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PATH FUNCTIONALS OF A CLASS OF LEVY INSURANCE
RISK PROCESSES

EKATERINA T. KOLKOVSKA AND EHYTER M. MARTIN-GONZALEZ

ABSTRACT. We study expected discounted penalty functionals for a class of
Lévy processes having a component given by the difference of two independent
Poisson compound processes, and a perturbation term given by an a-stable
process. We obtain a formula for the Laplace transforms of the expected
discounted penalty functionals, as well as explicit representations of such
functionals as infinite series of convolutions of given functions. We illustrate
our results in some particular examples.

1. Introduction

In this work we consider the Lévy insurance risk process V, = {V,(t), t > 0}

defined by
Va(t) =u+ct + Z1(t) — Za(t) — nWo(t), (1.1)

where u and ¢ are nonnegative constants, Z; = {Z1(t), t > 0} and Zy = {Za(t),
t > 0} are independent Poisson compound processes, and {W,(t), t > 0} is either
an independent standard Brownian motion (if @ = 2), or else an independent
standard a-stable process with index of stability 1 < o < 2 and skewness, scale
and location parameters given respectively by 5 = 1,0 = 1 and 4 = 0. We suppose
also some additional conditions on Z; and Z5 which we describe in detail in Section
2.

The expected discounted penalty function for a general insurance risk process
V ={V(t), t > 0} is defined by the following path functional of V:

v (u) =E [e™w(|V(70)], V(10-))Lir<oo} | V(0) = u] ,

where 79 = inf{¢t > 0 : V(¢) < 0} is the time of ruin of V, § > 0 is a discounted
force of interest and w(z,y) : Ry x Ry — Ry is a given non-negative function
called penalty function. This functional was introduced by Gerber and Shiu [§]
in the context of the Cramer-Lundberg risk process, generalizing in this way the
concept of ruin probability, and involves the joint distribution of the time of ruin,
the surplus immediately before ruin and the severity of ruin. The usefulness of
the process V,, in insurance risk modeling is well-known, see e.g. Albrecher et al.
[1] and the references therein for the case a = 2. Furrer [6] proposed the model
(1.1) with Z; = 0 and studied the ruin probabilities of this model. Albrecher et

Received 2016-10-21; Communicated by J. A. Lopez-Mimbela.

2010 Mathematics Subject Classification. Primary 60B10, 60G17; Secondary 60G51, 60K10.

Key words and phrases. Ruin probability, stable processes, path functionals, Dickson-Hipp
translation operator.

363



364 EKATERINA T. KOLKOVSKA AND EHYTER M. MARTIN-GONZALEZ

al. [1] studied the expected discounted penalty functions of (1.1) for o = 2, while
the case of Z; =0, 1 < a < 2 was investigated in [11].

In this paper we obtain the Laplace transform ¢ of V,, as well as a defective
renewal equation for ¢ which allows to express ¢ as series of convolutions of given
real functions. Using this we calculate several useful functionals of the process,
namely: the ruin probability, the Laplace transform of the time of ruin, the first
moment of the severity of ruin given by |V (7)| and of the surplus prior to ruin
given by V(7p—), the joint tail distribution and the bivariate Laplace transform of
the severity of ruin and the surplus prior to ruin.

The main difficulty in working with the process V,, lies in the lack of a closed
expression for the a-stable density, and the fact that we can not use the standart
tool of a first step analysis to obtain a renewal equation for ¢, because of the
infinite number of jumps of the a-stable process in each time interval. Using the
weak approximation for the a-stable process given in Furrer et al. [7], we con-
struct a sequence of two-sided classical risk processes which weakly approximates
the process V, in the Skorokhod space, and prove the convergence of the corre-
sponding expected discounted penalty functions. Afterward we obtain the Laplace
transform of ¢ and a defective renewal equation for ¢. The results we present here
extend previous work of Furrer [6], Albrecher et al. [1], Tsai and Wilmott [15] and
Kolkovska and Martin-Gonzdlez [11]. Weak approximations in risk theory have
been used in Sarkar and Sen [13] in the case & = 2 and Ay = 0, and in Furrer et
al. [7] in the case A2 = 0 to estimate ruin probabilities within finite time horizon.

The paper is organized as follows. In section 2 we give a detailed description
of the model and introduce some background results and notations. In section 3
we construct a sequence of two-sided Lévy processes that weakly converges to V,,
and prove convergence of the corresponding discounted penalty functionals and
of the generalized Lundberg functions of the approximating processes. In section
4 we calculate the Laplace transform of ¢, under Hypothesis 2.1 and Hypothesis
4.1 below. In section 5 we obtain another formula for the Laplace transform of
¢, this time in terms of the Dickson-Hipp translation operator. We also present a
defective renewal equation for ¢ from which we develop a representation of ¢ as
an infinite series of convolutions of known functions. In section 6 we provide some
examples that illustrate the use of our results. Several technical calculations are
deferred to an appendix.

2. Description of the Model and Background Results

We study the model (1.1) under the following conditions. The processes Z;
and Z, are independent and given by Z;(t) = Zfill(t) Yi, Zo(t) = Zf\fl(t) Yio,
where for j = 1,2, {Y;;, ¢ =1,2,... } is a sequence of independent and identically
distributed random variables with a common distribution function F};(«) such that
F;(0) = 0. In addition, {N;(t), t > 0}, j = 1,2, are independent homogeneous
Poisson processes with parameters A; > 0; 7 > 0 is constant. The constants u
and c represent, respectively, initial capital and prime per unit time. The upward
jumps {Y;1,4=1,2,...} model the random gains of the insurance company, while
the downward jumps {Y;e, i = 1,2,... } represent random claims. We are going
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to assume that F}; has density f;, j = 1,2, where f, is arbitrary, and the upward-
jumps density f; is assumed to have Laplace transform given by the rational
function

N
Ay = Q) [T (@i +r)~™ (2.1)

i=1
for some N, m € N, where my,...,my are natural numbers such that my + mo +
-+-4+my = m while 0 < ¢; < g2 < -+ < ¢n are real numbers and Q(r) is a

polynomial of degree at most m — 1. The family of probability distributions whose
densities satisfy (2.1) is a wide class which includes the Erlang, Cox and phase-
type distributions, as well as mixtures of them. The assumption 1 < « < 2 implies
finiteness of the first moment of V,,(t) for each ¢ > 0, while the assumption 8 =1
ensures that {W,(t), t > 0} possesses only positive jumps. Also, we assume that
the following conditions hold:

Hypothesis 2.1. a) The upward density f; has a Laplace transform of the form
(2.1),

b) The net profit condition E[V4(1) — u] = ¢+ A1 — Aapte > 0 holds,

¢) There exists a positive constant B such that w(z,y) < B for all z,y > 0,

d) ¢>0and n > 0.

e) We have P[(|Va(70)], Va(10—)) € D] = 0 where D,, is the set of discontinuity
points of w.

Condition ¢) will be relaxed in Corollary 5.8 below. Condition e) is used to
apply the Continuous Mapping Theorem (see, for instance, Billingsley [2]), which
is required to obtain our main results. Several relevant penalty functions which
satisfy the above assumptions arise as particular instances of w in the following
way:

(1) If w(z,y) = a for some constant a > 0 we obtain that ¢(u) = aps(u),
where @s(u) = E(e7°™1(; co0}) is the Laplace transform of the time to
ruin when ¢ > 0, and if § = 0 we obtain ¢(u) = ap(u), where ¥ (u) is the
ruin probability.

(2) Putting w(z,y) = l{z5q,y>py for some constants a,b > 0 and § = 0, we
obtain that ¢ is the joint tail of the severity of ruin |V (7p)| and the surplus
prior to ruin V(mp—).

(3) When § > 0 and w(z,y) = e 5*~% for fixed constants s, > 0, then ¢ is
the trivariate Laplace transform of the time of ruin 7y, the severity of ruin
|V (10)] and the surplus before ruin V(mo—).

