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Theory of Inverse Images of Fs-Subsets
under an Fs-Function - Some Observations
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Abstract : In this paper we introduce the concept of inverse image of an Fs-subset under an Fs-function and
prove some results.
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1. INTRODUCTION

Ever since Zadeh [8] introduced the notion of fuzzy sets in his pioneering work, several mathematicians
studied numerous aspects of fuzzy sets.

Recently many researchers put their efforts in order to prove collection of all fuzzy subsets of a
given fuzzy set is Boolean algebra under suitable operations [21].Vaddiparthi Yogeswara , G.Srinivas and
Biswajit Rath[11] introduced the concept of Fs-set and developed the theory of Fs-sets in order to prove
collection of all Fs-subsets of given Fs-set is a complete Boolean algebra under Fs-unions, Fs-intersections
and Fs-complements. The Fs-sets they introduced contain Boolean valued membership functions. They
are successful in their efforts in proving that result with some conditions. In this paper we introduce the
concept of inverse image of an Fs-subset under an Fs-function and prove some results. For smooth reading
of the paper, the theory of Fs-sets and Fs-functions in brief is dealt with in first two sections. We denote the
largest element of a complete Boolean algebra L,[1.1] by M, or 1,. For all lattice theoretic properties and
Boolean algebraic properties one can refer Szasz [3], Garret Birkhoff [4], Steven Givant « Paul Halmos [2]
and Thomas Jech [5]. For results in topology one can refer [10].

2. THEORY OF FS-SETS

1. Fs-set: Let U be a universal set, A, < U and let A U be non-empty. A four tuple
A= (AL AA (1, 1) L)
is a complete Boolean Algebra
(@) A c A
(b) L, is a complete Boolean Algebra
(c) Mg, A —>L,,u, A—L,, are functions such that My, |A>p,,

2. Fs-subset : Let A= (A, A, A (1, XA (4,)), L) and B=(B,, B, B (1,5, Hyy), Ly) be a pair of
Fs-sets. B is said to be an Fs-subset of A, denoted by B < A, if, and only if
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(@) B, A,AcC B
(b) L, is a complete subalgebra of L, or L, <L,
(©) B, <Hy,, [ By and pog A=,
3. Proposition : Let B and A be a pair of Fs-sets such that B < A . Then Bx < Ax is true for each x € A

4. Definition : For some L, such that L, <L, a four tuple X = (X, X, X (ulxl , L), Ly) is not an
Fs-set if, and only if

(@) X € X, or
(D) Wiy, X £ By x, forsomex € X N X,

Here onwards, any object of this type is called an Fs-empty set of first kind and we accept that it is an
Fs-subset of B for any B ¢ A.

Definition : An Fs-subset Y =(Y1,Y, Y (plYl, W), L) of A, is said to be an Fs-empty set of second
kind if, and only if

(@ Y, =Y=A
() L,<L,
() Y=0

4.1. Remark : We denote Fs-empty set of first kind or Fs-empty set of second kind by @, and we
prove later (1.15), @, is the least Fs-subset among all Fs-subsets of A.

5. Definition : Let B,= (B, , B,, B, (K5, Mog,)s L) and
B,=(B,,, B,, B, (15,)): 1)) Ly, be a pair of Fs-subsets.

1. We say that B and B, are (1,5)-equal, if B, = B , and LB] = LBz
We say that B and B, are (2,5)-equal, if B =B, and L, = L32
We say that B, and B, are 3-equal, if B, and B, are (1,5)-equal and Mg, = Mgy,
We say that B, and B, are 4-equal, if B and B, are (2,5)-equal and Hyp, = Mo,
We say that B, and B, are Total equal denoted B, = B, (T), if B, and B, are (2,5)-equal and
Bl - BZ

6. We say that B, B, are Full-equal, denoted B, = B,, if B, and B, are 3-equal and 4-equal.

6. Proposition: B,=(B,,, B, B, (Hy5,,)> My,> Ly and

B,=(B,,, B, B, (“1Blz= uBz), LBZ) are Full-equal if, only if B, B, and B, = B,.

7. Remark : Whenever X and Y are Complete Boolean algebra ® — X x Y be a relation
(a) We say that ® is (v, A)-complete relation on X if, and only if v ® (A__ o) =A__ (A @ a) for any

A

Tc X

(b) We say that @ is (v, A)-complete relation on X if, and only if v @ (A__ @) =A__ (v @ o) for any
TcX.

(c) We say that @ is (v, An)-complete relation on X if, and only if A® (A _ o) =A__. (A © o) for any
TcX.

(d) We say that @ is said to be v-increasing on X if, and only if, and only if, v ® o < v 3 forany
a, B € X such that o < 3.

8. Proposition : Whenever @ : X — Y is a complete Boolean algebra homomorphism, then
1. isjoin increasing on
2. is -complete relation on

3. is -complete relation on
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3. FS-FUNCTIONS

1. Definition : A Triplet (f,, f, ®)is said to be is an Fs-Function between two given Fs-subsets
= (C,C,C (ulcl, 1,.), L) of A, denoted by
(/i ®):B = (B,B,B (1, 1y L) > C
= (C,,C, C(n, cp W), L) if, and only if (using the diagrams).

f. f
B 5C, B———>C
H1B1l 1H1C1 Hog l l“zo
LBT)LC Lg o > Lc

Figure 1: Fs-function ? B—>C
(@) f=f|5:B— Cbeinto
(b) @:L,— L, is complete homomorphism
(f,, f, @) is denoted by f
2. Proposition : (i) Hic, o S ls
(il ®opy, |,
3. Def : Increasing Fs-function

oo f

>
= Oy,

f is said to be an increasing Fs- function, and denoted by f', if, and only if(using fig-1)

