™),>¢ are nondecreasing sequences
of processes. We have X! > 0= X% and &' > 0 = &’°. Suppose that X" > x7~!
and X" > X'"~1. The induction hypothesis and nondecreasingness of the operator
Ref (see lemma A.7) implies that

Ref[X"™ +&9] > Ref[X™ ! + &) and Ref[X" + (7] > ReflX" " + ().

Hence X"t > X" and X"t > X", which is the desired result.
Now we show that (X™),>0 and (X'™),>0 are bounded from above by some
processes H9 and H'9 respectively, which define as follows

_ T _
H! =H,+E [gT + [, 97 (s)ds|Fe| ;
T
HY = H+E [¢f + [ g% (s)dsl 7|
where H and H’ come from Mokobodski’s condition (Mk) for (£, (). We note that
H9 and H'9 are nonnegative strong supermartingales in S?(3,a). From (Mk), we
get ~ ~
&9 < HY— H'9 < (9. (2.14)
By recursively, note first that X° = 0 < HY9 and XY = 0 < H'9. Suppose
that X" < HY and X' < H'9. From this, together with (2.14), we get X' <
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H'9 < H9 — €9, which implies X'" + €9 < HY. By the nondecreasingness of the
operator Ref, we derive X"+ = Ref[A™ +§~9] < Ref[HY]. Since HY is a strong
supermartingale, the second assertion of lemma A.7 gives Ref[H9] = HY. Hence
X"t < H9. Similarly we shown X1 < H'9.

Since (X™)p>0 and (X),>o are nondecreasing sequences of processes, and
they are bounded from above by HY and H'Y respectively, then there exists two
nonnegative optional strong supermartingales X and X’ limits to (X"),>o and
(X'™)n>0 respectively. This limits satisfies 0 < X < HY and 0 < X’ < H'Y, as
HY,H'"9 € §%(83,a), it follows that X and X’ are belongs to S?(8, a).

It remains to show that X and X’ are the solutions of the coupled system
(2.10). Note that the sequence (X'™ + £9),,>¢ is nondecreasing and converges to
€¥9. By lemma A.8, we thus derive that lim,_, . Ref[X'" + £9] = Ref[¢X" 9]
and similarly lim,,_, o Ref[X™ — (9] = Ref[CY9]. Hence, by letting n tend to
+00 in (2.12), one can derive that X and X’ solve the coupled system (2.10).

The property &9 < X — X’ < (9 come from the definition of operator Ref:
indeed, X" = Ref[X'™ + £9] implies that X™ > X' + €9, by letting n tend to
+00 we get X — X' > £9 and with same way X — X’ < (9. Moreover, X and X’
are the minimal nonnegative strong supermartingales in S?(3, a) satisfying (2.13);
indeed, if H, H' are nonnegative strong supermartingales in S?(3,a) satisfying
59 <H-H < gtg, then by using the some arguments as above, we have always
X < Hand X' < H'.

From this minimality property, it follows that (X, X’) is also characterized as
the minimal solution of the coupled system (2.10). O

Proof of Theorem 2.5. By lemma 2.6 we have existence of two nonnegative strong
optional supermartingales X and &’ that belonging to 8B2(/3, a) solution of the cou-
pled system (2.10). Then, from lemma 2.4, there exists (Y, Z,V, KT, K—,C*,C™)
that belonging to B2(8,a) x H2(B,a) x L2(B,a) x (5%)* solution of DRBSDE
associated with parameters (g, ¢, () such that

Y, =X, - X/ +E

T
fT—i-/ g(s)ds]-'t} Vt<T a.s.
¢

The uniqueness derive from the a priori estimate which proved in lemma 2.1. O

3. Solving the DRBSDEs with General Stochastic Lipschitz Driver

By means of the fixed point theorem, we prove the existence and uniqueness of
solution to the DRBSDE associated with parameters (f, &, () where f is stochastic
Lipschitz driver.

