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Theory of Inverse Images of Fs-Subsets 
under an Fs-Function – Some Observations
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Abstract :  In this paper we introduce the concept of inverse image of an Fs-subset under an Fs-function and 
prove some results.
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1. INTRODUCTION

Ever since Zadeh [8] introduced the notion of fuzzy sets in his pioneering work, several mathematicians 
studied numerous aspects of fuzzy sets. 

Recently many researchers put their efforts in order to prove collection of all fuzzy subsets of a 
given fuzzy set is Boolean algebra under suitable operations [21].Vaddiparthi Yogeswara , G.Srinivas and 
Biswajit Rath[11] introduced the concept of Fs-set and developed the theory of Fs-sets in order to prove 
collection of all Fs-subsets of given Fs-set is a complete Boolean algebra under Fs-unions, Fs-intersections 
and Fs-complements. The Fs-sets they introduced contain Boolean valued membership functions. They 
are successful in their efforts in proving that result with some conditions. In this paper we introduce the 
concept of inverse image of an Fs-subset under an Fs-function and prove some results. For smooth reading 
of the paper, the theory of Fs-sets and Fs-functions in brief is dealt with in fi rst two sections. We denote the 
largest element of a complete Boolean algebra LA[1.1]  by MA or 1A. For all lattice theoretic properties and 
Boolean algebraic properties one can refer Szasz [3], Garret Birkhoff [4], Steven Givant • Paul Halmos [2] 
and Thomas Jech [5]. For results in topology one can refer [10].

2. THEORY OF FS-SETS

1.  Fs-set :  Let U be a universal set, A1  U and let A  U be non-empty. A four tuple  
 A = (A1,  A, A  (1A1

, 2A), LA)
is a complete Boolean Algebra 
 (a) A   A1

 (b) LA is a complete Boolean Algebra
 (c)  1A1

 : A1  LA, 2A : A LA, are functions such that 1A1
 | A  2A

2. Fs-subset : Let = (A1, A, A  (1A1
 x ˄ (2A), LA) and B = (B1, B, B (1B1

, 2B), LB) be a pair of 
Fs-sets. B is said to be an Fs-subset of A, denoted by B A, if, and only if
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 (a) B1   A1, A   B
 (b) LB is a complete  subalgebra of LA or  LB   LA

 (c) 1B1
 1A1

| B1 , and 2B  | A 2A

3.  Proposition : Let B  and A be a pair of Fs-sets such that B A . Then  B̅x  A̅x is true for each x A
4.  Defi nition : For some LX, such that LX  LA a four tuple X = (X1, X, X (1X1 , 2X), LX) is not an 

Fs-set if, and only if
 (a) X Í/ X1  or
 (b) 1X1

 x ³/  μ2X x, for some x  X  X1

Here onwards, any object of this type is called an Fs-empty set of fi rst kind and we accept that it is an 
Fs-subset of B for any B A.

Defi nition :  An Fs-subset Y = (Y1, Y, Y  (1Y1
, 2Y), LY)  of A, is said to be an Fs-empty set of second 

kind if, and only if
 (a) Y1 = Y = A
 (b) LY  LA

 (c) Y = 0
4.1. Remark : We denote Fs-empty set of fi rst kind or Fs-empty set of second kind by A and we 

prove later (1.15), A is the least Fs-subset among all Fs-subsets of A.
5. Defi nition : Let B1 = (B11, B1, B̅1 (1B11

, 2B1
), LB1

) and 
B2 = (B12, B2, B̅2 (1B12

), 2B2
), LB2

 be a pair of Fs-subsets. 
 1. We say that B1 and B2 are (1,5)-equal, if B11 = B12 and LB1

 = LB2

 2. We say that B1 and B2 are (2,5)-equal, if B1 = B2 and LB1
 = LB2

 3. We say that B1 and B2 are 3-equal, if B1 and B2 are (1,5)-equal and 1B11
 = 1B12

 
 4. We say that B1 and B2 are 4-equal, if B1 and B2 are (2,5)-equal and 2B1

 = 2B2

 5. We say that B1 and B2 are Total equal denoted B1 = B2 (T), if B1 and B2 are (2,5)-equal and
 B̅1 = B̅2

 6. We say that B1, B2 are Full-equal, denoted B1 = B2, if B1 and B2 are 3-equal and 4-equal. 
6.  Proposition :  B1 =  (B11, B1, B̅1 (1B11

), B1
, LB1 and

B2 = (B12, B2, B̅2 (1B12
, μB2

), LB2
)  are Full-equal if, only if B1   B2 and B2  B1.

7. Remark : Whenever X and Y are Complete Boolean algebra  X × Y be a relation 
 (a) We say that  is (, )-complete relation on X if, and only if   (˄T α) = ˄T (˄ α) for any 

T X.
 (b) We say that  is (, )-complete relation on X if, and only if   (˄T α) = ˄T ( α) for any 

T X.
 (c) We say that  is (, )-complete relation on X if, and only if ˄  (˄T α) = ˄T (˄ α) for any 

T X.
 (d) We say that  is said to be -increasing on  X if, and only if, and only  if,     for any 

,  X such that .
8. Proposition : Whenever   : X  Y is a complete Boolean algebra homomorphism, then

 1. is join increasing on  
 2. is -complete relation on 
 3.  is -complete relation on 
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3. FS-FUNCTIONS

1. Defi nition : A Triplet (f1, f, )is said to be is an Fs-Function between two given Fs-subsets
 B = (B1, B, B̅(1B1

, 2B), LB) and 
  = (C1, C, C̅ (1C1

, 2C), LC) of A, denoted by
 ( f1, f, ) : B = (B1, B, B̅ (1B1

, 2B), LB) C
  = (C1, C, C̅(1C1

, 2C), LC)  if, and only if (using the diagrams).
f1

B1

LB

C1

LC
�

�1B1
�1C1

LB LC

�2B �2C

B C
f

�

Figure 1: Fs-function f  B  C

 (a) C
1 B= : B C be intof f | 

 (b)  : LB  Lc is complete homomorphism
  (f1, f, ) is denoted by f̅

2.  Proposition : (i)  1C1 |C °   f1 |B  2C °  f
(ii) ° 1B1

 |B  °  2B

3.  Def : Increasing Fs-function
f̅  is said to be an increasing Fs- function, and denoted by f̅ i if, and only if(using fi g-1)

 (a) 1C1 |C °  f1 |B  °  1B1
 (b) 2C °  f   °  2B

4. Proposition :  ° (2B x)c = [(° μ2B)x]c

5.  Proposition: ° B̅  C̅ °  f, provided f̅  is an increasing Fs-function
6. Def : Decreasing Fs-function
f̅  is said to be decreasing Fs-function denoted as  f̅ d and if and only if