(@ e, [Cofilg 2@y

(D) Hyo fSDepy,

4. Proposition : @ ° (u, x)°= [(D ° p, )x]°

5. Proposition: ® - B < C - f, provided f is an increasing Fs-function

6. Def : Decreasing Fs-function

/ is said to be decreasing Fs-function denoted as £, and if and only if

(@ W, [Cofly=®epy

B) e f 2 @opy,

7. Proposition : ® < B > C- f, provided f is a decreasing Fs-function

8. Def : Preserving Fs- function

f is said to be preserving Fs-function and denoted as f~ ) if, and only if

@ Bl /I B=@ e py,

(0) Hyeo f=D ey,

9. Proposition : @ - B =C f, provided " is Fs- preserving function
IMAGES OF FS-SUBSET

10. Definition. Let D < B and f : B — C be an Fs-function, where
B = (Bl’ B,B (“131’ MZB)’ LB)’
C =(,¢C C (“1c1’ Hyer Lo,
D = (D,,D,D (1, Ky L),
D = Dand f = f, | :B— C be onto.
Define f(D) as follows
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e=(E,E, E(u,, b,)L,), where
1. E =f (D)
2. E=AD)
3. Mg, - E, — L. is defined by
Py, x )
Hock Ve YA yl/ﬂx o ] , ifyeC
xeD;
UV =
du,, x )
ulclyA[yvf]x o ] if y¢C
xeDy
4. p,. : E— L_is defined by
P, x
Uy y Hoch Ve, YA yl/jix 2D ]
xeD
5. L, = ([u(lEl (E))]) = The complete subalgebra generated by [“151 (E)], where
[“151 (E))] = The complete ideal generated by “1E1(E1)
4.

INVERSE IMAGE OF FS-SUBSET

1. Definition. LetD c B and f: B — C be an Fs-function, ¢! < L. x L, be v-increasing ("." Prop 1.7(d))

7 = fls: > be onto.
Let e < C,
where - e = (E,EE (“151’ Hop) L)
Define f ! (E) as follows
7@ =D
- (Dl’ D,D (MIDI’ Mo LD)’
where
(@) D, =f""(E)
(b) D=/""(E)
(c) Hyp, - D, — L, is defined by
’ g X , whenever <I>"u1Elf1x =
@—l
HZB xV MlBly/\ @a:\;{E fix ulElﬁx RAS B
HlDlx = ) aeLB].
@71
Mg XA\ | go :\;{Fdﬁx ulElflx] ,x¢ZB
a€ly

(d) wn,,:D— L is defined by

W,px ,whenever @' p, fr =

V (I)luzﬁfx]

l”I“ZDx:

Hog XV Mg XA

Pa = pyg fx
a€ly

(e) L,=L,
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2. Proposition : 7*1 (¢) is an Fs-subset of B, if ®'c L _x L, is v-increasing (*."Prop 1.7(d))
Proof : Let /' ()=D=(D,, D, D (b, ,.), L),

where
(a) Dl :fiil (El)
(b) D=f"(E)
(©) B, 1D, — L, is defined by

My X , whenever &', fix =&

@—1
Hop XV Mg XA @a:\u/ fix MlE]flx ,XEB
Hip ¥ = ] l otel:l‘l
o' X
Hyp, X A @a:\}{E]flx ulElfl ] ,x¢B
acly

(d) wn,,:D, — L, is defined by

W,,X, whenever ® ' fr =&

Hap® = Hog XV |Hp XA @a:\{nfxq) lqufo
a€cly
(e) L,=L,
EcC=EcC=f"'E) = D cf'(C)=B,
so that, D, < B,
EcC=EoC=fYE) = Do f'(C)=B
so that D o8B

Case(I) For x € B,
W fx < “1Elf1 x and @' is v-increasing (*." Prop 1.7(d))

V OV 0 f

j— dou = pyp fi > Qa=pg fix

acly a€ly

B -1
VO fi Vo P g S
B 15, J1

= MZB ‘xv HIB]‘X/\ Qo= pypy S H2B xv HIBIX/\ (I)a:”'lﬁly

a€cly acly
= HppX S Myp, X

Case(ii). Forx ¢ B,
W, fx < Mg, f,x and @' is v-increasing (. Prop 1.7(d))

Vo fe o @y fix

= o= pyp fi = Po=ppg fix
acly a€Ly
1 -1
A Vo P e fx YA \VARR M1E]f1x
= l/llBl x o= pyg f = MIB1 Po =g, f1x
a€ly a€ly
= HppX < Hyp X

Hence /! (¢) is an Fs-subset of B.
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3. Proposition : Let B and C be any pair of Fs-subsets and ? : B — C be an Fs-function. Let ¢ and

g, be Fs-subsets C such thate, c e,and e, =¢,=C, then f "' (g) =/ ' (&,)

Proof : Let B
C
81
and g,
81
(a) E11 S E12’ El = Ez

(b) Ly, <L,

(B,, B, B(,» Myp), L),
(C,, C, Clhy > 1yo)s L),
(Eu’ EP El (“11511’ “2151)3 LEl)
(El2’ Ez’ Ez (ulElz’ l’lez)’ LEQ)
€2 imply

(©) W, Y<Ky, »Vy e E and .y >y, p, Vy € E,
11

Let, - (81 = D= (Dn’ D, Dl (“an’ M2D1)’ LDl)’
and : (82) = D2: (Dlza Dza Dz (M]DIZ’ MZDZ)’ LD2)
where