(4) If 6 = 0 and w(z,y) = 1{z4y>q) for some constant a > 0, then ¢ is the tail
of the distribution of the claim that causes ruin.

(5) If w(z,y) = max{K — e**,0} for some constants K,a > 0, then ¢ is a
special case of a payoff function in option pricing; see Gerber and Shiu [9].

~

For any nonnegative function f we denote its Laplace transform by f(r), r € C,
where C is the field of complex numbers. If F' is a distribution function with finite
first moment p, and F (0) = 0, its integrated tail distribution Fy is defined by
Fr(z) = ﬁfg F(y)dy, where F(x) =1 — F(x), x > 0, and we denote its density

by fr(z) = ;F (). The convolution of two nonnegative measurable functions h, g,
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is denoted by h * g(x). We write ¢g*™ for the n-th convolution of the function g
with itself, where ¢*0(z) = 1103(x). Let us denote by S, (0, 3, i), the a-stable dis-
tribution with stability index 0 < « < 2, and scale, skewness and shift parameters
o >0, €[-1,1 and p € (—o0,00), respectively; we write ga g0, () for the
density function of S, (o, 3, 1t). The particular case of the a-stable density gn.s,1.1
is denoted by ga,5. It is well known (see e.g. Theorem 2.6.1 in Zolotarev [16]) that
the Laplace transform of the a-stable density ga.1,s,, is given by

ea’[—pff‘—sgn(l_o‘)ra] (0% ?é la

/g\a,l’lf’ll«(r) = { ea[flurJrrlogr] (22)

a=1,
for r > 0, and its characteristic function, according to Theorem C3, page 12 in
Zolotarev [16], is:

_ o (i10—16]° exp{—i(r/2)FK (@)sgn(®)}) f 1
00X __ € or & 7£ )
E[e**] = { (0 li10—16](r/2+iB log |9]sgn(0))] for = 1, (2.3)

where K(a) = a — 14 sgn(1 — ) and sgn(f) = lp~0y + 0lgg—0y — l{p<0y. We
denote by W, = {W,(t), t > 0} the a-stable Lévy motion; W, is a Lévy process
such that W, (t) — Wa(s) LS, [(t— )Y/, B,pu] forall 0 < s < t < co. Recall
that when 1 < a < 2, only the moments of W, with order less then « are finite,
the first moment of W, (1) is u, and when 8 = 1, only positive jumps of W,, are
possible. We refer the reader to Zolotarev [16] and Sato [14] for other properties of
stable processes. Finally, we denote by D the Skorokhod space of all real-valued,
cadlag functions defined on [0, 00), endowed with the Skorokhod topology (see e.g.
Billingsley [2] for definitions and properties of processes with cadlag paths). We
write = for the weak convergence in D.

3. Weak Approximations of V, and Convergence of Lundberg
Equations

In this section we construct a sequence {V,,,n > 0} of two-sided jumps classical
risk processes such that V,, = V,,, and prove that the Gerber-Shiu functional of
V,, converges to the corresponding functional of V. First we have the following
technical result.

Theorem 3.1. Let Z(t) = ngzll(t) Yi1 and Zs(t) = Zf\fl(t) Yio. For each k € N
and any fived constant ¢ > 0, let A(k) =1 — (k+1)7% A\(k) = M\ /(1 — A(k)),
b(k) = Ar/[e(1 — A())] and

e~ b(k)x — 1(x or x
pm@:{gwwm W @ - AN fors> 0

Consider the sequence of processes

N1,k (t) N (t)
Vi =ut D V= Y Yor=ut Zig(t) - Zot), k=12..., (3.1)
=1 =1

where {Z1 x(t), t > 0} is a compound Poisson process with intensity A1 (k), which
is independent of Zs, and {Y;}, i = 1,2,...} is a sequence of independent and
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identically distributed random variables with common density function pj,. Then,
as k — oo, Vk[c] = u+ct+ Z1(t) — Za(t).

Proof. Let t > 0 be fixed, and let &; 1, & and & be the characteristic functions of
the random variables Vk[c] (t), X11, and X4, respectively. Using that

A(k)b(E)

614069 = exp {uis + (0t (P 4 (1= AGDE(s) 1) + xat (@(-5) ~ D

b(k)—1is
ctis+ At (§1(s) — 1)+ Aot (€2(—s) — 1)}, which is the characteristic function of u+
ct+ Z1(t) — Z3(t). From here the result follows from Theorem 15.17 in Kallenberg
[10]. O

and limg_ o0 A1(k) (A(k)b(k) - 1) = cis — A\; we obtain klim &k (s)=exp{uis +
—00

Now we construct a sequence of processes {V,, i, n, k > 0} for which the prime ¢
is 0, and a sequence of processes {V,,,n > 0} with prime ¢ > 0, such that V,, , = V,,
for each fixed n and, moreover, V,, = V.

Theorem 3.2. Let ¢, = c+n'~/on® n € N, and let the sequence of risk processes
Vik = (Vi (1), t > 0} be defined by V1. (t) = VI (8) — Lo M W where
{Vy )k =1,2,.. .} is defined as in (3.1) with b(k) = A /[cn(1 — A(K))] := b (k)
and Z "t) W; is a compound Poisson process independent of Vk[c"]. We assume
that the Pozsson process M has intensity n® and that W1, Ws, ... are independent

and identically distributed random variables with common distribution S, (1,1,1).
We also define the sequence of processes V,, = {V,(t),t > 0} by

M (nt)
Vo(t) = u+ et + Z1(t) — Zo(t nl/a Z W;. (3.2)

Then Vi, = V,, for eachn €N, and V,, = V.

Proof. The first convergence follows from Theorem 3.1 and the independence of
{W;}, {Z11} and Zs. For the proof of the second convergence, we note that since
Wi, i=1,2,.. have common distribution Sa(1,1,1), from (2.3) it follows that
for each n > 1, == >0 (W), — 1) = Wa(l,LO). Hence equality (3) in Furrer
et al. [7] holds With $(n) = n'/®, and since in our case c¢(™ = ¢ +n*n'~1/* and
A = n®%, the hypothesis in Theorem 1 in Furrer et al. [7] are fulfilled, and therefore
it follows that u + c,t — n=/@ Zij\i(l"t) W; = u+ ct — nW(t). Using now the
independence of W, Z; and Zs, we obtain the result. O

For any 1 < a < 2, let us denote by ¢, 1, ¢, and ¢ the Gerber-Shiu functionals
of the processes Va, ks V, and V,, respectively, with corresponding Laplace trans-

forms d)n ks (bn and QS The following result can be proved similarly as in Furrer et
al. [7].

Theorem 3.3. Under Hypothesis 2.1, limy_ o0 ¢n k(u) = ¢ (u) for all u >0 and
each n € N. Moreover, limy,_,o0 ¢n(u) = ¢(u).
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Using partial fractions decomposition it can be proved that, when f; satisfies
(2.1), it admits the representation fi(x) = ZZ 1 2e Big u ,x > 0, where
= 1 amiTd [N Q)
Bzg = q{(mrj)! drmi—3 {Hk:l,k;ﬁi q;rH"}‘TZ_qia hence
N my
-3y 83
i=1j=1 ql

We also need the following identity, which is known from interpolation theory:

Lemma 3.4. For each m > 1 and for any different non-zero complexr numbers

L1y Tm41;
m—+1 m—+41 -1 -1
Z (mj H (CL‘[ - I;)) = <H Ij) .

Jj=1 I=1,1#j5

For r # ¢; we define the generalized Lundberg functions associated to the
processes V;, ., V;, and V,,, respectively by

Lang(r) = /\zfz(r)er\l(k)A(k)bnlz ()k) ok ZZ '”qz

,’,04

;} — (A(k) + A2+ nn“+96), r#bu(k),

+m]°‘exp{—%+
Lon(r) = Jafa(r lez M D (e )

7.1]1
«

+nnaexp{ 1/a+L}7(n77a+/\1+)‘2+6)’

n  m;

La(r) = Xafo(r +)\1ZZ 5”%) +er+ (mr)* — (A1 + A2 +9).

