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Abstract: A graph labeling is an assignment of integers to the vertices or edges or 
both subject to certain conditions. The graph for which every edge (uv), the labels 
assigned to u and v are whole numbers and for each vertex of degree at least 2, the 
gcd of the labels of the incident edges is 1. Here we characterize some path related 
graphs for square difference prime labeling.
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Introduction1. 

All graphs in this paper are finite and undirected. The symbol V(G) and E(G) 
denotes the vertex set and edge set of a graph G. The graph whose cardinality of 
the vertex set is called the order of G, denoted by p and the cardinality of the edge 
set is called the size of the graph G, denoted by q. A graph with p vertices and q 
edges is called a (p, q)-graph.

A graph labeling is an assignment of integers to the vertices or edges. Some basic 
notations and definitions are taken from [1], [2], [3] and [4]. Some basic concepts 
are taken from Frank Harary [1]. In this paper we investigated square difference 
prime labeling of some path related graphs.

Main Results2. 

Definition 2.1: Let G = (V(G), E(G)) be a graph with p vertices and q edges. Define 
a bijection f : V(G) Æ {0, 1, 2, ..., p - 1} by f (vi) = i - 1, for every i from 1 to p and 
define a 1 - 1 mapping f *sdp : E(G) Æ set of natural numbers N by f *sdp(uv) = | f (u)2 - 
f (v)2 |. The induced function f *sdp is said to be a square difference prime labeling, if for 
each vertex of degree at least 2, the g c d of the labels of the incident edges is 1.

Definition 2.2: A graph which admits square difference prime labeling is called a 
square difference prime graph.

Definition 2.3: Let V(G) and X(G) denote the vertex set and the edge set of G, 
respectively. The middle graph M(G) of G whose vertex set is V(G) union X(G) 
where two vertices are adjacent if and only if
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(i) They are adjacent edges of G or

(ii) One is a vertex and other is an edge incident with it.

Definition 2.4: The total graph T(G) of G is the graph whose vertex set is V(G) 
union X(G) where two vertices are adjacent if and only if

(i) They are adjacent edges of G or

(ii) One is a vertex and other is an edge incident with it.

(iii) They are adjacent vertices of G.

Definition 2.5: Let G = (V, E) be a simple graph and G¢ = (V¢, E¢) be another copy 
of graph G. Join each vertex v of G to the corresponding vertex v¢ of G¢ by an edge. 
The new graph thus obtained is the 2-tuple graph of G. 2-tuple graph of G is denoted 
by T2(G). Further if G = (p; q) then V{T2(G)} = 2p and E{T2(G)} = 2q + p.

Definition 2.6: Let G(V, E) be a simple graph. A duplicate graph of G is DG = (V1, E1), 
where the vertex set V1 = V » V¢ and V « V¢ = j and f : V Æ V¢ is bijective and 
the edge set E1 of DG is defined as: The edge ab is in E if and only if both ab¢ and 
a¢b are edges in E1.

Definition 2.7: In a pair of path Pn, i
th vertex of a path P¢ is joined with (i + 1)th 

vertex of a path P≤. The resulting graph is denoted by [Z - (Pn)].

Definition 2.8: The distance d(u, v) between two vertices u and v in G is the length 
of a shortest path joining them if any, otherwise d(u, v) = •.

Definition 2.9: The square G2 of a graph G has V(G2) = V(G) with u, v adjacent in 
G2 whenever d(u, v) £ 2 in G.

Definition 2.10: The shadow graph D2(G) of a connected graph G is constructed 
by taking two copies of G say G1 and G2 join each vertex v in G1 to the neighbors 
of the corresponding vertex u in G2.

Definition 2.11: Strong double graph SD(G) is a graph obtained by taking two 
copies of G and joining each vertex vi in one copy with the closed neighborhood 
N[vi] = N(vi) » {vi}of corresponding vertices in another copy.

Theorem 2.1: The 2-tuple graph of path Pn admits square difference prime labeling.

Proof: Let G = T2(Pn) and let v1, v2, ..., v2n are the vertices of G.

Here | V(G) | = 2n and | E(G) | = 3n - 2

Define a function f : V Æ {0, 1, 2, ..., 2n - 1} by

 f (vi) = i - 1, i = 1, 2, ..., 2n
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For the vertex labeling f, the induced edge labeling f *sdp is defined as follows

 f *sdp(vi vi + 1) = 2i - 1, i = 1, 2, ..., 2n - 1

 f *sdp(vi v2n - i + 1) = (2n - 1)(2n - 2i + 1), i = 1, 2, ..., n - 1

According to this pattern T2(Pn), admits square difference prime labeling.

Theorem 2.2: The middle graph of path Pn admits square difference prime labeling.

Proof: Let G = M(Pn) and let v1, v2, ..., v2n - 1 are the vertices of G.

Here | V(G) | = 2n - 1 and | E(G) | = 3n - 4

Define a function f : V Æ {0, 1, 2, ..., 2n - 2} by

 f (vi) = i - 1, i = 1, 2, ..., 2n - 1

For the vertex labeling f, the induced edge labeling f *sdp is defined as follows:

 f *sdp(vi vi + 1) = 2i - 1, i = 1, 2, ..., 2n - 2

 f *sdp(v2i v2i + 2) = 8i, i = 1, 2, ..., n - 2

According to this pattern M(Pn), admits square difference prime labeling.

Theorem 2.3: The total graph of path Pn admits square difference prime labeling.

Proof: Let G = T(Pn) and let v1, v2, ..., v2n - 1 are the vertices of G.