1' Dll =‘flil (Ell)
2. D, =f""(E)
3. M, D> LDl is defined by

My X , whenever @'y, fix=®

o x
Hop XV g XA qm:\{m ¥ e, ] ,XEB
HlDll'x = ] aeLB“
o X
Hyp X A @a:\u/m“y HlE”fl ] ,x¢ B
acly

4. D> LDl is defined by

W,zXx, whenver (If]uZElfx =

x =
Hon, Hop XA\ | yp XA
5. L, =L,
6. D,=f""(E,)
7. D,=f"(E)
8. Hip,, D, — LD2 is defined by
Mg X
Mo XV Mg XA
Hip¥ = )
HIBI‘X/\ Qo= g,y
acly

\V4 q)ilqulfx

<I>0L:u251y
acly

, whenever &', fix =®

Po=pyg,y

\V (I)]Hualzflx” x€B

acly

V q)lulElzflx] x¢B
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9. Hyp, - D, — LD2 is defined by
W,pX, whenver @’IMZEfo =0
T Dy fi
2P Hop XA Mg XA <I>a:\/sz2y o
a€ly
10. LD,=L,
Need to show that, (€Y < f'()=>D,cD,
It is enough to show that,
11. D,eD,,D 2D,
12. LDI < LDz
13. Hip, X < Hyp X, Vx € D, and Hop X 2 uZsz,‘v’x eD,
Proof of (11) (a) implies
S (E,) < 7 (B, or DD, and }
S7'(E) = f ' (E)orD 2D, (1)
Proof of (12) follows from (5) and (10) ..(2)
Proof of (13) From (c¢)
l/I'IEHf;'X S MIEIZ fix
V @7lulEllﬁx V @71“1E11ﬁx
= Po=pyg,, f1x S Qa=pg,fix
acly acly
also
Case (1) Forx € B,
O fix 'y fix
= TS @a:\{m”y T < g XA @q:\,{w el
acly acly
'n,. fix O'n, fix
= HopX Vg XA @a:\u/lE“y et < HopX VK XA <I>(x:\u/1512y e
aely acly
Case (1) Forx € B,
Oy fix o x
= MIBIX/\ <I><x:\ué”f1x et < H'IBIX/\ <I>a:\u]/512fix HIEIZfi
a€ly acly
= lJ’]Dll S MlDlz'x
From Case 1 and Case 2 for each x € D , we can conclude that,
KX S W, X forxeBorxeB ..(3)

Again From (c) we have Mg fir 2 Mg, f
1 B}
\V Dy, fX O, fx
= MIBIX/\ Pou=pyp, f1x ’ 2 MIBI‘X/\ @a:\u/zEzfx "
acly a€ly
_1 )
\V P HzElﬁC O u,, fx
= HopX Vg XA g =iy 4 > MypX Vg XA <I>a:\u/2E2fx 2"
OLELB OLELB

|
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= Hyp, X 2 Hap, X Vx € D,

From (1),(2),(3) and (3) we can conclude that,
D, < D,ie.f ' (g)cf " (g).
4. Proposition : Let /: B — C be an Fs-function. Let E < C be such that E = C and assume
(@) pyy S@-pypx
(b) ©- Mg X SHpy for each x € B such thaty = f,x

then ff e c e
Proof : Observe that, p, . y<p, y<®-p x<P- Py, X < Hyp ¥ S B Y

C = (C,.C.C (1. by L) and

Let, f'() = D=(D,D,D (“m]’ W, Lp).h
where

(@) D, =f"(E)
(b) D=/ (E)
(c) Hyp, - D, — L, is defined by

By X , whenever &', fix =®

O 'n, fix
Hop XV HIBIX/\ q)q:\F{Elflx i ] ,x€B
MlDl'x = acly
@—l
“lBl'x A Do, :\L{Elflx ulElflx] s X g B
acly
(d) u,,:D— L is defined by
W,,x, whenver ® ', fr =&
X = o X
MZD HZB xV Mlle/\ q)a:\/“z]ifx quf1
a€ly
(e) L,=L,
Again suppose J7T ') = J(D)=F=(F,FF(u,. m). L.
where
N F=fDO)=fDE)=E
(& F=fO=Af"HEN=fFH(C)=C=E
(h) Mg, - F, — L is defined by
' du,px, || .
Hoc Y V|l YA yx]x PrlLif yec
xeDy
ST
S, x| .
HlC] y/\ yl/flx o ’lfygc
xeD,

(9 Mg, - F — L. is defined by

(4
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szy = MZC y\/ MlCly/\

y=hx
xeD

V Py x]

() L= ([n,: (F)D = The complete subalgebra generated by [p,, (F))], where [p. )(F)] = The
complete ideal generated by My, (F)

Need to show that, F < € i.e. it is enough to show that
(k) FcE, ECF

(/) L, isacomplete subalgebra of L, or L, <L,
(m) Wy <Py | Fpoand po [E2p,,

(k) 1s follows from (f) and (g)

(/) s follows from (e) and (5)

Proof of (m) : Fory € C,

Py x
Mg, V= Hac YV (e YA yl/flx P ]
xeDi
o TR
- MZC y\/ chly/\ yl{‘ix MZB X\/ l’l'lle /\[‘ba—\}{aﬁx 1E; £ ]]
xeD a€ly

Hoc Y VI YA

y=hx Po=pyg, f1x
xeDy a€ly

P!
\/ @umXV®M%XA[ M e, i

)