7,1]1

We denote Q1 (r) = Hivzl(qi —r)mi Cy ={2€C:Re(z) >0} and C;; :={z €
C : Re(z) > 0}. For p € C4 and d > 0 we put

Ba(p) ={reCy :|r—p| < d}. (3.4)
We have the following result.

Lemma 3.5. The function P(r) = ar + br® — ¢, where a > 0, b,c > 0 and
€ (1,2), has ezactly one real and positive root.

Proof. Let us suppose that there exists a root s of P(r) such that Re(s) > 0,
m(s) # 0 and Arg(s) = 6. Then by De Moivre’s formula we obtain a|s|sin(6) +
b|s|*sin(af) = 0. We claim that § = 0. By the assumption that Re(s) > 0, we
have 6 € [—x/2,7/2], hence if 0 < 8 < /2 we obtain af € (0,7), which implies
sin(ad) > 0, hence a|s|sin(af) > 0, and similarly for the case § € (—n/2,0).
Thus, all possible roots of P are real. Since for r > 0 we have dP(r)/dr > 0 and
2P(r)/dr* = ba(a — 1)r®=2 > 0 for all 7 > 0, P(r) is strictly increasing in the
nonnegative real line, and noting that P(0) = —¢ < 0, we obtain the result. O
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Proposition 3.6. a) hm Loy k(1) = Lo n(r) for all sufficiently large n € N and

r # by (k), umformly in r in sets of the form (8.4).
b) Moreover, h_}m Ly (1) = Lo(r), uniformly in sets of the form (3.4).
n o0

¢) For 0 > 0, the functions Lo, Loy and Lo 1 have ezactly one root of multi-
plicity one in the interval [0,q1), which is equal to zero if and only if 6 = 0.
We denote these roots by p1.s, p1,5(n) and p1 s(n, k), respectively.

d) Ford > 0 and c+n > 0, the function Ly, has exactly m+1 roots p1.5,. .., Pm+1,6
in C4. For § > 0 these roots are in C44, and if 6 = 0, p1,5 = 0 is the only
root on the imaginary axis. Moreover, for all sufficiently large n and k, and
all 6 > 0, the functions L, , and Lo nk also have m + 1 roots in C,, which
we denote respectively by p1,5(n), ..., pm+1,6(n) and p1.5(n, k), ..., pmt1.6(n, k).
When § > 0 all these roots are in C14, and when 6 =0, p1,o(n, k) = p1o(n) =0
are the only roots of Ly, and Ly, respectively, on the imaginary azis.

e) Let c+n > 0. Forany j € {1,2,...,m+ 1} there exists |l € {1,2,...,m+ 1}
such that lim p;s(n, k) = pis(n) and lim p;s(n) = ps.

k—oco n— 00

f) We have lim p; s = p1,0=0 .
d—0

Proof. To prove a) it suffices to consider the closed complex semicircle By :=
B4(0). For any r # b, (k) and n € N, limy_,o0 Lo n k(1) = Lan(r) due to (3.3).
We will show that this convergence is uniform in By. For r € By and k > ¢,d — \q
we have A1 (k+ 1) — ¢,,r > 0, and

by (k)
bn(k) — 1

en(A1 — ¢nr) endA1 + 2 d?

et — A1 — A (k)A(k) ME+1D) —car| = M(k+1) —cpd’

+)\1(k)‘:

and the result follows.
To obtain b) first we prove that lim Lo n(r) = Lo(r). Expanding the expo-

nential function we get La.n () = Ao fo(r)+ A1 YN, 37, LUL 4 oy pere g, () —

J 1 (gi—r)7
(M + X2 +6), where an(r) = nn® Y 32, (— = 7) /k!. For sufficiently large n
and r € By, we have

ot 3 (< + )

k=

rt At aN a
< nn® Z' nk/al <nn ZC(d)k/nk/

—1

= (0<d> =) (1= c@)/mt*)

where C(d) = 2max{d®,d} is a constant depending on d. Since a € (1,2), the
right-hand side in the above inequality converges to 0 as n — oo uniformly in By.
This completes the proof of b).

Now we prove part ¢). We will prove that L, , has one real nonnegative root
in [0,q1]; the cases for the functions L and Ly can be handled in a similar
way. From Hypothesis 2.1.b) de‘;’" (0)=c+ n =Y 4 Xy — Agpg > 0.
Moreover, dzjr‘;‘” (r) > 0 for r < ¢, hence L, ,(r) is increasing in [0,¢;) with
L »,(0) = =6, and the result follows.

To prove d) we define L*(r) = Q1(r) Lo (r) and L**(r) = Q1 (r)[er + n®r*—(M+
A2 + 0)]. Now we take § > 0 and consider, for fixed s > 0, the contour Cy as the
imaginary axis together with a semicircle of radius s, moving clockwise from —is to

Jan(r
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is. We note that |L*(r) = L** ()] = |Q1(r) (Aefa(r) + M S0y 7 Bigal (as =) 7).

Since | llim |L**(r)| = oo for any ¢ > 0, for r in the semicircle and s sufficiently
T|—00

large, we have

n my

Xafo(r) + MDD Bijal (g — 1)~

i=1 j=1

<A+ X <ler+n%r* =M+ X2+9)], (3.5)

for ¢ > 0. For r in the imaginary axis it follows that
ler +n%r® — (A1 4+ A2 +0)]
= \/(7]" [Re (ro)| + A1 + A2 + 6)% + (cIm(r) + noIm (r*))? > A1 + Aa. (3.6)

From (3.5) and the last inequality we obtain for sufficiently large s that |L*(r) —
L**(r)| < |L**(r)]. On the other hand, for r € R\{0} we obtain similarly
|Lq(ir)| > 0, which implies that there are no roots on the imaginary axis and we
conclude that, when § = 0, the only root on the imaginary axis is p; s = 0. More-
over, from c), such a root has multiplicity one. Now applying Rouche’s theorem we
conclude that L*(r) has the same number of roots as L**(r) in C;. Letting s tend
to infinity we obtain the result for C; . Taking P(r) = cr + n%r® — Ay — Ay — 4,
from Lemma 3.5 we conclude that L**(r) has m + 1 roots in C4 for ¢ > 0.

Now we prove the result about the number of roots of L, ,,(r). We take L**(r)
as before and define Li(r) = Qi(r)[Aafo(r) + M N, T Bial (g — )T +er +
n°n' =M 4y exp{— = + =} = nn™ — (A1 + A2 + 6)]. Then, for 7 in a semicircle
with sufficiently large radius s, 0 < € < ¢ and n sufficiently large:

[Ly(r) = L™ (r)] < |Q1(r)] )\sz(r)+)\lzz (qﬁziq;)j
i=1j=1 ‘%"
+1Q1(r)| [n*n' T +mne” RVCRET —nn® = nr®

< @) (M + A2 +¢)

< Qi) fer +m%r® = (A1 + A2 £ 0)| = L™ (r),
where the second inequality follows for sufficiently large n using the uniform con-
1-1/a

vergence of n%n r+ no‘efnfl/a T nn® to n®r® in By, which was proved in
b). Now for r in the imaginary axis we use (3.6) to obtain
IL™(r)] > 1Q1(r)] (A1 + A2 +6) > Q1 (r)[ (A1 + A2 +¢)

N m;

N Bijd; o, 1-1/a
> Q1 ()] )\zfz(r)+/\1i§=:1j§::lm+cr+n n r
e T g = (o da o 8)| = L) — L),

and the result follows by Rouche’s theorem. The proof for L, , ; is similar. Fi-
nally we prove parts e) and f). If limg_oo pjs(n,k) = 7; then from part a),
limy 00 Lan,k(pj,6(n,k)) = Lo n(r;) =0, hence 7, is a root of Ly, (r). The sec-
ond limit is obtained in the same way. The limit lims_,g p1,s exists due to the
weak convergence of the stochastic processes having Laplace exponent L, (r) with
0 > 0, to the stochastic process having Laplace exponent L, (r) with § = 0. Let us
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suppose that lims_,o p1.5 = so € [0,¢1). Since Ly 5(rr) = Lq,o(r) uniformly when
0 —0onre|0,q), we obtain sp = 0 because, due to c), p1,0 = 0 is the only root
of L, in [0, q1). O

4. The Laplace Transform of ¢

The following three lemmas will be used in the sequel; their proofs are given in
appendix A.