 (a) 1C1
 | C ° f1|B   °  1B1

 (b) 2C °  f    °  2B

7. Proposition :  ° B   C °  f, provided f̅  is a decreasing Fs-function
8. Def : Preserving Fs- function
f̅  is said to be preserving Fs-function and denoted as f̅ p if, and only if

 (a) 1C1
|C ° f1| B =  °  1B1

 (b) 2C °  f = °  2B

9.  Proposition : ° B̅ = C̅ ° f, provided f̅  is Fs- preserving function

IMAGES OF FS-SUBSET

10. Defi nition.  Let D  B and f̅  : B  C be an Fs-function, where
 B = (B1, B, B̅ (1B1, 2B), LB),
 C = (C1, C, C̅ (1C1

, 2C, LC),
 D = (D1, D, D̅ (1D1

, 2D), LD),

 D = C
1 BD and : B C be onto.f f |= 

Defi ne f̅ (D) as follows
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 f (D) =  = (E1, E, E (1E1
, 2E)LE), where

 1. E1 = f1 (D1) 
 2. E = f(D)
 3. 1E1

 : E1  LC is defi ned by

 u1E1 
y  = 

1
11
1

1
11
1

1D
2C 1C

D

1D
1C

D

if C

if C

y f x
x

y f x
x

xy y , y

xy , y


 




=
Î

=
Î

ì é ùæ öï Fï ÷çê ú  Î÷ï ç ÷ï ê úç ÷è øï ë ûïíï æ öFï ÷çï  Ï÷çï ÷ç ÷ï è øïî





 4. 2E : E  LC is defi ned by

 u2E 
y  = 1 1

2D
2C 1C

D
y f x
x

xy y 
  =

Î

é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û


 5.  LE = ([(1E1
 (E1)]) = The complete subalgebra generated by [1E1

 (E1)], where
  [1E1

 (E1)] = The complete ideal generated by 1E1
(E1)

4. INVERSE IMAGE OF FS-SUBSET

1.  Defi nition.  Let D  B and  f̅ : B C be an Fs-function, –1  LC × LB be -increasing (Prop 1.7(d))

 f = C
1 B :f |  be onto.

Let     C, 
where   =  (E1, E, E̅ (1E1

, 2E), LE)
Defi ne f̅  – 1 (E) as follows
  f̅  – 1() = D 
  = (D1, D, D̅ (1D1

, 2D, LD),
where
 (a) D1 = f1

– 1 (E1) 
 (b) D = f – 1 (E)
 (c) 1D1

 : D1  LD is defi ned by

 1D1
x = 

1 1

1
1E 11 1
B

1
1E 11 1
B

1
1B 1E 1

1
1E 1

2B 1B
L

1
1E 1

1B
L

whenever

B

B

–

–

f x

–

f x

x , f x

f x
x y , x

f x
x , x

 


 


 


 




F =
Î

F =
Î

ìï F =Fïïï é ùï æ öFï ÷çê úï ÷  Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öFï ÷çï ÷ Ïçï ÷çï ÷çè øïïî





 (d) 2D : D  LD is defi ned by

 2Dx = 
1 2E

B

–1
2B 2E

1
2E

2B 1B
L

whenever
–

fx

x , fx

fxx x  


 


  F =

Î

ìï F =Fïïï é ùæ öí F ÷çê úï ÷ çï ÷ê úç ÷çï è øï ë ûî



 (e) LD = LB
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2. Proposition : f – 1 () is an Fs-subset of B, if –1 LC × LB is -increasing (...Prop 1.7(d))
Proof : Let  f̅  –1 () = D = (D1, D, D̅ (1D1

, μ2D), LD),
where

 (a) D1 = f1
–1 (E1) 

 (b) D = f 
–1 (E) 

 (c) 1D1
 : D1   LD is defi ned by

 1D1 
x = 

1 1

1
1E 11 1
B

1
1E 11 1
B

1
1B 1E 1

1
1E 1

2B 1B
L

1
1E 1

1B
L

whenever

B

B

–

–

f x

–

f x

x , f x

f x
x x , x

f x
x , x

 


 


 


 




F =
Î

F =
Î

ìï F =Fïïï é ùï æ öFï ÷çê úï ÷  Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öFï ÷çï ÷ Ïçï ÷çï ÷çè øïïî





 (d) 2D : D1   LD is defi ned by 

 2D 
x = 

1 2E
B

1
2B 2E

1
2E

2B 1B
L

whenever –

–

fx

x, fx

fxx x  


 


  F =

Î

ìï F =Fïïï é ùæ öí F ÷çê úï ÷ çï ÷ê úç ÷çï è øï ë ûî



 (e) LD  = LB

 E C  E1  C1  f1
– 1(E1) = D1   f1

–1 (C1) = B1

so that,  D1  B1

 E C  E  C  f –1(E) = D f –1 (C) = B
so that  D  B
Case(I) For x  B,
2E  fx   1E1

 f1 x and –1 is -increasing (Prop 1.7(d))

 
2E
B

1
2E

L

–

fx
fx

 



F =

Î

F   1
1E 11
B

1
1E 1

L

–

f x
f x

 



F =

Î

F

 
1 2E

B

1
2E

2B 1B
L

–

y
fxx x  




  F =

Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øë û

   1
1 E1 1
B

1
1E 1

2B 1B
L

–

y
f x

x x  



  F =

Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øê úë û



 2D x  1D1 x

Case(ii).  For x Ï B,
2E  fx   1E1

  f1 x and –1 is -increasing ( Prop 1.7(d))

 2E
B

1
2E

L

–

fx
fx

 



F =

Î

F   1
1E 11
B

1
1E 1

L

–

f x
f x

 



F =

Î

F

 1 2E
B

1
2E

1B
L

–

fx
fxx  




 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø
   1

1E 11 1
B

1
1E 1

1B
L

–

f x
f x

x  



 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø


 2D x  1D1 x

Hence f̅ – 1 () is an Fs-subset of B.
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3. Proposition : Let B and C be any pair of Fs-subsets and f  : B  C be an Fs-function. Let 1 and 
2 be Fs-subsets C such that 1  2 and 1 = 2 = C, then  f̅  – 1 (1)  f̅ – 1 (2)

Proof : Let B = (B1, B, B̅(1B1
, 2B), LB),

 C = (C1, C, C̅(1C1
, 2C), LC),

 1 = (E11, E1, E̅1 (1E11
, μ2E1

), LE1
)

and 2 = (E12, E2, E̅2 (μ1E12
, 2E2

), LE2
)