Casel:(a): D 'p,, fix=2>,

o' x
Mg,V = Haocy Ve XA @a:\u/szlx 2 ]

a€ly

du,px
- Mlcly/\ @a:\p.{mflx . ]

acly
Vo Py ..
< <I>a:Lu15]f1x < “1E1f1x (@ Hop X < @ }’llleS ”1151 ¥)
a€ly
Case : (b) @ HlElfl x#®
LTI
Hig ¥ = Hac YV W YA yyflx Ppyp xV q)“lBl)C/\[@a\p{mfix e ]]

xeD, aely
= Hye YVl YA yl/jix Pp,p xV D Hyp, X N M1E]f1x ]]

xeD,
= V N \% P Ve
= Wy VYV, VAN = fix| PHoY Mg X

xeD,

Py, x

= Hye YVl YA yl/jix . ]

xeD,
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V q)ulle V (I)HlBl

= Wi y/\[f_flx < v=fx < lElflx
xeD, xeD,

For y=fx¢gC,
V (I)HlDlx
l’llFly = Mlcly/\ y=hx
xeD;
O ', fix

= M, YA y—\{x@[uzsxv Hyp, X A @a:\;{Elflx e

xeD, acly
P 'n,. fix

= Ry, YN y\//ix[(Duszv (I)lvlusl x A <I)(1:\L{E]jix e

xeDy €Ly
Case2: (a)qD*‘ulEl y= 0,
\/  Pu,px
MgV = “lcly/\ o=y, fix *
a€ly
V Pp,ypx
< o=t fir S P S CCPeopx < D Mg, X< Ky V)
acly

Case 2 : (b)quulEl y= @,

V (I)CI)]Mlﬁlflx]

q’Q:H]E]flx

acly

Hp V= M, YA yl{’lx Py XV | Py x A
xeD,

|

= K YA y\{fx Ppyp x V ®u181 XN W, Jix

€

= My YA yyflx du,, xV <I>ulle

xeD,
o Ppyp x < X
= HIC]y/\ y>/flx HIBIX] < yl/flx Hi, ulE]ﬁ
xeD x €Dy
du, x
Hpy = Hacl “1cly/\[y\/fx P ]
xeD
O, i
- Mzcy\/ lJ'lcly/\ y\/fxq){ Hop xV ulle A @aZ\{ZE.fX "
xeD xeL,
P! X
= WYV chly/\ y\—/ﬁc{ QHZB xV (I)H]BIX/\ q"X:\{mfx uzﬁf HH
xeD xel,

Case3:(a) @ 'pn,, fi= @,

Vo Puypx
Po=pyp fi
a€ly

By = Hac YV |Hie YA
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du,x
= Mlcly/\[cba—\/mﬁc 2

acly

2 e, YA Uy = Mg fX

Case3:(b) @ 'p,, fiz @,

Wy = Hac YVikie YA

Qo= pyp fi
a€cly

\ ‘I’me]

= el V| K YA yy,ix{(PHsz \/[(I)ulle /\HZE.ﬁC]}]

xeD

= WV V| e YN yl_/flx{q)“mxv HzEﬁC}

xeD
P,y x P,y x
= WV V| By YN yl{‘ix 2 2 e, ¥ A yl{’]x 2 Zulcly/\uzﬁfx:l'lzﬁfx
xeD xeD
Hence F c ¢gie
ff'E ce

5. Proposition : Iff : B — C be a decreasing Fs-function, e c C, E=C, thenf /' (¢ ) C &.
Proof : We have, ® o, x <p, . y<p, y < Mg, VS By, ¥ < ®-p, xforxeB

C = (o €, Clhyeys oo L) and
E = (EP E, E(MlEl’ qu)’ LE)

Let f'() = D=D,D,D (“m]’ 1), L),
Where
(@) D, =f"(E)
(b) D=/""(E)
(c) Hyp, - D, — L, is defined by
HypX , whenever &', fix =
@71
HopX V CI)(I:\“{E fix ulElflx] ,xeV
MlDl'x = ((3S LlB:
o 'n,, fix
Hlle N <I>(x=\}{E1flx e X g \%
ae Ly

(d) n,,:D— L, is defined by

WX , whenever ® ' p,, fi=®

HopX = \/ (I)IMzEfx]

HopX V [Hyp X A

o= pyg fx
a€ Ly

(e) L,=L,

Again suppose 7 (&) = /(D) =F = (F . F, F(u,, .y, . L.
where

(N F=f,O)=/ () E)CE, (. f is onto)
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(&) F=AD)=A/"") EN=ASH(C)=C=E
(h) Mg, - F, — L. s defined by

Py, x
Hocy V ulC]y/\[y\éix o ] ,yeC
xeD,
HipV =
o, x
“’lCly/\[y}_/flx o ] )y¢C
xeD;
(1) m,: F— L. is defined by
P, x
H,y = HaedV ulclyA[nyflx ZD ]
xe Dy

() L, = ([“wl) (F)]) = The complete subalgebra generated by [MlFl(Fl)]’ where [p,,. (F))] = The

complete ideal generated by Mg, (F)
Need to show that, F < ¢ i.e. it is sufficient to show that,
(k) FcE,F2E
() L,sL,
(M) Wy VS Hpp Vs Mol 2 o v
(k) 1s follows from (f) and (g)
(/) is follows from (e) and (j)

Proof of (m) : For x € B,
Py, x
Moy = Hacd VMg ¥ A y\g o ]
xe Dy
O 'n, fix
= Wl V| K YA y\{‘ix¢[ Hop XV | By XA @a:\p{Elflx i
xeD a€ly
P 'n . fix
= eV V| B YA y}/jix[ Py xV (I)FHB] XA @u:\;{E]flx B
xeD, a€ly
Case:1(a): @' My fX =0, fix= ulElflx
Case :1(b) : ! “u;lfl x#®
D 'n,. fix
RV = oy V| e YA y}{’lx[ Ppyp x V (I’Mml XA @a:\;{}:lﬁx e
xeD; acly