Lemma 4.1. The integral I, = n'TY/ fi)oo (1 — e —rx) go1(n'/ ) dz is fi-
nite for each n € N and r € C4, and satisfies lim,_,o |I| = 0.

Lemma 4.2. Under Hypothesis 2.1, Ko(n,k,r) := A (k fo f() e "y k(u +
x)p;(x) dz du is finite for all v > 0, and admits the equivalent expression

Py (1) ~ Py ()

Kol b =4 ™ Quary

where

N m;

Pirlr) = Qualr) [(fj( 3 ﬁ“‘ﬁj],

He (@)

Por(r) = Qux(r) [ (k)(bn(k)(_,)ﬂ) (%) bn i (bn(K))
3 3 = )
+/\1i§:1]§:1/321q1§% (g — 1) :|,
’Yl,i(n,k) = /Ooo d)n,k(z)eiqizzldz, Ql k( —7r H — 7» My

j=1
Let us define

s

Mg n(r) = nt T/ ape / e " w(x — U, u)ga1 (nV/x)dedu,

(1)

My(r) = ( ) / /u e "w(r —u,u)r T dadu, 1< a<?2,
N(r) = Ag e "w(x — u,u) fo(x)dzdu, (4.1)
0 u

and note that %QN(r) = &,(r), where &,(u) = [ w(z — u, u) fo(x)dz.

gy

Lemma 4.3. Forry,ry € Co withry # 7o there holds hm (Man(r1) — Mo n(re)) =
Me(r1) — Ma(r2).

In order to obtain simpler expressions for the Laplace transforms (En,k and &5,
we impose the following condition.

Hypothesis 4.1. All roots of L, (r) in C; have multiplicity 1
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Due to Proposition 3.6 e), Hypothesis 4.1 implies that for all sufficiently large
n and k the roots of Ly, 1 and L, , have multiplicity 1. We need the following
functions:

o~ 1/« 0 —'rz/nl/‘)‘ ~t 1/ o —rz/nl/o‘
Goalr/t’) = [ o @) o, GLalr/n®) = [ e go1(2) da,
s 0
141 0 o 1
T(¢nr) = n'" /&”a/ bn k(2)ga1 (0" x) dz da,
—oo J0
0 —x
An(r) = nlﬂ/ana/ / (efT(zJFZ) - 1) q&n,k(z)ga,l(nl/ax) dz dz
—o0 J0

0 oo
K(n,r) = nl+1/0¢770£/ / €7T<I+Z>¢n,k(z)ga,1(nl/aw) dz de. (42)
Due to Hypothesis 2.1 ¢), ¢ ,(r) < B hence A, (r) < B"Hl/a °
rm)gaﬁl(nl/“ ) dz, and from Lemma 3.5 it follows that lim, ., A

Jo -
n(r) =

0. In the
next theorem we obtain an expression for (bn,k.

Theorem 4.4. Assume that Hypothesis 2.1 holds and that (¢,n) # (0,0). Then
the Laplace transform of the Gerber-Shiu penalty function ¢y, of Vi, i admits the
representation

Lani(Moni(r) = g=05 = N(r) = Man(r) = T(¢ns) — An(r).  (43)

Moreover, under Hypothesis 2.1 and 4.1, we have for all § > 0,

m+1
I mi:l Q1(prs(n, k izH#l(m’é(n’ £)=n)
amk( Q1,x( ml
Z_H;éz(pi’é(n’ k) — prs(n, k))
X [(bn (k) = pr,5(n, k) (N (p1,5(n, k) + An(pr,5(n, k) + Ma,n(p1,s(n, k)))
— (bn(k) =) (N (1) + An(r) + Ma,n(r))] - (4.4)

Proof. We consider a small time interval (0,h) and condition on the first jump
time and first claim size of V,, . This gives the equation

Snk(u) = e~ OO 4 (u) + M (k) [ [ e EFD G, 4 (u+ 2)p](2)dadt

O

h u h oo
o [ [emP2tDtp 4 (u — x) fo(z)dadt + No [ [ e~ P20 (2 — u, u) fo(z)dedt
00 0 u

+7’L1+1/a i fe—(nn"‘+5)t¢n7k(u - x)ga’l(nl/al’)dxdt

h
n* [
OhOO
+nt e [ et (u— @) ga,1 (' ) dadt
0 —oo
LplHl/apa FE nray _ 1a
n ffe W(ZC U,U)ga,l(n $)d$dt,
0 u

where A, = A1 (k) + A2 + nn®. Using the Taylor series of the exponential function
in e~(Ant9hg 4 (u), dividing both sizes of the above equation by h, letting h — 0
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and taking Laplace transforms, we obtain:

(An +5)¢nk e " on,ix(u+ x)pr(x)drdu
vl

2 e "o k(u — ) fo(x)drdu + e "Mw(r —u, u)fg(x)dxdu] + n1+ina
L/ 0/ /]
X [/ / e (U — ) g (n “z)drdu + //e_r“w(a: - u,u)ga’l(nl/am)da:du]

0 —oc0
= Ko(n, k, 1) + A2n k(1) f2(r) + N (1) + 1% G g (1)1 (/0" %)
+EK(n,7) + Man(r). (4.5)

Next, we obtain a more explicit expression for the function K (n,r) defined in (4.2).
Changing the order of integration and setting z = u — x in (4.2) yields

K(n,r) :n1+1/°‘n°‘ /e r@r 2 g (2)gan (N ) dzd

—x

8\0

1+1/ana

é\o

/e T g 1 (2)gan (R 2)dzd
0

0

:mf&kwmhvmyﬂ—n”“%a/ /5““ﬂ@m@mmmf“mwm

—oco 0
= 10" Gk (1)Gay (r/n' ) = An(r) = T (b 1).
From the last equality we get
0° G e (r)Ga 1 (r/n'®) + K (n,7) = n0® G e (r)gas (r/n'/®) + T($ni) + An(r),
which, together with (4.5) and Lemma 4.2, yields

Py i(r) ~ Poss(r) R
) o) = ey + Aok F)

+N () + 10 G0 (1)1 (/0 ) = Main(r) = T($ni) = An(r).  (4.6)

An + 8)n(r) =

Let us note that, since Lo, (r) = Ao fo(r) + =& k‘(’> + O G(r/nt ) — (A + 6), (4.3)
follows from the above equality. Because of Hypothesm 4.1, all roots p; s(n, k), j =
1,...,m + 1, have multiplicity 1. Substituting r» = pjﬁ(n,k) in (4.6) and using
Lagrange interpolation renders

w1 Qi) T (pisn )= 1)
Pop(r) =Y —— [N (P16 (1, k) + Ma,n (pr,5 (. K))
=1 [T (pis(n.k) — prs(n,k))

i=1,i#l

+T($n,k) + An(pi,s(n, k))] .
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Hence from (4.3),

La,n,k(r)an,k(r)
m—+1
m+1 . H (pi’a(n7 k) _T)
S Ql,k(ﬁ;z;j((g, k)) m;f“?“ (N(p1,5(n, k) + Man(p1,5(n, k)))
1=1 ' '_1_['#(/)“5(% k) — pis(n, k))
O 1
m+1 . g pis (M, -r ~
+3 Ql,k(ﬁ;lf((gv k)) m+11:1’1¢’ (T(¢n,k) + An(prs(n, k)))
=1 : __p_gﬂ(pi,a(n, k) — pis(n, k))
= (N () + Man(r) + T(Gn) + An(r))
Using Lagrange interpolation and recalling that Q1 5(r) = (bn(k) — 7)Q1(r), we
get
m+41
- TL (pestnik) =)
>~ (ba(k) = prs(n, B)Q1(prs (0, k) ——— i = (bn(k) —7)Q1(r).
=1 I (pis(n, k) = prs(n, k)
i=1,i%#1
O