 1  2 imply
 (a) E11 E12, E1   E2

 (b) LE1
  LE2

 (c)  1E11
 y  1E12

 y,y  E11 and 2E1
y    2E2

 y, y  E2

Let,  f̅ – 1 (1) = D1 = (D11, D1, D̅1 (1D11
, 2D1

), LD1
), 

and  f̅ –1 (2) = D2 = (D12, D2, D̅2 (μ1D12
, 2D2

), LD2
)

where
 1. D11 = f1

–1 (E11)
 2. D1 = f – 1 (E1)
 3. 1D11

 : D11   LD1
 is defi ned by

 1D11
x = 

1 11

11
1E1 11
B

11
1E1 11
B

1
1B 1E 1

1
1E 1

2B 1B
L

1
1E 1

1B
L

whenever

B

B

–

–

y

–

y

x , f x

f x
x x , x

f x
x , x

 


 


 


 




F =
Î

F =
Î

ìï F =Fïïï é ùï æ öFï ÷çê úï ÷  Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öFï ÷çï ÷ Ïçï ÷çï ÷çè øïïî





 4. 2D1
 : D1   LD1

 is defi ned by

 2D1
x = 

1

1
2E1 1
B

1
2B 2E

1
2E

2B 1B
L

whenver –

–

y

x, fx

fx
x x  



 


  F =

Î

ìï F =Fïïïï é ùæ öí F ÷çê úï ÷ çï ÷ê úçï ÷çè øï ê úë ûïî



 5. LD1 = LB

 6. D12 = f1
– 1 (E12) 

 7. D2 = f –1 (E2)
 8. 1D12

 : D12     LD2
 is defi ned by

 1D12
x = 

1 12

12
1E1 12
B

12
1E1 12
B

1
1B 1E 1

1
1E 1

2B 1B
L

1
1E 1

1B
L

whenever

B

B

–

–

y

–

y

x , f x

f x
x x , x

f x
x , x

 


 


 


 




F =
Î

F =
Î

ìï F =Fïïï é ùï æ öFï ÷çê úï ÷  Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öFï ÷çï ÷ Ïçï ÷çï ÷çè øïïî




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 9. 2D2
 : D12     LD2

 is defi ned by

 2D2
x = 

2

2
2E1 2
B

1
2B 2E

1
2E

2B 1B
L

whenver –

–

y

x, fx

fx
x x  



 


  F =

Î

ìï F =Fïïïï é ùæ öí F ÷çê úï ÷ çï ÷ê úçï ÷çè øï ê úë ûïî



 10. LD2 = LB

Need to show that, f̅ – 1 (1)  f̅ – 1 (2)  D1  D2

It is enough to show that,
 11. D11  D12, D1  D2

 12. LD1
  LD2

 13. 1D11
 x  1D12

x, x D11 and 2D1
x  2D2 x,x D2

Proof of (11) (a) implies
 f1

– 1 (E11)  f1
–1 (E12)  or  D11  D12 and

 f – 1 (E1)  f – 1 (E2) or D1  D2) …(1)
Proof of (12) follows from (5) and (10)     ....(2)
Proof of (13) From (c)
 1E11

 f1 x  1E12
  f1 x

 11
1E 111
B

1
1E 1

L

–

f x
f x

 



F =

Î

F   11
1E 112
B

1
1E 1

L

–

f x
f x

 



F =

Î

F

also
Case (1) For x  B,

 11
1E1 11
B

1
1E 1

1B
L

–

y
f x

x  



 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø
   12

1E1 12
B

1
1E 1

1B
L

–

y
f x

x  



 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø


 11
1E1 11
B

1
1E 1

2B 1B
L

–

y
f x

x x  



  F =

Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øê úë û

   12
1E1 12
B

1
1E 1

2B 1B
L

–

y
f x

x x  



  F =

Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øê úë û



Case (1) For x Ï B,

 11
1E 11 11
B

1
1E 1

1B
L

–

f x
f x

x  



 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø
   12

1E 11 12
B

1
1E 1

1B
L

–

f x
f x

x  



 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø


 1D11
  1D12 x

From Case 1 and Case 2  for each x  D11 we can conclude that,
 1D11

x  1D12
 x  for x  B or x  B ...(3)

Again From (c) we have 2E1 fx  2E2  fx

 2
2E 11 1
B

1
2E

1B
L

–

f x
fx

x  



 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø
   2

2E1 2
B

1
2E

1B
L

–

fx
fx

x  



 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø


 1
2E1 1
B

1
2E

2B 1B
L

–

fx
fx

x x  



  F =

Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øê úë û

   2
2E1 2
B

1
2E

2B 1B
L

–

fx
fx

x x  



  F =

Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øê úë û



}



140 Vaddiparthi  Yogeswara, Biswajit  Rath, Ch.  Ramasanyasi   Rao, K.V. Umakameswari and  Raghu Ram

 D
x  2D2

 x, x  D2 ...(4)

From (1),(2),(3) and (3) we can conclude that,
 D1  D2 i.e. f̅  – 1 (1)  f̅ – 1 (2).
4.  Proposition : Let f̅ : B  C be an Fs-function. Let E  C be such that E = C and assume

 (a) 2Ey    ° μ2B x 
 (b) °  1B1

x   1E1
y for each x  B such that y = f1x

then f̅  f̅  – 1()  .
Proof : Observe that,  2C y  2E y  °  2B x  °  1B1

 x    1E1 
y   1C1

 y
Let B = (B1, B, B̅ (1B1

, 2B, LB),
 C = (C1, C, C̅ (1C1

, 2C, LC)  and 
 E = (E1, E, E̅ (1E1

, 2E, LE) 
Let, f̅  –1 () = D = (D1, D, D̅ (1D1

, 2D, LD),h
where
 (a) D1 = f1

–1 (E1) 
 (b) D = f1

–1 (E) 
 (c) 1D1

 : D1   LD is defi ned by

 1D1
x = 

1 1

1
1E 11 1
B

1
1E 11 1
B

1
1B 1E 1

1
1E 1

2B 1B
L

1
1E 1

1B
L

whenever

B

B

–

–

f x

–

f x

x , f x

f x
x x , x

f x
x , x

 


 


 


 




F =
Î

F =
Î

ìï F =Fïïï é ùï æ öFï ÷çê úï ÷  Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öFï ÷çï ÷ Ïçï ÷çï ÷çè øïïî





 (d) 2D : D   LD is defi ned by

 2Dx = 
1 2E

B

1
2B 2E

1
2E

2B 1B
L

whenver –

–
1

fx

x, fx

f xx x  


 