= M)V VIHe YA y}g]x(®”23 x \/[(I>},llBl X /\},llElflx])]
xeb,

= HocV VM Y A yyflx(fbuw xV ulElflx)

xeD,

Mg, JiX
= Wy Ve ¥ A yvf e ]

xeD,

= ey V(e YA g fX)
= Bk VR fX
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= My, f.x, wheneverx € B

For y e C,
V (I)FHDIX
RV = l""lCly/\ y=fix
xeD,
o', fix
= K YA y}/flxq)[ HopX V| Hyg X A ¢Q:Yh]ﬁx e
xeD, a€ly
P 'n. fix
= K YA y\/ﬁxq)[ Ppypx V (I)Mlle A @a:\;{Elﬁx e
xeD, a€ly

Case:2(a): d'p, fix=,u, fix=p, fx
Case :2 () : D', frx# D

Ppyp, x A

‘I’a:MEl.fix
a€ly

V cb(pluuzlﬁx]

)

HIF]y = ulcly/\ y}/flx[ ¢“2va

xeD;

= K YN i:/lj;ix ((I)Plsz \/[(I)Hlle A MlElflx])]

= K, YA yzélx(q)“zlsx v lvllE,flx)

xeDy,

Mg, /1%
= chly/\ y¥ix e

xeD

= P, YA g JXN = Ry, fix

P, x
My = Haed V(B YA y\/f »
xeD
D'y, fi

= UV Hic, YA yyixq){ HopXx V Mg, X N ¢a¥2Ey 2

xeD a€ly

DDy fi

= W)V V| Ky YA y\/fix{ Ppypx V (I)ulB] x N @al/umy 2

xeD a€ly

Case:3(a): ®'p,, =, p fx=p,, fx
Case:3(b): d ', fx+D

By = Hacl Vikye YA y\:/fx{q)uzlsx v [q)MlB]x A MZEfx]}]

xeD

= Myl Ve YA y\://x{CDHZBx v MZEﬁC}]

xeD

Hop fX
= Kyl VM YA y\:/fx 2 ]

xeD
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= Hoed VR Y A By ]
= Mok VR X =y fX
Hence F c ¢ ie
friE ce
5.1. Corollary : If /: B— C be a decreasing Fs-function, £, is onto, e  C, E=C, then / /' (¢) and
¢ are full-equal.

Proof : We have, ®°p,, x <p, y<p, y< Mg, V< u]CIyS(D ° W, xforx e B
Let B = (B,,B,B (1, Ky Ly
C = (C, C Cluye, by L) and

E = (EI’ E, E(HlEl’ “2E)’ LE)
Let: f ! (8) = D = (Dp D) D (M]Dl’ MZD)’ LD)’
Where
(@) D=/ "(E)
(b) D=f"1(E)
(c) Hyp, - D, — L, is defined by
’},tlle , whenever @' W, fix=2
o X
_ HZBX \ Mlle/\ <I>oc=\p{Elf1x MlElﬁ ] xe V
l"tlDl'x = a€ Ly
O 'n, fix
Hig ¥ A <I>a=\l{1r.1f1x e XEV
a€ Ly
(d) u,,:D— L is defined by
WX, whenever® ' p,, fi=>®
Mypx = | Oy, S
P HypX V M1le/\ @u:\péEEfx 2
a€ Ly
(e) L,=L,
Again suppose FF(E) = FD)=F=(F,FFu, . ). L.
where

N F,=f,D)=f (f'(E,)=E, (. fis onto)
(g F=/D)=Af)E)=A/H(C)=C=E
(h) Mg, - F, — L. is defined by

Py, x
Hocd V [y YA y>/flx Pl ye €
xeD,
Hu:ly =)
du,p, x
“lcly/\[y}éx o ] ’ye C
xeD,

(1) M, F— L is defined by

V Pu,p x]

y=/ix
xeD

By = Mol Vb YA
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() L.= ([},t]Fl (F)]) = The complete subalgebra generated by [HIFL(FI)]’ where [p, . (F)] = The
complete ideal generated by Mg, (F)

Need to show that, F and E are full-equal i.e. it is sufficient to show that,

(k) F,=E,
() F=E
(m) L,=L,

(1) Wy S0 = P fiX

(0) By J3 = by fi

(k) and (/) 1s follows from (f) and (g)
(m) is follows from (e) and (j)

Proof of (n) : For x € B,

du,, x
My = Hach VM ¥ A Y ]
xeDy
O 'u, fix
= Myl V| Ky, YA y\/fleb[ HopX V| Ky X A %l{lhy 1E,J 1
xeD; (XELB
GIORTI
= W)V V| Ky YA yB/flx[ Ppypx V ®M1Bl XA @axmly e
xeDy a€ly
Case:1(a): (D*lulElflxz D, Hyp V= HlElflx
Case:1(b): @' Hyp, ¥ # @
P ', fix
MgV = MoV V| i YA y\/f;x[q)“mxv Dhtyp, X A ‘I"Xl{l}:l)’ e
xeDy a€ly

y=/x
xeDy

= Myl VK, YA v (CI)MZB xV [(DMIB' A ulElflx})]