Plugging this into the above equality we obtain (4.4).
From Theorem 4.4 we obtain our main result in this section:

Theorem 4.5. Suppose Hypothesis 2.1 and 4.1 hold, and (¢,n) # (0,0). Then
for all 6 > 0 the Laplace transform of the Gerber-Shiu penalty function of the

perturbed risk process V,, is given by
Quess) I (bis—r)
m+1 Qipjs) I (pis—r
R [N(pj,s) = N(r) + Ma(pj,s) — Ma(r)]

£ m+41
~ =t T (Pis=ris)
i=1,i#;
or) = mt1 ) (4.7)
m+1 Q1(pj,s) _711_[_#‘(pi,5—7‘)
Lao(r) | > = J
J=1 I (pi5—pj.6)
i=1,i#j
or equivalently, by
mil Q1(pj,s5) N(pj,s)—N(r) n Ma(pj,6)—Ma(r)
j= mat Pj,6—T Py, 5T
~ =1 11_[#_(/37?,579]',5)
i=1,i%#j
m+1 )
Lao(r) ) — Q1(pj,s)
J=1 Tl  (pis—rjes)pjs—T)
i=1,i#j

Proof. Since limy_s o, b, (k) = 0o implies
L Qs Bulk) — pys(m) _ . Qulpss ) (bak) — pys(m) _ Qilpss(n)
Q1(r)(bn(k) — 1) Q1(r)

k— oo Ql,k (’I") k—oo
Identity (4.7) follows now from Theorem 3.3, by taking limits in (4.4) firstly when

k — oo and afterward when n — oo and using Proposition 3.6 e). The equality




PATH FUNCTIONALS OF LEVY INSURANCE RISK PROCESSES 375

(4.8) follows immediately from (4.7) after multiplying and dividing by p;j s — r the
j-th term in the sums in the numerator and denominator of (4.7). g

Remark 4.6. Assume that fi is the hyperexponential distribution with density
m
fi@) =3 Age 7, @ >0,
1=1

with A; > 0 and Z?il A; = 1. In this case the roots of the Lundberg function L,
are all real and different; the proof of this fact is similar to that in Bowers et al.
[3], page 422. If in addition nn = 0, Theorem 4.5 above gives the result in Albrecher
et al. [1].

5. A Renewal Equation for the Laplace Transform of ¢

In this section we obtain expressions for the Gerber-Shiu penalty function ¢ by
inverting its Laplace transform, given in Theorem 4.5. The expressions we obtain
are in terms of the operator T, introduced in Dickson-Hipp [4], which is defined
by the equation

T, f(x) = / eI f(y)dy, @ =0,
when the integral exists. Here f is any nonnegative function on (0, c0) and r € C,..
Notice that T f exists for all » € C; when f is integrable, and satisfies T, f(0) =
f(r) and T,, f(r1) = (f(r1) = f(r2))/(ra — 1) for all r,ry,re € Co with ry # ro.

Hence, for r1,r9 € C4y, r1 # 12 and my(u) = 1‘222“:3 f:ow(ac — u, )z da,

Ma(r) = Ma(r2) = no‘fmma(m). (5.1)
ro —Ti1

In order to simplify our notation, we define

Q1(pj,6)
[1(pr6 —pjs)’

I#j

E(pjs) = j=12...,m+1.

The following corollary is a direct consequence of (4.8) and (5.1).

Corollary 5.1. Assume that Hypothesis 2.1 and 4.1 hold. Then

O(r) = ha,s,w * Wa,s(u), u> 0, (5.2)
where
m—+1
hasw(u) =Y E(pjs)Tp; 5 Mok + n“mal (u) (5.3)
Jj=1

and Wo s(u),u > 0 is the function with Laplace transform
—1
m—+1
Wais(r) = | =La(r) > —— Qulpss) . (5.4)

=TT (pis — pjs)(pjs — 1)
i=1,i#]
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Our next step is to show that the function W, s(r) is related to the Laplace
transform of the time to ruin when § > 0 and to the ruin probability when
d = 0, and that it is the Laplace transform of some function W, s(u) whose
explicit form is given in Proposition 5.6 below. We recall that for ¢ > 0 and
a € (1,2), the tail of the extremal stable distribution (, . is given by ¢, .(z) =

Yo %x"("‘_l), x > 0, and denote the density of (4, by 24,.. Due

to Lemma 1 in Furrer [6], Z, () exists for all » > 0 and is given by Z, .(r) =

¢/(c+r>1). Since pjs, j = 1,2,...,m + 1, appear in conjugate pairs, it follows
that H;njll pjs > 0 for 6 > 0. Using Lemma 3.4 and the change of variables
P;.5(r) = pjs —r, one can show that if p1s,. .., pm1,5 are different complex num-
bers and Py(z) = ayx' +a;_12'~1 + -+ a1z + qo is a polynomial of degree I, then
forall [ > 1,

m+1

T HmHPz(pj,é) _ (5.5)

0 if 1=0,1,...,m—1
j=1 Lhi=1,1%; (pr.s — pis)

(-D)™am if I=m.

The following two lemmas can be proved using Lemma 3.4 and (5.5), and the fact
that the roots {p; s} of L, are in conjugate pairs.

Lemma 5.2. For § > 0, it holds Y7 E(p;s) = 1, and Y7 E(pjs)p;s =
Hl]\;l 9"

[T prs

Lemma 5.3. For any function K : (0,00) — [0,00) and all 6 > 0, the functions
r — Z;n:ll E(pj5)T,, s K(x) and x — Z;n:ll E(pj.5)p5.6Tp, s K (x), are real-valued.

We define the function £, (u) := %, u > 0, and note that although £, (u)

is not integrable, the function T,.¢,(x) exists and is finite for all > 0 and r > 0.
For all complex numbers 71,75 € C, such that r; # ro and « € (1,2), it can be
proved by integration by parts (see Zolotarev [16], page 10) that

/w[e_”w —e "%z = I'2-a)
0
-1

a—1
~ a—1 e
It follows from (5.6) that Ty, la(r2) = [ e 72" [ e W20, (y)dyde = ——2—

T1—T2
for r1 # 1o, and Tp la(r1) = [0 e ™" [ e W70 (y)dyde = (a — 1)ry 2 if 1 #0.

Let us define for all > 0 the functions f, s(x) = Z;n:tl E(pj5)p5,6Tp, 5lal()

and gs(x) = A2 Y1 E(pj6)T), s f2(x). Due to Lemma 5.3, hy 50, fas and gs
are real-valued. In the sequel we assume the following condition.

[t =it (5.6)

Hypothesis 5.1. The functions ha 5., fo,s and gs defined above are nonnegative.

It is straightforward to prove that Hypothesis 5.1 holds in the case when f; is
a hyperexponential distribution and f5 is a general density function, because in
such case E(p;s) and p, 5 are nonnegative numbers.

In the following proposition we obtain an alternative representation of /VVW;
which allows us to calculate its inverse Laplace transform.
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Proposition 5.4. Assume that hypothesis 2.1, 4.1 and 5.1 hold. Then,
a). Forn >0 and c > 0,

— . “0 Va 6( )
Wes) = T s () + 25 ()P (]| (51

where ks = % 5(0 )Jrfag( ), 05 = ¢/n* + ks and
Do (r) = Zas 1) : (5.8)

1t g fas (1) Zay0, (1)

b). The function Wa75(7“) is related to the time to ruin and the probability of
ruin (u) by the following equalities:

_ 15 :
<p5(r):f—fnfn+11q Was(r), 6>0,

r H] 1 P36
and
1 et — Aape HZI\;‘ZZM
r r 175" pio
where s5(u) = E [e7°™01 1, coo}|Va(0) = u] is the Laplace transform of the ruin
time for § > 0.