  F =

Î

ìï F =Fïïï é ùæ öí F ÷çê úï ÷ çï ÷ê úç ÷çï è øï ë ûî



 (e) LD = LB

Again suppose  f̅  f̅  – 1 () = f̅ (D) = F = (F1, F, F̅(1F1
, 2F), LF), 

where
 (f) F1 =  f1 (D1) = f1 ( f1

–1) (E1) = E1 
 (g) F = f (D) = f( f – 1) (E)) = f (f – 1) (C)) = C = E
 (h) 1F1

 : F1  LC is defi ned by

 1F1 
y = 

1
11
1

1
11
1

1D
2C 1C

D

1D
1C

D

if C

if C

y f x
x

y f x
x

x,y y , y

xy , y


 




=
Î

=
Î

ì é ùæ öï Fï ÷çê ú  Î÷ï ç ÷ï ê úç ÷è øï ë ûïíï æ öFï ÷çï  Ï÷çï ÷ç ÷ï è øïî





 (i) 2F1
 : F  LC is defi ned by
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 2F  
y = 

1 1

2D
2C 1C

D
y f x
x

xy y 
  =

Î

é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û


 (j) LF = ([1F1
(F1)]) = The complete subalgebra generated by [1F1

(F1)], where [1F1
)(F1)] = The 

complete ideal generated by 1F1
 (F1)

Need to show that, F   i.e. it is enough to show that
 (k) F1  E1,  E  F
 (l)  LF is a complete subalgebra of LE or LF  LE

 (m) 1F1
 ≤ 1E1

 | F1, and  2F | E  2E

(k) is follows from (f) and (g)
(l) is follows from (e) and (j)
Proof of (m) :  For y  C,

 1F1  
y = 1

11
1

1D
2C 1C

D
y f x
x

xy y 
  =

Î

é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û



  = 1 1
1 1E 111 1

B1

1
1E

1B2C 1C 2B
LD

–
f x

f xy f x
x

xy y x  


   F ==
ÎÎ

é ùæ é ööùæ öæ ç F ÷ê úF ÷ê ÷çç ÷ç ú÷ ÷  ê úç ÷çç ÷ê ÷ ÷úçç ÷ç ÷çê ú÷è ÷ç ê ÷è ø øúç øûèê úëë û



  = 1 1
1 1E 111 1

B1

1
1E

1B2C 1C 2B
LD

–
f x

f xy f x
x

xy y x  


   F ==
ÎÎ

é ùæ é ööùæ öæ ç FF ÷ê ú÷ê ÷çç ÷ç ú÷ ÷  F Fê úç ÷çç ÷ê ÷ ÷úçç ÷ç ÷çê ú÷è ÷ç ê ÷è ø øúç øûèê úëë û



Case 1 : (a) : –1 1E1 f1x = ,

 1F1
 y = 1 2E1 1

B

1
2B

2C 1C
L

–

f x
xy x  



  F =
Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øë û



  
1E1 11
B

2B
1C

L
f x

xy  



 F =

Î

æ öF ÷ç ÷ç ÷ç ÷è ø


   
1E 11

B

2B

L
f x

x
 



F =

Î

F    1E1
 f1x  (  ° 2B x    ° 1B1

 x  1E1
 y)

Case : (b)  –1 1E1
 f1 x  

 1F1  
y = 1 1

1 1E 111 1
B1

1
1E

1B2C 1C 2B
LD

–
f x

f xy f x
x

xy y x  


   F ==
ÎÎ

é ùæ é ööùæ öæ ç FF ÷ê ú÷ê ÷çç ÷ç ú÷ ÷  F Fê úç ÷çç ÷ê ÷ ÷úçç ÷ç ÷çê ú÷è ÷ç ê ÷è ø øúç øûèê úëë û



  = 111 1
1

1B2C 1C 1E 12B
D

y f x
x

xy y f xx   =
Î

é ùæ ööé ùæ ç ÷÷ê úç ÷ê úç  ÷  F F ÷çê ú÷ç ÷ê úç ÷ç ÷è ÷ê úç øøè ë ûë û



  = 11
1

2C 1C 2B 1B1
D

y f x
x

y y x x   =
Î

é ùöæ öæ ÷÷çê úç ÷÷  F Fçç ÷÷ê úçç ÷ç ÷è è øøê úë û



  = 1
11
1

1B
2C 1C

D
y f x
x

xy y 
  =

Î

é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û


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  = 1
11
1

1B
1C

D
f f x
x

xy 
 =

Î

æ öF ÷ç ÷ç ÷ç ÷è ø
    1

1
1

1B

D
y f x
x

x
=
Î

F  1E1
 f1x

For y = f1 x  C,

 1F1 
y = 1

11
1

1D
1C

D
y f x
x

xy 
 =

Î

æ öF ÷ç ÷ç ÷ç ÷è ø


  = 1
1E 111 1 1

1 B

1
1E 1

1C 1B2B
D L

–

f xy f x
x

f x
y xx  




  F == F

Î Î

ööùæ öæ éæ F ÷÷÷ç ÷çç ú÷ê ÷  ç ÷çç ÷÷ ÷úç ÷çç êç ÷ç ÷è ÷è ÷è ø øúë øû



  = 1
1E 111 1 1

1 B

1
1E 1

1C 2B 1B
D L

–

f xy f x
x

f x
y x x  




   F ==

Î Î

ööùæ öæ éæ FF ÷÷÷ç ÷çç ú÷ê ÷ F  F  ç ÷çç ÷÷ ÷úç ÷çç êç ÷ç ÷è è ÷÷è ø øúë øû



Case 2 : (a) – 1 1E1 
 y =  ,

 1F1 y = 1E 11 1
B

2B
1C

L
f x

x
y  




 F =

Î

æ öF ÷ç ÷ç ÷ç ÷çè ø


   1E 11
B

2B

L
f x

x
 



F =

Î

F 1E1
 f1x  (  ° 2B x    ° 1B1

 x  1E1
 y)