= M)V VK YA v (CDHzB XV g flx)

y=/ix
xeD

Mg, /1%
= Wyl Ve YA y>{’1x e ]

xeDy

= e YV (e YA R D)
= MYV R fX

= My, f.x, wheneverx € B

For v e C,
o, x
Hip, Y = Mg,V A yxix P
xeDy
O 'n, fix
= K YA y}/flx(b[ HopX V | Hyg X A '~I>a:\p{51f1x i
xeDy acly
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L TR
= K YA y\/f;x[ Qp,px V q)FHBl x A <I>(x¥”51y =

xeDy acly
C%eﬂﬂ®:®4umy=¢hmﬂy=umy
Case:2 (b): @' Ry, ¥=®

PP 'u,, fix
MgV = Hic ¥ A y}/{l)x¢[ Ppypx V (I)Mlle A @a\émly t
xe by acly

= WA yz{]x(q)um x\/[q)um‘ Vb flx})]

x €Dy

= K YA y¥X(¢HzB xV H1E]f1x)]

xeDy
Hyg, JiX
= K YA y>/flx i
xeDy
= u]cly/\MIElflx
= ulElfix
du,, x
Hig YV = Hye Y A Wi, yA[y}/ﬁx 2P ]
xeD
O 'u,, fix
= eV V| Ky VA y\/fixq){ HopX V| Hyp X A anmly o
xeD a€ly
D 'n,, fix
= Wy V| Ky ¥ A yi/ﬂx{ Ppypx V @ulle/\ ‘PtX:\{lE.y o
xeD a€ly

Case:3(a): d'p, =0, fi=p, fi
Case:3(b): &', fizd

y=/ix
xeD

Hig, Y = oy Ve YA \% {q)uszv[cI)HlBIX/\UzEfx]}]

= Wy VHye, YA y\:/ﬁ{@uzg xV qufx}]

xeD

= KV Wi, YA y=f

xeD
= ey VIR YAy A
= eV = f

Hence F=c¢ie

f £ ' (¢) and E are full-equal.

6. Proposition : If f : B— C be a preserving Fs-function, e < C,e=C, thenf f ' (g) C &.

Pmﬁ:“kmwgqﬂumx=umy=umyZHﬂyZqu=®meﬁnxeB

\V HzEfx]
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Let [ = D=(D,D,D (1, 1), L),
Where
(@) D=/ ""(E)
(b) D=f""(E)
(c) Hyp, - D, — L, is defined by

'},llle , whenever @' W, fix=2

@—1
MZBX \ Mlle/\ <I>oc=\P{E|f1x MlElﬁx] xXe V
plDlx = o€ Ly
@71
Hlle A (I)(,_:\H{Elﬁx MlElﬁx , X ¢ Vv
a€ Ly

(d) u,,:D— L, is defined by
WXV, whenever ', =

= -1
Han¥ HopX V [Hyg X A Ve Hzﬁfx]
S
(e) L, =L, o - -
Again suppose /71 (£) =7 (D) = F = (F,. F, F(u,, . 1), L.
where

() F,=/f, (D) =/, (/") (E)) CE, (. f is onto)
(@ F=/fD)=Af"HE)=A/)(C)=C=E
(h) Mg, - F, — L. is defined by

Py, x
Hacd Ve, Y A y¥x Pl yec
xeDb
Hig, Y = ] \/ Duyy
“‘lCly/\[y—flx P ] ’y¢C
xeD,
() M, F — L. is defined by
du,, x
HypV = ey V “1C1y/\ y>/f1x 2P ]
xeD

(/) LF = ([plp1 (F)]) = The complete subalgebra generated by [“ml (F )], where [”wl) (F)] = The
complete ideal generated by Mg, (F)

Need to show that, F < ¢ i.e. it is sufficient to show that,
(k) FcE,F2E
() L,sL,
(M) Mg X S By fi6s g fi 2 P fi
(k) 1s follows from (f) and (g)
(/) is follows from (e) and (j)
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Proof of (m) : For x € B,
du,, x
My b = Mok V By A A/l ]
xeD
O 'n,, fix
= MV V| Ky VA y}/jixcb[ HopX V| Hyg X A ¢a¥151y B ]]
xeDy a€ly
OD 'u,, fix
= e V| Ky ¥ A y}/flx[ Pp,px Vv q)ulle A @alﬁw th ]]]
xeDy a€ly
Case:1(a): ! ulElfle D, ulFlfle “m,flx
Case:1(b):d'p, fix=D
OD 'u,. fix
RV = Moy V| Ky Y A y}/jix[ Ppypx V (DPHBIX N <I>u¥m]y B ]]]
xeDy a€ly
= Kyl VM YA yxix(q)uzsl x\/[CI)},llB] XA g, flx])]
xeD
= My VK YA yi{flx((pMZB xV HlElflx)]
xeDh
= BV (e YA By, fY)
= By Vg S
= My, f,x, whenever x € B
For y ¢ C,
l"lll:ly = ulCly/\ y=flx¢ulDl X
xeDy
P O ', fix
= K YA yléix [ HopX V| Ry X A @a:\;{Elﬁx e
xeDy a€ly
P 'u, fix
= K YA y\_/flx[ Ppypx V (I)Ivluslx A @a:\p{Elﬁx e ]]]
xeDy acly
Case: 2 (a) : ! H]Elflx: D, },llFlf]x= Hmlflx
Case:2(b) : d ', fix#®
P 'u,. fix
RV = Hic, ¥ A y}/jix[ Ppypx V (DPHBIX A <I>oc:\;{E]flx e ]]]
xeDy a€ly

Hic, ¥ A

Hic, ¥ A

xeDy

V

y=jix

xeD

(q>“213x v HlElflx)

y>./f1x ((I)lvlsz \ [(I)HIBI'X AT flx])]
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Mg Y
= pICIyA[y\/flx IE, ]
xeDy
du,,x
HpV = Moy Vimye y A (I><x>/umly ® ]
x€lyg
o O,y fr
= UV V| Ky YA y\:/ﬁc {Mzsx\/ K X A <I>a:\/p.2Efx 2
xeDy a€ly
PD 'u,, fix
= Wyl V| Ky YA y\/ﬁc{ Pu,px V (I)Mlle N @az\/uzgﬁc 2
xeD acly