Proof. See appendix A. (]

W‘%O(r)v

From Proposition 5.4 b) we obtain the following corollary.

Corollary 5.5. For u > 0, both (u) and ps(u) are tails of probabzlzty distribu-
Hz 1 qz

+1
175 pio

We,s(u). Hence, from (5.2) the Gerber-Shiu function is given

tions with respective densities ¥'(u) = (¢ + A1 — Aapi2)

N i
[l

wg(u) =0 1
H;n:1 Pj,é

by the expressions

Weao0(u) and

-1
[(C + Aip — /\2112)1%] haow * ¥ (u)  ford =0,

p(u) =

-1
[5 1—1_1117117{1(1/;] } ha,s.w * @s(u) for 6 > 0.

Now we are ready to give a representation of W, s as a series of convolutions
of the functions fu 5, s, Va,s defined above.

Proposition 5.6. Under hypothesis 2.1, 4.1 and 5.1 the following properties hold.

a) Forr >0, the function U, 5( ) defined in (5.8) is the Laplace transform of the
function va,s5(u) = za,04 * Z [ 95] [fa,6 * za,05]" (u).

b) For u > 0, the function W(y,(;( u) defined in (5.7) is the Laplace transform of
the functions Wy s5(u) = ﬁya,é * ni) 05" [KsVa.s + 1 “gs * Vays| " (u),

¢) Vo ,5(u) and g5 * g s(u) + ’;—jua,g(u) are defective density functions.

Osm
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fo. 5(0) < 1, Hypothesis 5.1 implies 0 < . 5(T) < 1 for all r >

Proof. Since 0 <
0. Hence the series Za,0,(r) nio [fa] [fa,g(r)za,gé (r)]n is absolutely convergent
for » > 0, and its limit equals the right-hand side of (5.8). We set Z(u) :=
ISy, [ r Za 05 * [fo.s * 2a05) " (u)du. Using monotone convergence we get

Z(u) = lim Z/oo [;—J Za,05 * [fa,6 * za,05]"" (u)du

m— oo
n=0

IA

5] 2 [Fos @20, 0)]"

m—o0
n=0

n=0

n
< o0,

P%raﬂmmﬂmmmﬂ

n
which implies that the series Y~ {—é] 205 * [fas * 2a.0,] " (1) converges ab-

solutely. This proves a).
To prove c), due to Hypothesis 5.1 and the definition of 7, s we have U, 5(0) < 1,
hence v, s is a defective density function. From Proposition 5.4 and (5.7) we obtain

_ D5 (r)

or) = 1 Q1(pj,s) Pa,s(r)
L m+ 1(pj,s Va,s(T
“(T){ I=U I L (pis—pi8) (pis—r) | 1705

77“95 Va 6( )

1= o= [RsPa,s(r) + 1705 (r)Pa,s(r)]

Putting 7 = 0 in the above equality and using the second equality in (5.5), it
follows that

m—+1

1t o _ La(0)74,5(0) Q1(ps5)
1— = [17%G5(0) + k5] Va,5(0) = — o o
05 n*0s ; 12 (pis — pis)pss

_ Pas(0) ST,
= Lo > 0.
n 65 -1 Pj,é

From the inequality above and the fact that Uy, 5(0) and gs5(0) + ks are always
positive, it follows that é [n~%G5(0) + k5] Va,5(0) < 1. Now using Hypothesis
5. 1 we obtain %S [n~%Gs(r) + Ks] Va,s(r) < 1 for all » > 0, which implies that
=05 * Vo, 5(w) + 'g—gng(u) is a defective density function. The proof of this result

9577
for vy s(w) is similar. The proof of b) follows from c) similarly as in a). O

From (5.2) and Proposition 5.6 we obtain the main result in this section, in
which we give a representation of ¢(u) in terms of an infinite series of convolu-

tions of hq 5., and the functions gs and v, s defined above, and the corresponding
defective renewal equation for ¢.

Theorem 5.7. Assume that hypothesis 2.1, 4.1 and 5.1 hold. Then, for n > 0

the Gerber-Shiu penalty function satisfies the defective renewal equation

1 [ 1 1
P(u) = / P(u—y) [Hava,s(y) + =95 * Vas(Y) | &Yy + — a5 * Va,s (1),
05 Jo n n*0s
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o0
o 1
whose solution is given by ¢(u) = na%&ha’&w ) 1/:(?+ )
n=0 ’

*n
{% + ?70‘195 95} (u).

We note from Corollary 5.1 that the only dependence of ¢ on the penalty
function w appears in hq 5. (1), hence in order to obtain a formula for ¢(u) for
different penalty functions we only need to calculate the corresponding function
hasw- Let us take w(z,y) = e "% for s,t > 0. Using (5.3), we obtain that in
this case the function h, s, defined above has the form

m—+1
hasw(u) = Z E(p;s)Ty; s (0 f1s0 + Aafost) (u),

j=1
where fis:(z) = e "l (x) — se ¥ Tly(z) and fos.(x) = e Ty fo(x). Since
a 2

0
_7eism7ty|s:t20 =z, _767517&[1'5*75*0 =Y and

e W _y_og = xy, for
s
& > 0 the results of the previous theorem can be extended to the cases of penalty
functions

wlz,y) =2z, wy) =y and w(z,y) =1y, (5.9)

which are not bounded. This can be shown by applying the dominated convergence
theorem and calculating the corresponding derivatives of hq .. In this way we
obtain the following result.

Corollary 5.8. Let § > 0 and

m—+1 J—
_Zl E(pjs)Ty; 5 (n° Aa + AopaF2 1) (u) if w(z,y) =,
=

m—+1

o) = {5 Bloia) Ty (0= Do+ 20G) () Fwle) =y, (5,10
S5 B0y 5) Ty, (17 A%+ MG (u) if w(z,y) = 2y,

j=1

where G(u) = uFy(u), Ay (u) = f;o Lo(z)dx, A% (u) = uToly (u), G*(u) = uf;o(zf
u)f2(2)dz and Fy 1 is the integrated tail distribution of Fy. Then Theorem 5.7
holds also for the penalty functions (5.9), with the same functions gs and v,s,
and corresponding functions hy . given by (5.10).

6. Examples and Conclusions

Here we illustrate how to apply the above results to two particular cases of risk
processes. We assume that \y = A =7 =1,¢> 0,1 < a <2, and the penalty
function w is such that Hypothesis 2.1 holds.

Example 6.1. For given positive constants a,b, let fi(z) = ae™**, 2 > 0 and
fa(x) = be™b* z > 0. In this case the Lundberg’s equation L, (r) —d = 0 is given
by bir + 4 +er+ 1% —2-4§ =0, and it has two roots in C, 1, denoted by p;
and p2. These roots are real and satisfy the inequalities p; < a < p2 < b. In order
to obtain from (5.2) the Gerber-Shiu function ¢ for general penalty function w,
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we need to calculate the functions hg 5., and W, s. From (5.3) it follows that

_a—p1 —p1(z—u) / —by Of(Oé - ]-) 71704)
hasw(u) =——— [ e 1 w(y —z,z) [ A2b 4+ — dyd
sty =2 (o= a) (Rabe™ 4 2017 ) dy

o o] o o]
P2 —a —pa(z—u) / ( —by a(a - 1) 717(1)
+—— [ e w(y —x,x) | A2be + —r dydzx,
pQ_pl/ (y ) (A2 T2 —a)’ y
u x
6.1)
and from (A.7) we obtain
= 1
WQNS(T) = 1 b 71—7‘&7 o *1, a—1"
-1 _ a 2—a T
c+re b+T (b+p1) (b+p2) + o p2— Pz ’01 p1—T + p2—pP1 02 p2—T ( )
6.2

Since a < 2, the above formula does not admit a simple decomposition in partial
fractions as in the case when a = 2. However, using the formula in Proposition
5.6 b) we obtain an expression for the inverse of W, 5. Therefore

*N

1 e~ '
Wa,s(u) = M%,g * Z 05" |KsVa,s + /ebel/a’g( —z)dx (u),
n=0

0
_ +b a—p1 a—1 p2—a 1 _ +b
Rl Ké o (b+P(11)(b+q2) T p2— Pll pro T /322 p1 pay 05 = c+ (b+PT)(b+P2)
a— — .
Sy 1y L= p3 ", and the function v, s is given by
oo e [omyla—12"
Va5 (W) =Za65 *ZO {*%} LE _plpl/za,ea('*y)/e ! mdﬂiy
n= 0 ¥
. oo ( ) o *n
p2—a L *P2(Z*y)a_127 dzd . 6.3
+ 22 [ [ e | W (63)
0

Yy

see Proposition 5.6 a). In view of (6.2) the expressions for the Laplace transforms
of the ruin probability and of the ruin time given in Proposition 5.6 b) are simpler
to calculate in this example.