Case 2 : (b) – 1 1E1 
 y =  ,

 1F1 
y = 1

1E 111 1 1
1 B

1
1E 1

1C 2B 1B
D L

–

f xy f x
x

f x
y x x  




   F ==

Î Î

ööùæ öæ éæ FF ÷÷÷ç ÷çç ú÷ê ÷ F  F  ç ÷çç ÷÷ ÷úç ÷çç êç ÷ç ÷è è ÷÷è ø øúë øû



  = 1 1 11C 2B 1B 1E 1y f xy x x f x   
Î

ööùæ éæ ÷÷çç ÷ú÷ê F  F çç ÷÷÷úçç ÷êç ÷è ÷è øøë û



  = 11 1
1

1C 2B 1B
D

y f x
x

y x x  =
Î

ööææ ÷÷çç ÷÷ F  Fçç ÷÷çç ÷ç ÷÷è è øø


  = 1
11
1

1B
1C

D
y f x
x

xy 
 =

Î

æ öF ÷ç ÷ç ÷ç ÷è ø
   1 1

1
1

1B 1E 1

D
y f x
x

x f x 
=
Î

F £

 2F 
y = 

1

2D
2C 1C

D
y fx
x

xy y 
  =

Î

é ùæ öF ÷çê ú ÷ç ÷ê úç ÷è øë û


  = 
1 1 2E

B

1
2E

2C 1C 2B 1B
D L

–

y fx fx
x x

fxy y x x  


   = F =

Î Î

ùöüùæ ö ïé ì éæ ï F ÷úï÷ï çç ÷úê ê ÷  F  ç ÷í ýç ú÷ ÷úççê ê ÷çï ïè ÷è ø úïë î ë øïûþ û

 

  = 
1 1 2E

B

1
2E

2C 1C 2B 1B
D L

–

y fx fx
x x

fxy y x x  


   = F =

Î Î

ùöüùæ ö ïé ì éæ ï FF ÷úï÷ï çç ÷úê ê ÷  F  F ç ÷í ýç ú÷ ÷úççê ê ÷çï ïè ÷è ø úïë î ë øïûþ û

 

Case 3 : (a) – 1 2E 
 fx =  ,

 2F 
y = 2E1

B

2B
2C 1C

L
fx

xy y  



  F =

Î

é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û


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  = 2E1 1
B

2B
1C 1C 2E 2E

L
fx

xy y y fx 



   F =

Î

æ öF ÷ç ³  =÷ç ÷ç ÷è ø


Case 3 : (b) – 1 2E 
 fx   ,

 2F 
y = 2E1

B

2B
2C 1C

L
fx

xy y  



  F =

Î

é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û



  = { }1 112C 1C 2B 1B 2E
D

y f x
x 

y y x x fx    
=
Î

ùæ öé ÷ç úé ùê ÷  ç F  F  ÷ê ú úç ë ûê ÷çè øë úû


  = { }
1 1 2B 2E2C 1C

D
y f x
x 

x fxy y    =
Î

ùé æ ö÷ç úê F   ÷ç ÷úç ÷ê è øë û


  = 1 1 11 1

2B 2B
2C 1C 1C 1C 2E 2E

D D
y f x y f x
x x 

x xy y y y fx = fx 
     = =

Î Î

ù ùé æ ö æ öF F÷ ÷ç çú úê  ³  ³ ÷ ÷ç ç÷ ÷ú úç ç÷ ÷ê è ø è øë û û
 

Hence  F   i.e. 
 f̅  f̅  – 1 ()  .
5. Proposition :  If f̅  : B  C be a decreasing Fs-function,  C, E = C, then f̅  f ̅–1 () .
Proof : We have, ° 2B  x   2C y  2E y   1E1

 y  1C1
 y  °  1B1

 x for x  B
Let B = (B1, B, B̅(1B1

, 2B),LB),
 C = (C1, C, C̅(1C1

, 2C), LC)  and 
 E = (E1, E, E̅(1E1

, μ2E), LE) 
Let  f̅ – 1 () = D = (D1, D, D̅ (1D1

, μ2D), LD),
Where

 (a) D1 = f1
–1 (E1) 

 (b) D = f – 1 (E)
 (c) 1D1

 : D1   LD is defi ned by

 1D1
x = 

1

1
1E 11

B

1
1E 11 1

B

–1
2B 1E 1

1
1E 1

=2B
L

1
1E 1

=1B
L

whenever

V

V

–

f x

–

f x

x , f x

f x
x , x

f x
x , x

 


 


 







F
Î

F
Î

ìï F =Fïïï é ùï æ öFï ÷çê úï ÷ Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öFï ÷çï ÷ Ïçï ÷çï ÷çè øïïî





 (d) 2D : D   LD is defi ned by

 2Dx = 
1 2E

B

–1
2B 2E

1
2E

2B 1B =
L

whenever
–

fx

x , fx

fxx x  


 


  F

Î

ìï F =Fïïï é ùæ öí F ÷çê úï ÷ çï ÷ê úç ÷çï è øï ë ûî



 (e) LD = LB

Again suppose f̅  f̅ – 1 () = f̅ (D) = F = (F1, F , F̅(1F1
, 2F , LF), 

where
 (f)  F1 = f1 (D1) = f1 ( f1

–1) (E1))  E1 (  f1 is onto)
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 (g) F = f(D) = f(f – 1) (E)) = f( f – 1) (C)) = C = E 
 (h) 1F1

 : F1  LC is defi ned by

 1F1 
y = 

1
11
1

1
11
1

1D
=2C 1C

D

1D
=1C

D

C

C

y f x
x

y f x
x

xy y , y
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 (i) 2F : F  LC is defi ned by
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 (j) LF = ([1F1
) (F1)]) = The complete subalgebra generated by [1F1

(F1)], where [1F1
(F1)] = The 

complete ideal generated by 1F1
 (F1)

   Need to show that, F   i.e. it is suffi cient to show that,
 (k) F1  E1, F  E
 (l) LF  LE

 (m) 1F1
 y  1E1

 y, 2F y  2E y
 (k) is follows from (f) and (g)
 (l) is follows from (e) and (j)

Proof of (m) : For x  B,
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Case :1 (a) : –1 1E1
 f1x = , 1F1

 f1x = 1E1 
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Case :1 (b) : –1 1E1
 f1 x 

 1F1 
y = 1

1E 111 1 1
B1

1
1E 1

2C 1C 2B 1B
LD

–

f xy f x
x 

f x
y y x x  




    F ==

ÎÎ

ùööùæ öé æ éæ FF ÷÷ ú÷ç ÷çç ú÷ê ê ÷  F  F  ç ÷çç ÷ ú÷ ÷úç ÷ççê êç ÷ç ÷è è ÷ ú÷è ø øúë ë øû û



  = ( )1 1 11
1

2C 1C 2B 1B 1E 1=
D

y f x
x

y y x x f x    
Î

é ùæ ö÷çê úé ù ÷ ç F  F  ÷ê úê úç ë û ÷÷çè øê úë û



  = ( )1 11
1

2C 1C 2B 1E 1=
D

y f x
x

y y x f x   
Î

é ùæ ö÷çê ú÷  F ç ÷ê úç ÷çè øê úë û



  = 1
11
1

1E 1
=2C 1C

D
y f x
x

f xy y 
 

Î

é ùæ ö÷çê ú  ÷ç ÷ê úç ÷è øë û



  = 2C y  (1C1
 y ˄ 1E1

 f1 x)
  = 2C y  1E1

 f1x 



145Theory of Inverse Images of Fs-Subsets under an Fs-Function – Some Observations