Case:3(a): D 'p, =D, fr=p, fir
Case:3(b) : D' p, fizd

By = Ml V| g P A %:\/Mﬂ{@umx\/ [®“1BIX/\M2Efx]}]

acly

= Wl V| K YA ¢a¥25y{®“23x N lvlefx}]

acly

Hop /X
= MV V| B YA y\=/fx 2 ]

xeD

= e YV [ v A Ry ]
= eV VR SR
Hence Fceie
ff(e c e

6.1. Corollary : If /: B — C be a preserving Fs-function, f, is onto, e = C, E=C, thenf /' (¢) and
¢ are full-equal.

Proof : We have, ® oy, x=p, . y=pn, y= Mg, V= u1C1y=C1)° ulleforx € B
Let B = (BB, B (i, ). L),

C = (C,C,C g, o) L) and
E = (B, E E(u» 1), L)
Let, f (&) = D=(D,,D,D(k, , 1), L),
where
(@) D, = (E)
(b) D=/"" (E)

(c) Hyp, - D, — L, is defined by
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'ulle , whenever &' i, fix=2o
=
Vo g fix
[ HaeX V| Mg XA aa - g fix ] ,x€B
lJ’lDl'x =] ac Ly
1

\/ O g fix

HIBIX N Qo= pyg, f1x l , X ¢ B
ac Ly

(d) wn,,:D— L is defined by

wpx  whenever® ', fix=2a

x = 3 @71
Hon HopX V [Hig XA 5, :\p./zl;fix MzEflx]
ac Ly
(e) L,=L,
Again suppose ff () = f(D)=F=(F,FEF (Happs Mops L),
where

() F=1,(D) =1, 0’1*1) (ED))=E, (. f,is onto)
(g F=/M)=AS"HE)=AFH(C)=C=E
(h) Mg, - F, — L. is defined by

Hocd V [Hye, ¥ A ,yeC

y=/x
xeD,

dp,, x
HICIyA[y\/ﬁx HIDI ] ’ygc

xeD,

\/ (I)HlDlx]

l’l'll:‘]-y =)

(1) u,:F— L_isdefined by

Moy Vi ke YA ,yelC

y=/x
xeD,

eV = 1) ]

\/ (I)Hmlx]

o, x
HlCly/\[y\éix o

xeD,

,y¢C

ey V

AV (I)Msz]

y=fr
xeD

Hic, YN

() Ly = (In, (F)]) = The complete subalgebra generated by [, (F))], where [u,. (F)] = The
complete ideal generated by Mg, (F)

Need to show that, F and ¢ are full-equal i.e. it is sufficient to show that,

(k) F,=E,
() F=E
(m) L,=L,

() Wpp, V= My, Y

(0) Hypy=Hyy

(k) and (/) is follows from (f) and (g)
(m) is follows from (e) and (j)
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Proof of (n) : For x € B,
du,, x
i, ¥ = Back V[ ¥ A e ]
xeDy
O 'n,. fix
= MV V| Ky, YA y}/flxq)[ HopX V| Hyg X A <I>a¥1£]y B ]]]
xeDy a€ly
PP 'u, fix
= ey V| Ky YA yB/flx[ Pprypx V (I)MlBl x A <I>a¥mly et ]]]
x€Dy a€ely
Case:1(a): o “mlflx =, “mlflx =, fix
Case:1(b): ! “mlflx z®
Od ', fix
My b = Hach V| Hig ¥ A R TRy Dpyp X A ¢¥y e ]”
xeDy a€ly
= W)V V| Ky YA yl_/flx Ppypx V @“131 x A H1E1f1x ]]
x€Dy
= el V[ YA yléx(@HzBXV“lElﬁx)
xeDy
g, JiX
= Hoer Ve ral, Y ”
xeDy
= chy\/ (M]Cly A H]ElfiX)
T MV l’lnslflx
= My, f.x, wheneverx € B
For y e C,
du,, x
H’lFly = l""lCIy/\ y>{ﬁx o ]
xeDy
= M YA yi/ﬂx¢[ HopX V| Ry X A ‘Pa\{ml})@lHlE]ﬁx]]
x€Dy a€ly
= WY A y\./flx[ Ppypx V| Ppyp x A q,a\{mlyi@lpmlﬁx]]
xeD acly
Case:2(a): ! Hig, V=P by fix=p,, fix
Case: 2 (b): ! “uaflx;t )
l"l'nrly = HICIy/\ y}/]ix[ (szBx V éulBl.x VAN (I)a\{lFl)’®¢lulEl.fix]]
xeDy a€ly

Ky, ¥ A

y>/flx (q)MZB xV [(I)Mlle " ulElflxD]

xeDy
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= K JA yl/flx (q)MZB xV ulElfl)C)]
xeD;
= KN y>/flx (q)uzB X vq)“lElflx)]
xeD;
= Hie, VAR fiX
- ulﬁlflx
= V VAN \ )
Hopy HocV V] By, V y= i PHopX
xeD
= Hyed| Ky ¥ A y\/fxq)‘[ Hop XV | Hyg X A @al{Lzﬁy¢71M2Efx ”
xeD a€ly
= Wed| Hiey A y\—/fx{ Py x V| Ppyp x A ¢a¥25y®®7lH2Efx ”]
xeD acly

Case:3(@): D', fi=@,p, fr=p, fx

Case:3(b): d ', fx+D

By = HpcdV

= WeyV

= WeyV

i,y A

ey A

y\:/fx {(I)Mza xV [(I)MmIX A MZEfx]}

xeD

xeD

y\:/fx {q)uzB xV quﬁC}]

|

ey A

y=fx

\V4 HzEfx]

xeD

= el VK, ¥ A Ry /]

= My YV My fX
= W fX
Hence F=c¢ie.

f f ' (¢) and E are full-equal.