Example 6.2. Let fi(x) be as in Example 6.1, and assume that fo(z) = b2e~ %2,
x > 0, i.e. fyisan Erlang density with shape parameter £ = 2 and scale parameter
b > 0. In this case the Lundberg’s equation is (bJrT)2 *—2-6=0,

which has two roots in C4 4, denoted by p1, p2. These roots are real and satisfy

the inequalities p1 < a < p2. In this case Wy 5(r) = %(r)’ where
~ - b2 1 b2 1

La - + - { 5 ° [ + :|

(M) =etr p2—p1 Lb+p1 (b+7)2  (b+p1)2b+r

pg—a|: b2 1 n b2 1 :|}
p2—p1 Lb+p2 (b+7)2  (b+p2)2b+r
La=m py = ot L p2oa PS5t — et

p2 — p1 p1—r p2 — p1 p2—T
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Again, this expression does not admit a partial fraction decomposition when o < 2.
Hence we use Proposition 5.6 b) to obtain:

1 — —n . a—p1 b2 —bx b2 —bx
Wasu) = —va *E (7] KsVa +/( { e r+ ———e€
() 705 ° = ° { orene p2—p1 [b+p1 (b+ p1)?

0

p2—0b L b’ 7bac:|> -
v s(-—x)d 7
+p2*p1 {b+p2e T 4+ (b+p2)26 Va,s(- — x)dx (u)

— a—p1 1 b p2—a 1 b a—p1 pa—a
where x5 = = |:b+p1 + (b+p1)2] T oa=pn [b+p2 + (b+p2)2} = L+ p2—p1

x5 and 65 = et S8 [+ e | + 25 [ +
ﬁpg_l. The functions hq s, and v,s have the same expressions as in (6.1)
and (6.3), with the corresponding roots p; and ps.

Although the expressions for W, s(u) presented in these two examples are diffi-
cult to work with in general, the formulas for Wa,a(r) are rather simple and their
inverse Laplace transforms can be calculated by using numerical methods.

Since hq 5, and the constants in the expressions above can be calculated explic-
itly, the function W, s becomes the most interesting object of study. For instance,
the expressions given in Proposition 5.6 a) and b) allow the use of theoretical tools
to obtain asymptotic expressions for v, s and W, s. These results can be used, in
turn, to obtain asymptotic expressions for the ruin probability, the Laplace trans-
form of the time to ruin, the joint tail of the severity of ruin and the surplus prior
to ruin and some other important cases of Gerber-Shiu functions. The asymptotic
expressions for the ruin probability and the joint tail of the severity of ruin and
the surplus prior to ruin are the main topic in Kolkovska and Martin-Gonzélez
[12].

Finally, the function W, s is related to the density of the negative Wiener-Hopf
factor of the Lévy process V,, which we study in further detail and generality in
a forthcoming work.

Appendix A. Remaining Proofs

Proof of Lemma 4.1. The existence of the integral I, follows from the
existence of both, g,,1 and the first moment of go1 for o € (1,2). Setting

y = —n'/%z we obtain I, = fo‘”n(l e/t 1/a)9a1( y)dy, and putting

Z k/a —Fa=1Ga,1(—Y)

k=2

8

Liy,r) = n (1= ervmt

) gt (—y) gives |13y, )| =
o0 e}

< 3 "9 gan () = (€1 1= Irly) gas(~y). Since [ (Y =1~ |rly) ga1(~y)
= 0

0
xdy = [ (e"”y -1+ |r|y) 9a,1(y)dy < oo, using that |I,,| < fooo |L¥ (z,7)| do
the result follows from the dominated convergence theorem.

Proof of Lemma 4.2. Hypothesis 2.1 implies that ¢, ;(u) is bounded for all
u > 0, hence Ko(n, k,r) is finite. By performing the change of variables z = u + x
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we obtain

Ko(n, k,7) :Al(k)A(k)/ e—*zqﬁn,k(z)/ b (k)e” tr R =% grdy
0 0

N mi z = que(?" qi)®

+Alz§:5”/ ‘”m,k(z)/ —G el

i=1 j=1 0

k=1,k_—4q;y —qiz

—1
Using the formula [ "t —dy = 1 - lZ v
=0

it we get

bu (k)
X b:z’];()""_ - /O T (2)e Mg
Y i; % /Ooo b n(2) {g - r)lzl} dz
= [Al(fné()k)bn(k) u ii (q?iiqi)ﬁ} Frrlr)
- ABAZ ARG, 69 2 i’"z B! Z (q) i)

and the result follows.

Proof of Lemma 4.3. Let us write e(u;r1,73) = e~ "% —e~"2% and recall that

d(a) = ?Eg—_ali Notice that

N *(Man(r1) — Man(re)) = H'l/o‘/ / (u; 1, r2)w(T — Uy U)o, 1( z)d:cdu.
(A1)

From formula (14.37), page 89 in [14], we get lim,_ d(g“*l(m) = 1. Hence, for

Az 1-%
every € > () there exists a positive number A, > 1 such that for all u > A,

9o 1 ()
)z 1= < (1 +e). (A.2)
We take A = A, and n > A%, and split (A.1) as follows:

nia(Ma,n(Tl) - Ma,n (7"2)) = n1+1/a / / e(u7 71, TZ)UJ(:I; ) u)gayl(nl/a:c)dxdu

+n1+1/a/
A/nl/a

A/nl/ [eS]
+ nHl/a/ / e(u;r1,72)w (@ — U, u)ga 1 (n'/ ) dadu.
0
(A.3)

oo
e(u;r1, r2)w(® — U, u)gan (n'/*z)dadu
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Noticing that v > 1 and = > u imply n'/®z > A, from (A.2) we obtain for the
first term above,

oo} oo
an/a/ / e(u;r1,m2)w(® — U, u)ga1 (n'/*z)dzdu

< 2d(a 1+5/ / 1= g du (O‘() (1;;6).