Here | V(G) | = 2n - 1 and | E(G) | = 4n - 5

Define a function f : V Æ {0, 1, 2, ..., 2n - 2} by

 f (vi) = i - 1, i = 1, 2, ..., 2n - 1

For the vertex labeling f, the induced edge labeling f *sdp is defined as follows

 f *sdp(vi vi + 1) = 2i - 1, i = 1, 2, ..., 2n - 2

 f *sdp(v2i v2i + 2) = 8i, i = 1, 2, ..., n - 2

 f *sdp(v2i + 1 v2i + 1) = 8i - 4, i = 1, 2, ..., n - 1

According to this pattern T(Pn), admits square difference prime labeling.

Theorem 2.4: The duplicate graph of path Pn admits square difference prime 
labeling.

Proof: Let G = D(Pn) and let v1, v2, ..., v2n are the vertices of G.

Here | V(G) | = 2n and | E(G) | = 2n - 2

Define a function f : V Æ {0, 1, 2, ..., 2n - 1} by

 f (vi) = i - 1, i = 1, 2, ..., 2n
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For the vertex labeling f, the induced edge labeling f *sdp is defined as follows

 f *sdp(vi vi + 1) = 2i - 1, i = 1, 2, ..., n - 1

 f *sdp(vn + i vn + i + 1) = 2n + 2i - 1, i = 1, 2, ..., n - 1

According to this pattern D(Pn), admits square difference prime labeling.

Theorem 2.5: The graph Pn
2 admits square difference prime labeling.

Proof: Let G = Pn
2 and let v1, v2, ..., vn are the vertices of G.

Here V(G) = n and E(G) = 2n - 3

Define a function f : V Æ {0, 1, 2, ..., n - 1} by

 f (vi) = i - 1, i = 1, 2, ..., n

For the vertex labeling f, the induced edge labeling f *sdp is defined as follows

 f *sdp(vi vi + 1) = 2i - 1, i = 1, 2, ..., n - 1

 f *sdp(vi vi + 2) = 4i, i = 1, 2, ..., n - 2

According to this pattern (Pn)
2, admits square difference prime labeling.

Theorem 2.6: The graph [Z - (Pn)] admits square difference prime labeling when 
n ∫ 2(mod 3).

Proof: Let G = [Z - (Pn)] and let v1, v2, ..., v2n are the vertices of G.

Here | V(G) | = 2n and | E(G) | = 3n - 3

Define a function f : V Æ {0, 1, 2, ..., 2n - 1} by

 f (vi) = i - 1, i = 1, 2, ..., 2n

For the vertex labeling f, the induced edge labeling f *sdp is defined as follows:

 f *sdp(vi vi + 1) = 2i - 1, i = 1, 2, ..., n - 1

 f *sdp(vn + i vn + i + 1) = 2n + 2i - 1, i = 1, 2, ..., n - 1

 f *sdp(vi + 1 vn + i) = (n + 2i - 1)(n - 1), i = 1, 2, ..., n - 1

According to this pattern [Z - (Pn)], admits square difference prime labeling.

Theorem 2.7: The shadow graph of path Pn admits square difference prime labeling 
when n ∫ 2(mod 3) and n π 21k - 1(k = 1, 2, ...).

Proof: Let G = D2(Pn) and let v1, v2, ..., v2n are the vertices of G.

Here | V(G) | = 2n and | E(G) | = 4n - 4

Define a function f : V Æ {0, 1, 2, ..., 2n - 1} by f (vi) = i - 1, i = 1, 2, ..., 2n
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For the vertex labeling f, the induced edge labeling f *sdp is defined as follows

 f *sdp(vi vi + 1) = 2i - 1 i = 1, 2, ..., n - 1

 f *sdp(vn + i vn + i + 1) = 2n + 2i - 1, i = 1, 2, ..., n - 1

 f *sdp(vi + 1 vn + i) = (n + 2i - 1)(n - 1), i = 1, 2, ..., n - 1

 f *sdp(vi vn + i + 1) = (n + 2i - 1)(n + 1), i = 1, 2, ..., n - 1

According to this pattern D2(Pn) , admits square difference prime labeling.

Theorem 2.8: Strong double graph of path Pn admits square difference prime 
labeling.

Proof: Let G = SD(Pn) and let v1,v2,--------------,v2n are the vertices of G.

Here | V(G) | = 2n and | E(G) | = 5n - 4.

Define a mapping f : V Æ {0, 1, 2, 3, ..., 2n - 1} by

 f (vi) = i - 1, i = 1, 2, ..., n and

 f (ui) = 2n - i, i = 1, 2, ..., n.

Clearly f is a one – one, onto mapping.

For the vertex labeling f, the induced edge labeling f *sdp is defined as follows:

 f *sdp(vi vi + 1)) = 2i - 1, 1 £ i £ n - 1

 f *sdp(ui ui + 1)) = 4n - 2i - 1, 1 £ i £ n - 1

 f *sdp(ui vi)) = (2n - 1)(2n - 2i + 1), 1 £ i £ n

 f *sdp(vi vi + 1) = (2n - 2)(2n - 2i), 1 £ i £ n - 1

 f *sdp(ui vi + 1) = 2n(2n - 2i), 1 £ i £ n - 1

 gcd of (v1) = gcd of (1, (2n - 1)2) = 1

 gcd of (u1) = gcd of (2n - 1, 4n - 3) = gcd of (2n - 2, 2n - 1) = 1

From the definition of edge labeling it is clear that gcd of all other vertices 
are one and the edge labels are also distinct. So the graph SD(Pn) admits square 
difference prime labeling.
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