  = 1E1
 f1x, whenever x  B

For y  C,
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Case : 2 (a) : –1 1E1
 f1 x = , 1F1
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Case :2 (b) : –1 1E1
 f1x 
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Case : 3 (a) : Φ–1 2E  fx = , 2F fx = 2E fx 
Case : 3 (b) : –1 2E fx  
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  = 2C y  [1C1 
y ˄ 2E fx]

  = 2C y  2E  fx = 2E fx
Hence  F    i.e.
 f̅  f̅ – 1 ()  .
5.1. Corollary : If  f̅  : B   C be a decreasing Fs-function, f1 is onto,   C, E = C, then f̅  f̅ – 1 () and 

 are full-equal.
Proof : We have, ° 2B  x   2C y  2E y  1E1

 y 1C1
 y °  1B1

 x for x  B
Let B = (B1, B, B̅ (1B1

,  2B), LB),
 C = (C1, C, C̅(1C1

, 2C), LC)  and 
 E = (E1, E, E̅(1E1

, 2E), LE) 
Let, f̅  – 1 () = D = (D1, D, D̅ (1D1

, 2D), LD),
Where

 (a) D1 = f1
–1 (E1) 

 (b) D = f – 1) (E)
 (c) 1D1

 : D1  LD is defi ned by
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 (d) 2D : D  LD is defi ned by
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 (e) LD = LB

Again suppose  f̅  f̅  – 1 (E) = f̅ (D) = F = (F1, F, F̅(1F1
, 2F), LF), 

where
  (f) F1 = f1 (D1) = f1 (f1

–1 (E1 ) = E1 (f1 is onto)
 (g) F = f (D) = f(f – 1) (E)) = f(f – 1) (C)) = C = E 
 (h) 1F1

 : F1   LC is defi ned by

 1F1 
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 (i) 2F : F  LC is defi ned by
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 (j) LF = ([1F1
 (F1)]) = The complete subalgebra generated by [1F1

(F1)], where [1F1(F1)] = The 
complete ideal generated by 1F1

 (F1)
  Need to show that, F and E are full-equal i.e. it is suffi cient to show that,
 (k) F1 = E1

 (l) F = E
 (m) LF = LE

 (n) 1F1 f1x = 1E1 
f1x

 (o) 2F  fx = 2E fx
(k) and (l) is follows from (f) and (g)
(m) is follows from (e) and (j)
Proof of (n) : For x  B,
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Case : 1 (a) : –11E1
 f1x = , 1F1
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Case : 3 (a) : –1 2E fx = , 2F fx = 2E fx 
Case : 3 (b): –1 2E fx  
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  = 2C y  [1C1
 y  μ2E fx]

  = 2C y  2E fx = 2E fx
Hence  F =  i.e. 
f̅  f̅ – 1 () and E are full-equal.
6. Proposition : If f̅  : B  C be a preserving Fs-function,  C,  = C, then f̅  f̅ – 1 ()  .
Proof : We have,  2B x = 2C y = 2E y = 1E1

 y = 1C1
 y = 1B1

 x for x  B
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Let B = (B1, B, B̅(1B1
, 2B), LB),

 C = (C1, C, C̅ (1C1
, 2C), LC)  and 

 E = (E1, E, E̅ (1E1
, 2E), LE) 

Let  f̅ –1() = D = (D1, D, D̅ (1D1
, 2D), LD),

Where
 (a) D1 = f1

– 1 (E1) 
 (b) D = f – 1 (E)
 (c) 1D1

 : D1 LD is defi ned by

 1D1 
x = 

1 1

1
1E 11 1

B

1
1E 11 1

B

–1
1B 1E 1

1
1E 1

=2B 1B
L

1
1E 1

=1B
L

whenever

V

V

–

f x

–

f x

x , f x

f x
x x , x

f x
x , x

 


 


 


 




F
Î

F
Î

ìï F =Fïïï é ùï æ öFï ÷çê úï ÷  Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öFï ÷çï ÷ Ïçï ÷çï ÷çè øïïî





 (d) 2D : D LD is defi ned by

 2D 
x = 

1

–1
2B 2E

1
2E2B 1B

whenever
–

fx

x , fx

fxx x

 

 

ìï  F =Fïïï é ùí æ öF ÷ï çê ú  ÷ï ç ÷çê úè øï ë ûïî


 (e) LD = LB

Again suppose f̅  f̅  – 1 () = f̅ (D) = F = (F1, F , F̅(1F1
, 2F), LF), 

where
 (f)  F1 = f1 (D1) = f1 ( f1

–1) (E1))  E1 ( f1 is onto)
 (g) F = f (D) = f( f – 1) (E)) = f( f – 1) (C)) = C = E 
 (h) 1F1

 : F1   LC is defi ned by

 1F1 
y = 

1
11

1

1
11

1

1D
=2C 1C

D

1D
=1C

D

C

C

y f x
x

y f x
x

xy y , y

xy , y


 




Î

Î

ì é ùæ öï Fï ÷çê ú  Î÷ï ç ÷ï ê úç ÷è øï ë ûïíï æ öFï ÷çï  Ï÷çï ÷ç ÷ï è øïî





 (i) 2F : F   LC is defi ned by

 2F  
y = 1 1

2D
2C 1C =

D
y f x
x

xy y 
 

Î

é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û


 (j)  LF = ([1F1
 (F1)]) = The complete subalgebra generated by [1F1

 (F1)], where [1F1
) (F1)] = The 

complete ideal generated by 1F1
 (F1)

  Need to show that, F   i.e. it is suffi cient to show that,
 (k) F1  E1, F  E
 (l) LF  LE

 (m) 1F1
 f1x    1E1

 f1x, 2F fx  2E fx
(k) is follows from (f) and (g)
(l) is follows from (e) and (j)
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Proof of (m) : For x  B,

 1F1 
y = 1

1 1

1D
2C 1C =

D
y f x
x

xy y 
 

Î

é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û


  = 1
1E11 1 1

1 B

1
1E 1

2C 1C 2B 1B
LD

–

yy f x
x 

f x
y y x x  




    F ==

ÎÎ
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

  = 1
1E11 1 1

1 B

1
1E 1

2C 1C 2B 1B
LD

–

yy f x
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f x
y y x x  




    F ==

ÎÎ

ùööùæ öé æ éæ FF ÷÷ ú÷ç ÷çç ú÷ê ê ÷  F  F  ç ÷çç ÷ ú÷ ÷úç ÷ççê êç ÷ç ÷è è ÷ ú÷è ø øúë ë øû û