Theorem 3.1. Let f be a stochastic Lipschitz driver and (&, ()< are left limited
processes satisfying (Mk). Then the DRBSDE associated with parameters (f,&, ()
admits a unique solution.
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Proof. Given (¢,,p) € B2(B,a) x H2(B,a) x L2(B,a), consider the following
DRBSDE:

T
Y, — £T+/ F(5, s pa)ds + (K — KiF) — (K5 — K‘)—/ Z,dB,

/ / f(ds,de) + (Cf_ —C-) = (Co_ —C) t<T. (3.1)

From the stochastic Lipschitz assumption on f, we have

5600 b e < (0010 + 1@l +nOllgeln + 1(2,0,0,0)])*
<4 (02(0) e + A2 [0 + 2O | @el3 + |£(£,0,0,0)]2) .
It follows
ft,¢7¢, 2 ft,0,0,0 2
|<(t)¢>| =4 (“2(“'@?’42 1 o3+ ”(t)”) |
/

Then =€ H%(B,a). Tt follows from Theorem 2.5 that the DRBSDE(3.1) has a
unique solution (Y, Z,V, K+ K~,C* C7). Define a mapping ® from B2(5,a) x
H2(B,a) x L2(B,a) into itself. Let (¢',1',¢’) an other element of B2(B,a) x
H*(B,a) x L2(B,a). Weset ®(d,,¢) = (Y, Z,V) and ®(¢', 4", ¢") = (Y, Z', V).
We also set

bp=0—0¢, W=yv—4, dp=p—¢, Y =YY, §Z=2-7,

6V:V—V/7 6ft:f(t7¢/ta¢,t7(p;)_f(t7¢ta¢ta<pt)'
With same way as to inequality (2.4) (see the proof of lemma 2.1), we get

153 2
S1a8Y |22 + 1021 + 13VI2; <

H2
B
By using the stochastic Lipschitz assumption on f, we can write for § > 6

SN0 e + 10213 + 10V 125 < 5 (NadolZs. + 1901 + 1ol )

It follows that @ is a strict contraction mapping on B2(8,a) x H?(83,a) x L2(8,a).
Henceforth, there exists a process (Y, Z, V) fixed point to ® which, with (K*, CF)
is the unique solution to DRBSDE with parameters (f, £, (). O

4. Comparison Theorem

The comparison theorem is one of the principal tools in the theories of the
BSDEs. But it does not hold in general for solutions of BSDEs with jumps (see
the counter example in [3]). However, it’s shown in special cases (see for example
[36, 39]). In order to obtain the comparison theorem, in this section, we will discus
the following generator

F(@,t 5, 2,0) = h(w, by, 2) + /U (w0, )y ()A(de),

where
e c:0Ox[0,T] xU — [—1,+00[ is a P ® U-measurable mapp belongs in L.
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e There exist two nonnegative F;-adapted processes #; and - such that
V(y,y',2,2") € R x R x R? x R?
B, 2) — bty )] < 0Oly — o' + (D)l — 2],
with 01 (t) + 2 (t) = a}(t) > €1 > 0.
Let (Y, ZL, Vi KTt K—¢ CT¢ C™%) be the unique solution of the DRBSDE
with data (f%, &% ¢%), for i = 1,2. Then we have the following:

Theorem 4.1. Assume that

& <&, G <G and fUEYRZEVE) < PPV 22V VST as.
Then Yt1 < Yt2 Vi <T a.s.
Proof. Let R=R! -2 with R=Y,Z,V, KT, K~,Ct,C~,¢,¢. Then

- 5T+/tT{aSYS+aZ + [ ewo <>A<de>+h}ds+<f<;—f?r>

—(f(;—f(;)—/ Z.dB. / / filds, de) + (Ch_ — CF )
t
—(Cr- - C), (4.1)
where
o = ]1{17 40} h(t’Ytlv Ztl) j h(t Y;f 7Z1) 5t -1 h(tv Yt2’ Ztl) j h(t7Yt27 Zt2)
t Y, {Z.#0} Z
and hy = fl(tv Yt27 Zt2’ Vtz) - f2(ta Ytza Zt27 VtQ)
Now, by Girsanov transformation theorem, there exists a probability measure