Hence, using dominated convergence it follows that
lim nl“/o‘/ / e(u;r1,72)w(x — u, w)ga,1 (n*/“z) da du
a)/ / e(u;r1, ro)w(z — u,u)z” '~ dz du. (A.4)
1 u

Now we consider the second term in (A.3). In this case n'/®2z > A, hence
1 oo
nHl/a/ / e(u;ri,r2)w(r — u, u)gavl(nl/a:c)dxdu
A/nl/o‘

1/
// e(u;ri, r2)| %d(a)m_l_admdu
d(a) [n1/x]

k oo
+E / ‘TQ — Tl / 110‘ dxdu S 2d(a)B <|T1 — 7ﬁ2| + el"‘ll +e‘7‘2‘> .
0 u T

«a 2 -«
Using again dominated convergence yields

k=1

1 o
lim n j;1/ / e(u;r1,m2)w(® — U, 1) ga1 (n*/*z)dzdu
n— oo 1/(] w
/ / e(u;r1,r9)w(x — u, u)z ™'~ *dedu. (A.5)

For the third term in (A.3) we use the change of variables y = n'/“u and z = n'/*z.
This gives

At/ oo
n1+1/a/ / e(u;r1,72)w (@ — 1, u)ga 1 (" ) dadu

1 1/a e " /nl/a e " y/nl/(¥ 2=y Y
< // 1y _ S ) 9aa(2)dzdy

oo A
T —T2|Y B r T ral
< B/ / kl'n1<k+1 QL)/aga 1( )dZdy S W/ (6' 1ly +6| z\y) Ga,l(y)dy
0

< 7;1( nIA 4 1) o (0),

— n-a)/a

where to obtain the last inequality we used that n > A“ > 1, which implies
n=2-a)/a > p=(k+l-a)/a for 9] k > 2. From here the result follows using (A.4)
and (A.5).

Proof of Proposition 5.4. In order to prove a) first we will show that Jo(r) =

S T A -Fipje)
0 for all » > 0, where Jo(r) = A1 Y. Qi(pjs) [l =22 (pis — pjs)~ ' For
i=1

. s, Pj,6—T
i=1,i%j 90
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fixed 7 > 0 we obtain, setting p; ;(r) = pjs —r and ¢; (1) = ¢; — 7,

it TL@E0) = s D™ n

=1 (r) = p}5(r)' = (qi(r))!
Jo(r) = M el Zzﬂqui . p]a_ )
J=1 _ ﬁ';&‘(p;é( r) — pja( 7)) k=11=1 (ar )( w(r) Pja( ))lpj,a( )

win TLG0) = ps)™ & i .
1 7 (p3(r)

= M\ hm T Z ﬂquk ol 7, — " , (A.6)
T (pr40) - o 40 R 1 DECHORTHON

i=1,i%j

where P is a polynomial of degree [ —1. We note that for each j € {1,...,m+1},

Tk Py (p} (1)) _ P (p] 5(r))
ZZ“ (G (ai () = pr, ()~ X !

[T (g5 (r) = p5 5(r))

h=1

where P**(p7 5(r)) is a polynomial on p7 5(r) of degree at most m — 1. Putting the

Lo . oy ! P (p75(1) _
above equality in (A.6) gives Jo = A1 Y —=5 = 0 due to (5.5).
=1 TI (pjs(r)=pj s(r)
. 1=1,1#j
Using that A\; + )\2 +0 = Xafalpjs) + )xlfl(fpm) +cpjs +n%pf s, from (5.4) and
(x 1 a—1
PJ 5 T

the equality = pj, 5ﬁ + 721 we get
J

Wa,é(r)
_ 1
m+1 Q1(pj,5) (f2(r)—F2(p;.s)) o 5=
L Bl e e L)
=TI (pi,s—rj,s)
i=1,i#j
1
= m+41 R o I,Ta—l
.Zjl E(pjs) <—A2ij‘5f2( ) +c+np; 6ﬁ +7lar°‘*1)
j=
1
- m+1 . ] P — (A7)
c+nera=l — Xy 21 E(pj,(;)TpJ)éfg( r) 4+ ne Zl E(p;, 6)0]5;5)7
i= i=

75 Ve (1)

1- 91*5 [7=2Gs (1) + ks Va,s(T)

where the last equality is obtained by dividing the nominator and the denominator
of (A.7) by ¢+ n%ks +n%r*"! 4+ ZmH E(pj.5)ps,sTp; sLa(r). This shows a). To
prove b) we define the function v% ;5(r) = (¢ + 7°r* " + 7 fu,s(r)) L. From (5.2) and
(A.7) we obtain

O(1) = hasw ()i 5 (1) (1 — Gs(r)vd s(r) " (A.8)

First we consider the case of § > 0. We will show in this case that if w(z,y) = 1,

then

% [1 = Gs(r)vas(r) = 6RVE ()] = hasw(r)vi,s(r), (A.9)
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—1
where R = (HZN 1 ql’“) (H;nﬁl pj, 5) . Using that L,(p;,s) = 0 and Lemma 5.2
we obtain

i1 5 ml X (Falpis) — 1) o (R - 1)
Y E(pss)—— =D Elpis) | ———— +c+npf5 + _
= pis Pi,6 Pj,é

mil X (Falpsa) — 1) s

Y] R
= Pj,8
m—+1 ’\ 7n+1
+ M Z E(pjs) ”J DS ppjj (A.10)
= j=1 J

From Lemma, 5.2 it follows that Ay ZWH Eleps) _ A1R. On the other hand, due to

J=1 " pjs
(2.1), fi(=pjs) = %, hence from the definition of E(p;s) we obtain
M ZmH E(p;j, )fl( Pis) = A ZT:T T Q(=pis) Since Q is a
Pj,8 | k;e](/’k 5= P.5)Ps.6

polynomial in p; 5 of degree at most m — 1 and constant term H2 1 g, it follows

that Q(—p;.6)p;5 = (pjs)” "IN, @™ + Qo(—pjis), where Qo(r) is a polynomial

of degree at most m — 2. Hence, applying (5.5) we get \; Z"H'l E(pjs )fl (p ‘;J )

A1 R. Using this and the equality \; ZmH EE)‘;J 5) — A\ R, (A.10) simplifies to

e Yo (Falpis) = 1) o
SR="> E(p;s) T et (A.11)
=1 7,

m—+1 ~

Lemma 5.2 yields 1 — gs(r)v; 5(r) = > E(pjs) (1 - AQijvsfg(T)llé)é(T)) . From
j=1

this equality and (A.11),

1 ~ * *
- [1—Gs(r)va.s(r) — 6Rvg 5(r)] (A.12)
1 Ml N § A2 (fz(pj,5) - 1) R
= > E(pis) {1=XaTy, s fa (1) 5(r) — BN Va,s(T) ¢ -
= 3,
. 1
Using that v} 5(r) = — and Lemma 5.2,
s c+ na,rafl + nafaﬁ(?n)
m+1 a—1 a—1
a a—1 p] s —T *
> E(pse) |e+n " 0% pi s L——— | i s(r) = 1. (A.13)
j=1 Pjs —T




386 EKATERINA T. KOLKOVSKA AND EHYTER M. MARTIN-GONZALEZ

From (A.13) and (A.12) we obtain, for r # p, s,

% [1—gs(r)vas(r) — 6Rv 5(r)]

m+1 pagl _ Ta—l
= fZEpas 0T % = | 5 (r)
= Pj,s —T
1 m—+1
—;)\2 Z E(Pjyé)ij,afZ(T)VZ,a(T)
j=1
m+1
1 —_ *
_,ZEp](S M‘FC-‘FUQpigl Va,é(r)
P36
m+1 a—1 a—1 1—]?2(7“) _ 17f2<pj15)
= Z Epyo)§ | n"rH—— - xar—" P | vas(r)
= - , a,d
! pis =T pis =T
m+1
= > Bps) (1T sbalr) + NaTy,  Fa(r)) vis(r).
j=1

Since &, (u) = Fa(u) when w(x,y) = 1, from (5.3), (5.1) and the above equality
we obtain

m—+1 a * x
R . 1|1 —=9s(r)vs s(r) — IRV 5(r)
P50 (T ZE (28] (77 T,, slalr )+A2ij‘5F2(r)) = [ v () }7
= a,d

which proves (A.9). From (A.9) and (A.8) it follows that
(

N 11—gs(r)vss(r) —0Rv, 5(r) 1 1
Bo(r) = & _Ld

RV, (1) :|

T 1—=gs(r)vy s(r) T 1=9s(r)v; s(r)
[ oR
_1 1 n-
S s Fas(r) — n7Gs(r) — ks
11 oy Va6 (1)
o 11M”%Uﬁﬂd%ﬂﬂ]
11

= 6RWa (),

where the last equahty follows from (5.7). This shows b).
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