Case : 1 (a) : –1 1E1
 f1 x = ,  1F1

 f1x = 1E1
f1x 

Case :1 (b) : –1 1E f1 x 

 1F1 
y = 1

1E11 1 1
1 B

1
1E 1

2C 1C 2B 1B
LD

–

yy f x
x 

f x
y y x x  




    F ==

ÎÎ
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

  = ( )1 1 11 1
2B 1B 1E 12C 1C =

D

fy f x
x

x x xy y    
Î

é ùæ ö÷çê úé ù ÷F  F  ç ÷ê úê úç ë û ÷çè øê úë û


  = ( )
11 1

1

2B 1E 12C 1C =
D

y f x
x

x f xy y   
Î

é ùæ ö÷çê ú÷F  ç ÷ê úç ÷çè øê úë û



  = 2C y  (1C1
 y ˄ 1E1

 f1x)

  = μ2C y  1E1 
f1x

  = 1E1
 f1x, whenever x  B

For  y  C,

 1F1 
y = 111

1

1D=1C
D

y f x
x

xy 
Î

æ ö÷ç F ÷ç ÷ç ÷è ø


  = 1
1E 111 1 1

1 B

1
1E 1

x1C 2B 1B
LD

–

fy f x
x 

f x
y x x  




   F ==

ÎÎ
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  = 1
1E 111 1 1

1 B

1
1E 1

x1C 2B 1B
LD

–

fy f x
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f x
y x x  




   F ==

ÎÎ

ööùæ öæ éæ FF ÷÷÷ç ÷çç ú÷ê ÷ F  F  ç ÷çç ÷÷ ÷úç ÷çç êç ÷ç ÷è è ÷÷è ø øúë øû



Case: 2 (a) : –1 1E1
 f1x = , 1F1

 f1 x = 1E1
 f1x 

Case :2 (b) : –1 1E1
 f1x 

 1F1 
y = 1

1E 111 1 1
1 B

1
1E 1

x1C 2B 1B
LD

–

fy f x
x 

f x
y x x  




   F ==

ÎÎ

ööùæ öæ éæ FF ÷÷÷ç ÷çç ú÷ê ÷ F  F  ç ÷çç ÷÷ ÷úç ÷çç êç ÷ç ÷è è ÷÷è ø øúë øû



  = ( )1 11 1

1

2B 1B 1E 11C =
D

f
y f x
x

x x xy   
Î

æ ö÷ç é ù ÷F  F ç ê ú ÷ë ûç ÷÷çè ø


   ( )
11 1

1

2B 1E 11C =
D

y f x
x

x f xy  
Î

æ ö÷ç F  ÷ç ÷ç ÷çè ø

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   1
11

1

1E
=1C

D
y f x
x

yy 


Î

æ ö÷ç ÷ç ÷ç ÷è ø


  = 1C1 
y ˄ 1E1 

y

  = 1E1
y

 2F  
y = 

1E1 1
B

2D
=2C 1C

L
y

x

x
y m y  


 F

Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øê úë û



  = 1 1 2E
1 B

1
2E

2C 1C 2B 1B x
LD

–

y fx f
x 

fxy y x x  



   = F =

ÎÎ

ùöüùæ ö ïé ì éæ Fï F ÷úï÷ï çç ÷úê ê ÷    ç ÷í ýç ú÷ ÷úççê ê ÷çï ïè ÷è ø úïë î ë øïûþ û

 

  = 1 1 2E
1 B

1
2E 1

2C 1C 2B 1B x
LD

–

y fx f
x 

f xy y x x  



   = F =

ÎÎ

ùöüùæ ö ïé ì éæ ï FF ÷úï÷ï çç ÷úê ê ÷  F  F  ç ÷í ýç ú÷ ÷úççê ê ÷çï ïè ÷è ø úïë î ë øïûþ û

 

Case : 3 (a) : –1 2E fx = , 2F fx = 2E fx 

Case :3 (b) : –1 2E fx  

 2F y = { }
11 2E

B

2B 1B 2E2C 1C =
L

ffx x x xy y
 



   
F
Î

æ öé ÷ç é ùê ÷F  F   ç ÷ê úç ë ûê ÷÷çè øë


  = { }
1 2E

B

2E2B2C 1C =
L

y
fxxy y  



  F
Î

é æ ö÷ç F ê  ÷ç ÷çê ÷çè øë


  = 
1

2E
2C 1C =

D
y fx
x

fxy y 
 

Î

ùé æ ö÷ç úê  ÷ç ÷úç ÷ê è øë û


  = 2C  y  [1C1
 y  2E fx] 

  = 2C y  2E fx = 2E fx 

Hence F    i.e. 

 f̅ f ̅ –1 ()  .
6.1. Corollary : If  f̅ : B  C be a preserving Fs-function, f1 is onto,  C, E = C, then f̅  f̅  – 1 () and 

 are full-equal.

Proof : We have, 2B x = 2C y = 2E y = 1E1
 y = 1C1 

y =  1B1
 x for x  B

Let  B = (B1, B, B̅ (1B1
, 2B), LB),

 C = (C1, C, C̅ (1C1
, 2C), LC)  and

 E = (E1, E, E̅ (1E1
, μ2E), LE) 

Let, f̅ – 1() = D = (D1, D, D̅(1D1
, 2D), LD),

where
 (a) D1 = f1

–1) (E1) 
 (b) D = f – 1) (E)
 (c) 1D1

 : D1 LD is defi ned by
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 1D1 x = 

1 1

1
1E 11 1

B

1
1E 11 1

B

–1
1B 1E 1

1
1E 1

=2B 1B
L

1
1E 1

=1B
L

whenever

B

B

–

f x

–

f x

x , f x

f x
x x , x

f x
x , x

 


 


 


 




F
Î

F
Î

ìï F =Fïïï é ùï æ öFï ÷çê úï ÷  Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öFï ÷çï ÷ Ïçï ÷çï ÷çè øïïî





 (d) 2D : D LD is defi ned by

 2D x = 
1

1 2E 1
B

–1
1B 2E 1

1
2E 1

2B 1B =
L

whenever
–

f x

x , f x

f xx x  


 


  F

Î

ìï F =Fïïï é ùæ öí F ÷çï ê ú÷ çï ÷ê úç ÷ï çè øï ë ûî



 (e) LD = LB

Again suppose f̅  f̅  – 1 () = f̅ (D) = F = (F1, F, F̅ (1F1
, 2F), LF), 

where
 (f) F1 = f1 (D1) = f1 (f1

– 1) (E1)) = E1   (  f1 is onto)
 (g) F = f (D) = f( f – 1) (E)) = f( f – 1) (C)) = C = E 
 (h) 1F1