Q defined on the standard measurable space (€2, F) such that Q := Er(M)P where
Er(.) is Doléans-Dade exponential (see Protter [34], theorem 37 pp.84), B; =

B, — fg dsds is a Brownian motion under probability measure Q and ji(de,ds) =
i(de,ds) — cs(w, e)\(de)ds is a Q-martingale measure. Hence the DRBSDE(4.1)
can be rewritten as

T T
Y, = £T+/ (0.7, +hs)ds+(f<;—f(j)—(fi’;—f(;)—/ 7.dB,
t

//v i(ds, de) + (G — C:F ) = (C_ — Cro).

Applying Gal’chouk formula with the convex function z — 2™ (see Theorem A.9),
we get for allt < T

t
_ _ S _ _
AR v +/ Liy_sod¥s+ 5 L(¥) + > [){;n{i_go} +Y 1y 5o
0 0<s<t
Y g <oy + Y gy >0}}
t

t
= Y- /ﬂ{y 20y (05 + he)ds — K + K +/stBs
0

/ /V fi(ds,de) — C’tt+é;+§Lt(Y)+2t
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where (L¢)i<7 is a local time (nondecreasing continuous process with Ly = 0)
and Xy = Yoo Vilyy _<op + Yy sop + Vi iy _<op + Y Igy,_soy i
finite by Theorem A.10. Y is a strong optional semimartingale (see Theorem
A.9) with decomposition Yﬁ = Yy" + My + N, + W, where M, = [} Z,dB, +

fo fU p(ds,de), Ny = —fg(os?s + hg)ds — K" + K; + $L,(Y) + %, and
= —C —l— C, .
Next we denote R; = e8A1(0+2 /5 osds where Aq(t fo a?(s)ds is a increasing

continuous process. We apply the Corollary A.6 to obtam
Ry|Y;*|?
= |52 +/ {Bai(s) + 204} R,|V;"|?ds + 2/ R,YZ.dB,
0
t
+2/ / R,YF Vi(e)u(ds,de) — 2/ RY {o.Y, + hs}ds
0

t
—2/ RY," (dK} —df(;)+/ R.,Y.;"dL, + R,|Z,|ds
0 0 10,¢]

t
+ 3 RS(Y;+_57;,)2_2/0 RV (ACH —dCo)+ Y RV — V)2

0<s<t 0<s<t

Consequently
RV + / BR.a2(s)|V," [2ds + / R.|Z,[2ds
t t
— -2 / RV Z.dB, — 2 / / RV, Vi(e)ji(ds, de)
t t U

T T T
+2 / R,Y. hyds +2 / RY;F (dK —dK[) — / R.,Y.MdL,
t t t

T
- Y R VP2 [ RVNEC a0 - Y RV TP

t<s<T t t<s<T

Using the property (1.2) and (1.3) cited in Definition 1.1 to obtain that Y (dKF -
dK;) <0 and Y5 (dC} — dC;) < 0 respectively. In addition &7 < 0, hy < 0 and
the nondecreasingness of (L;);<7 implies that

T T
R+ / BR.a3(s)|VH2ds + / R,|Z.|ds
t t

T T
< —2/ R.YZ.,dB, — 2/ / R.Y V,(e)fu(ds,de).
t t Ju
Taking expectation under the measure Q on the both sides we get
E[R|V;" ] <0
It follows that Y¥,© =0, i.e. Y;! <V for all t <T Q-a.s. and so P-a.s. O
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Appendix A

Definition A.1. Let 7 € Tjpr). An optional process (&):<7 is said to be right
upper-semicontinuous (r.u.s.c) along stopping times at the stopping time 7 if for
all nonincreasing sequence of stopping times (7,)n>0 such that 7, \, 7 a.s. and
& > limsup,, o &, a.s. The process (& )<7 is said to be r.u.s.c along stopping
times if it is r.u.s.c along stopping times at each 7 € T 77

Definition A.2. Let (K;)i<r and (C})i<r be two R-valued optional nondecreas-
ing cadlag processes with Ko = 0, Cy = 0, E[K7| < 400 and E[Cr] < +00. We
say that the random measures dK; and dC; are mutually singular and we write
dK; L dCy, if there exists D € O such that

T T
/ ]chth] =E l/ 1pdC;
0 0

Definition A.3. Let (Y;):<r be an optional process. We say that Y is a strong
(optional) supermartingale if Y is integrable for all 7 € Tjp 1) and Y, > E[Y;|F,]
a.s. forallv <t e 7[07T].