7. Proposition : If : B — C be a increasing Fs-function, D < B, D =B , then

'fD) 2

D.

Proof : Let D= B and f: B — C be an Fs-function,

where B =
C =
D =
D =
Define £ (D) as follows f(D) =

where

(B, B, B (k5 o) L),
(C), C, C (s Iy L)
(D, D, D (15 Hyp)s L),
B and f=f, |°,B — C be onto.

6= (B, E E (ks 1) L),
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1. E =7 (D)
2. E=f(D)
3. Mg, E, — L, is defined by
dup,p, x .
Hach Ve, YA yl/flx . ] Jf yeC
xeD,
l/LlEl-y =]
du,, x .
“’lCly/\[y}/flx P ] ’lfygc
x€Dy
4. p,. : E— L_.is defined by
e yVmern| Y @
Wy ¥ = Mo Y VI VAL, ®Hop X
xeD

9]

complete ideal generated by ulEl(El)

Again suppose / ' f(D)=f""'(e)=H=(H,H, H (K> Hypp)s Lyy), Where
(@) H=f""(E)=f"( (D,))2D, (. f is onto)
(b) H=f"1E)=/"(D)Y=/"")({B)=B=D

(c) My, - H, — L, is defined by

Mg ¥
| MapX Vi X A gg .
lJ‘lHl X S
\/ 1E
B X N Do =g
€

(d) w,,:H— L, is defined by

_ i fx]

fx

Hypx , whenver @'y, fix=>

MZsz

HapX V| Hyp X A

(e) L,=L,

Po=p,ypy
a€ly

\V (I)luzﬁlﬂx]

Need to show that, H o D i.e. sufficient to show that,

() H=D,HcD

(g9 L,=LD

(1) Wy, Dy 2 Wy s oy < My [ H
(f) follows from (a) and (b)

(g) follows from (e)

Sufficient to show (%)

For

Hig ¥ = Hop xV Mg, A

‘I’G:Hml)’
acly

x € B

\V q)_IHlElflx]

, whenver @~ p,;, fix =2

, X €

X

L= ([ulEl (E))]) = The complete subalgebra generated by [MIEI(EI)]’ where [u]El (E)] = The
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= M X V| K X A @a\p{E]flx(I)_l[ Hoc YV V| Ky YA yl{’lx(bulDlx
a€ly xeDy

Mg, XA @a:\p{q,fixcbil Hoc Y V| By, YA yl//‘ixcbumlx

acly xeDy

ulDl XA (DO‘:\P{EIflxé_l Woc ¥ \ Mlcl y/\ yl/flx@umlx

acly x€Dy

= l’l'lD1 DAY (I’(X:\P{Elfmq)il !"chy V MZCy vV yl_/flx
a€ly xeD,
{.. (@ plclyZ(D°},Llle2q)"},tlDle(I)OpZDx

© (i) pzcyﬁdﬁumxﬁ<D°u2DxS<D°u1D1x

\%

\%

q)“mlx

_ Vg1l V
- H‘lDl XN Qo= g, fix [y_fﬂ‘@u”)lx
acly x €Dy

= Hyp, XA v q)_lq)[y}/flxumlx

o= g, fix
acly xeDy
> My, XA yl/j'ixulDlx
xeDb
- }’l'][)l'x
P PADAS VI PASVA A= \/ ppx
y=hx
xeD,
So that, Mg X 2 My, X
For x ¢ B

“1H1x = MIH]x

Vo o0
q)a:”lEl.fix q) HIEI ﬁx

acly

= HIBIX/\ @a:\;{Elﬁ,v(IYl Wy ¥ V Hic, YA yléixq)umlx

acly xeD,

H‘]DIX/\ (D(x:\“/lﬁlflx@_l “2cyv MIC1 y/\ yl/flxq)}l“)lx

a€ly xeD,

|

{.. @ M yz®@epy x 2 Qo x2®0p,,x
(if) MZCyS(INuszSd)OpZDxSCI)OMIDlx

\%

= H1DIX/\ @a:\p{Elflx(Iy Hoc ¥ \

acly

v= i PHip, X
xeD,
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So that,

Hence

HouX

\%

V

Pou= g, /1%
aclp

V

Pou= g, fix
aely

Hyp, XA

Hip, XA

Hip, XA

xeD

ulDlx

Hig, X =

Hap XV |Hyp XA

HopX V| Ky X A

HopX V| g X A

HopX V

Hyg, X A

HopX V

Hyg, X A

V

Qo= g fi
acly

HopX V

Hap XV Hop X

Hop X

WopX {

Hop X

Pa=pypy
xely

y=fix HlDl'x

o 'P {

\V c1>‘<1>[

-1
® [y—flx
xeD

®71® [y >/flx MID1 X

xeD,

Pa =y,

a€ly

V

o= pyp fir
a€cly

V

Qo =y fi
acly

V

Pa = pyg fx
aely

V

Pa = pyg fx
aely

V

xeD

y=fx
xeD

éil [yflx@“ZDx H
xeD

O 'd [y\/ﬁx Ly pX H

y=fxHopX

Puyp, x

{ T'PADAS VI DA>VA A= \/ ppx

y=hx
xeD

MlDlx

\V (I)_lqufx

:

(I)l[ Hie, Y A

V

y=hx
xeD

Hoc YV | Hye, YA Pp,px

V

y= ix
xeD

Ppypx

xeD

\/ Mznx]

f'fD) =2 D
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