 : F1  LC is defi ned by

 1F1 y = 

1
11

1

1
11

1

1D
=2C 1C

D

1D
=1C

D

C

C

y f x
x

y f x
x

xy y , y

xy , y


 



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Î

ì é ùæ öï Fï ÷çê ú  Î÷ï ç ÷ï ê úç ÷è øï ë ûïíï æ öFï ÷çï  Ï÷çï ÷ç ÷ï è øïî





 (i) 2F : F  LC is defi ned by

 2F  
y = 

1
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1

1
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1

1D
=2C 1C

D

1D
=1C

D

C

C

y f x
x

y f x
x

xy y , y

xy , y


 




Î

Î

ì é ùæ öï Fï ÷çê ú  Î÷ï ç ÷ï ê úç ÷è øï ë ûïíï æ öFï ÷çï  Ï÷çï ÷ç ÷ï è øïî


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   1

2D
2C 1C =

D
y fx
x

xy y 
 
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é ùæ öF ÷çê ú  ÷ç ÷ê úç ÷è øë û


 (j) LF = ([1F1
 (F1)]) = The complete subalgebra generated by [1F1

 (F1)], where [1F1
(F1)] = The 

complete ideal generated by 1F1
 (F1)

  Need to show that, F and  are full-equal i.e. it is suffi cient to show that,
 (k) F1 = E1

 (l) F = E
 (m) LF = LE

 (n) 1F1
 y = 1E1

 y
 (o) 2F y = 2E y
 (k) and (l) is follows from (f) and (g)
 (m) is follows from (e) and (j)
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Proof of (n) : For x  B,
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

Case : 1 (a) : –1 1E1
 f1x = ,  1F1

 f1x = 1E1
  f1x 

Case : 1 (b) : –1 1E1
 f1x 

 1F1 
y = 1
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1
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  = 2C y  (1C1 
y ˄ 1E1  f1 x)

  = 2C y  1E1
 f1x

  = 1E1
 f1x, whenever x  B

For  y  C,
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Case : 2 (a) : –1 1E1
 y = , 1F1
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Case : 2 (b) : –1 1E1
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æ ö÷ç F F ÷ç ÷ç ÷çè ø


  = 1C1
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
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1
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–
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

Case : 3 (a) : –1 2E  fx = , 2F fx = 2E  fx 
Case : 3 (b) : –1 2E fx  

 2F y = { }1 12C 1C 2B 1B 2E
D

y fx
x

y y  x x fx    =
Î

ùöé æ ÷ç úé ùê ÷  F  F ç ÷ê ú úë ûçê ÷è øúë û



  = { }
12C 1C 2B 2E

D
y fx
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y y  x fx   =
Î

ùöé æ ÷ç úê ÷  F ç ÷úçê ÷è øúë û



  = 1

2E
2C 1C

D
y fx
x

fxy y  
  =

Î

ùöé æ ÷ç úê ÷  ç ÷úçê ÷è øúë û



  = 2C y [1C1
 y 2E fx] 

  = 2C y  2E fx
   = 2E fx
Hence F =  i.e. 

f̅  f̅ – 1 () and E are full-equal.

7. Proposition : If  f̅ : B  C be a increasing Fs-function, D  B, D = B , then 
 f̅ – 1 f̅ (D)  D.
Proof : Let D  B and f̅ : B  C be an Fs-function, 
where B = (B1, B, B̅ (1B1

, 2B), LB),
 C = (C1, C, C̅ (1C1

, 2C), LC),
 D = (D1, D, D̅ (1D1, 2D), LD),
 D = B and f = f1 |

C
B B  C be onto.

Defi ne f̅ (D) as follows f̅ (D) = = (E1, E, E̅ (1E1
, 2E) LE),

where
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 1. E1 = f1 (D1) 
 2. E = f (D)
 3. 1E1

 : E1  LC is defi ned by

 1E1 
y = 

1
11

1

1
11

1

1D
2C 1C

D

1D
1C

D

if C

if C

y f x
x

y f x
x

xy y , y

xy , y


 




=
Î

=
Î

ì é ùæ öï Fï ÷çê ú  Î÷ï ç ÷ï ê úç ÷è øï ë ûïíï æ öFï ÷çï  Ï÷çï ÷ç ÷ï è øïî





 4. 2E : E  LC is defi ned by

 2E  
y = 1 12C 1C 2D

D
y f x
x

y y x  =
Î

é ùöæ ÷çê ú÷  Fç ÷ê úç ÷è øê úë û



 5.  LE = ([1E1
 (E1)]) = The complete subalgebra generated by [1E1

(E1)], where [1E1
 (E1)] = The 

complete ideal generated by 1E1
(E1)

 Again suppose f̅  –1 f̅ (D) = f̅ – 1 () = H = (H1, H, H̅ (1H1
, 2H), LH), where

 (a)  H1 = f1
– 1 (E1) = f1

–1 (f1 (D1) )  D1 ( f1 is onto)
 (b) H = f – 1 (E) = f – 1 (f (D)) = f – 1) (f (B)) = B = D
 (c) 1H1

 : H1  LH is defi ned by

 1H1  
x = 

1 1

1E
1E

1E
1E

1B 1E 1

2B 1B

1B

whenver –

–

–

x , f x

f x
x x , x

f x
x , x

 

 

 

  F =
Î

F =
Î

ìï F =Fïïï é ùï æ öï ÷çê úï ÷  Îç ÷ïï ê úç ÷çí è øê úë ûïïï æ öï ÷çï ÷ Ïçï ÷çï ÷çè øïïî





 (d) 2H : H  LH is defi ned by

 2H  
x = 

1

1
1 2E

B

1
2B 2E 1

1
2E 1

2B 1B
L

whenver –

–

y

x , f x

f xx x  


 


  F =

Î

ìï F =Fïïï é ùæ öí F ÷çï ê ú÷ çï ÷ê úç ÷ï çè øï ë ûî



 (e) LH = LB

  Need to show that, H  D i.e. suffi cient to show that,
  (f) H1  D1, H  D 
 ( ) LH  LD
 (h) 1H1

 | D1   1D1
, 2H   2D | H

(f) follows from (a) and (b)
(g) follows from (e)
Suffi cient to show (h)
For x  B

 1H1  
x = 1

1E1 1

B

1
1E 1

2B 1B
L

–

y
f x

x  



  F =

Î

é ùæ öF ÷çê ú÷ ç ÷ê úç ÷çè øê úë û


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Hence f̅ – 1  f̅ (D)  D
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