E

Theorem A.4 (Mertens decomposition). Let Y be a strong optional super-
martingale of class(D). There exists a unique uniformly integrable martingale
(cadlag) M, a unique nondecreasing right-continuous predictable process K with
Ko =0 and E[K7] < 400, and a unique nondecreasing right-continuous adapted
purely discontinuous process C' with Cy— = 0 and E[Cr] < +00, such that

}N/t:Mt—Kt—Ct_ vtSTG,S
Theorem A.5 (Gal’chouk-Lenglart formula). Let n € N. Let Y be an n-
dimensional optional semimartingale with decomposition Y* = YF + M* + N* +
Wk, for all k = 1,--- ,n where M* is a (cadlag) local martingale, N* is a right-
continuous process of finite variation such that N§ = 0 and W* is a left-continuous
process of finite variation which is purely discontinuous and such that W§ = 0.

Let F' be a twice continuously differentiable function on R™. Then, almost surely,
for allt >0,

F(:) = F(Yo) +Z/ DFF(Y,_)d(M* + N*),

+= Z/DkDF _)d < M%e Mbe >
kl 1

>

0<s<t

- K k k
+3 /0 DFF(Y)d(WH).y
+ )

0<s<t

Z DFF(Y,_)AY}F
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where D* denotes the differentiation operator with respect to the k-th coordinate,
and M"*° denotes the continuous part of M*.

Corollary A.6. Let Y be an one-dimensional optional semimartingale with de-
composition Y = Yy + M + N + W where M, N and W are as in the above
Theorem. Let X be a continuous process of finite variation. Then, almost surely,
for allt >0,

F(Xy, 1)

t t
= F(XO,YO)—i-/ BXF(XS,YS)ds—k/ Oy F(Xs,Ys—)d(M + N),
0 0

1 t t
7/ O3 F (X, Y )d < M, M€ >, +/ Oy F(Xs, Y )d(W) sy
0

+ Y [F(X.,Y) = F(X,,Ys) = 0y F(X,, Y, )AY]
0<s<t
+ Y [F(X,,Yey) = F(X,,Y,) — 0y F(X,,Y.) ALY
0<s<t

where Oy s the partial derivative operator with respect to Y.
We give some useful properties of the operator Ref in the following lemmas.

Lemma A.7. (1) The operator Ref is nondecreasing, that is, for & and &
belongs to S?(B,a) such that £ < &' we have Refl€] < Refl¢'].
(2) If € € S?(B,a) is a strong supermartingale, then Ref[¢] = €.
(3) For each ¢ € S?(B,a), Ref[€] is a strong supermartingale and satisfies
Refl¢] = €.
Lemma A.8. Let (§"),>0 be a nondecreasing sequence of processes belonging to
S%(B,a). Let & = nErJrrlOOQ“". If € € §%(B,a) the we have Ref[¢] = ngrfooRef[fn].

In the following we find a special case to Gal’chouk-Lenglart formula for the
convex function z — 2zt du in to E. Lenglart 1980 [26].

Theorem A.9. Let Y be an one-dimensional optional semimartingale. Then,
almost surely, for all t > 0,

%Lt(y)

+ > [Ysiﬂ{yfsw HY iy oy | Y gy <op + Y Ly 50y

0<s<t

t
v o= Yo+ / Ly sopdYs +
0

where (Lt)i<r is a local time (nondecreasing continuous process). Moreover Y+
is an optional semimartingale.

Theorem A.10. IfY be an optional semimartingale, then Zogs<t Y;L]I{yf <0yt
Y 1y, soy is finite a.s.
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