Communication®n StochastidAnalysis \gg Serials Publications
Vol. 10,No. 1 (2016)97-116 @ www.serialspublications.com

MOMENTS ESTIMATES FOR LOCAL TIMES OF A CLASS
OF GAUSSIAN PROCESSES

OLGA IZYUMTSEVA

ABSTRACT. In present paper we prove an existence and give a moments esti-
mate for the local time of Gaussian integrators. Every Gaussian integrator is
associated with a continuous linear operator in the space of square integrable
functions via white noise representation. Hence, all properties of such process
are completely characterized by properties of the corresponding operator. We
describe the sufficient conditions on continuous linear non-invertible opera-
tor which allow the local time of the integrator to exists at any real point.
Moments estimate for local time is obtained. A continuous dependence of lo-
cal time of Gaussian integrators on generating them operators is established.
The received statement improves our result presented in [10].

1. Introduction

In present paper we study properties of local times [11] for Gaussian integrators.
This class of Gaussian processes firstly was introduced by A.A.Dorogovtsev in the
work [6]. The original definition is the following.

Definition 1.1. [6] A centered Gaussian process z(t), t € [0;1], x(0) = 0 is said
to be an integrator if there exists the constant ¢ > 0 such that for an arbitrary
partition 0 =ty < t; < ... < t, = 1 and real numbers ay, ..., a,_1 the following

relation holds
(Zak tk+1 —x tk ) <cZakAtk

This inequality allows to define a stochastic integral for any square integrable
function with respect to integrator. Stochastic calculus for integrators including
the Ito formula and stochastic anticipating equations were introduced in [6, 4].
The following statement describes the structure of integrators using the notion of
white noise in the space of square integrable functions.

Lemma 1.2. [6] The centered Gaussian process x(t), t € [0;1] is the integrator
iff there exist a white noise £ [5, 16, 17] in the space L2([0;1]) and a continuous
linear operator in the same space such that

CC(t) = (AH[O;l]a£)7 te [07 1]
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It follows from Lemma 1.2 that all properties of the integrator x can be charac-
terized in terms of the operator A. Note that in this case the covariance function
of the process x has the form

Ex(t)x(s) = (Al[O;t]a AI[O;S])'
The main object of investigation in the present paper is the local time for Gauss-
ian integrators. Let us start from the general definition of local time for a 1-
dimensional random process z(¢), t € [0;1]. Denote by
1 22

fe(z) = \/%efi.

Definition 1.3. For t € [0;1], u € R and p > 2

*(u,t) /(5 ))ds =L -glg%/tfg(x(s)—

is said to be the local time of the process x at the point u up to the time ¢ whenever
the limit exists.

Denote by I* = 17(0,1), I®(u) = {*(u,1). Let G(eq,...,en) be the Gram de-
terminant constructed from elements e, ..., e, of the space Ly([0;1]). Denote by
g(t) = Allf,. In Section 2 we show that an existence of local time follows from
the convergence of the following integral

ds
/Ap \/G(g(sl),...,g(sp)’ (11)

where A, = {0 < 51 < ... < s,}, p > 2. Note that in the case p = 2 one can
use the following statement which was proved in [15]. Let (T, E) be a measurable
space with the finite measure v. Consider a centered Gaussian random field ¢
on (T,Z). Denote by B(s,t) the covariance matrix of the vector ({(s),{(¢)). Put

I = [ f-(C(t))v(dt).
Theorem 1.4. [15] Suppose that

L v

Then the limit of I. exists in L2(Q)), as e — 0.

dt) < oc. (1.2)

Therefore, our statement generalizes Theorem 1.4 for integrators in the case of
L,— convergence for p > 2. It must be mentioned that for a 1-dimensional Wiener
process P. Levy in [13] proved the existence of local time. T. Trotter in [18] us-
ing Kolmogorov’s continuity criterion proved that the local time of the Wiener
process is jointly continuous with respect to time and space variable. For general
Gaussian process S. Berman in [1] proposed the notion of local nondeterminism
which in some sense means almost independency of increments on small intervals.
Under some technical assumption this property leads to existence of local times
and their joint continuity. The local time of anisotropic Gaussian random fields
studied by Y. Xiao in [20]. Typical examples of such fields are fractional Brownian
sheets, operator-scaling Gaussian fields with stationary increments and the solu-
tion to the stochastic heat equation. By representing the notion of strong local
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nondeterminism Y. Xiao proved the existence of local times and their joint conti-
nuity for anisotropic Gaussian random fields. The Gaussian integrators which we
consider in the present paper have some version of local nondeterminism only if
they generated by a continuously invertible operator. Using this fact, for integra-
tor generated by a continuously invertible operator in the work [12] we prove the
existence of local time which is jointly continuous in time and space variable. The
key idea of the proof is the following statement.

Lemma 1.5. [12] Suppose that A is a continuously invertible operator in the
Hilbert space H. Then for all k > 1 there exists a positive constant c(k) which
depends on k and A such that for any ey, ..., ex € H the following relation holds

G(Aey, ..., Aeg) > c(k)Gleq,. .. ex).

In this paper we will check that c(k) = W (see Theorem 2.3). It follows

from Lemma 1.5 that (1.1) can be estimated by
dt 27 )P/2

/ = B vy,

Ay \/G(H[O;tl]v ey ]I[O;tp]) p:

where w(t), t € [0;1] is a 1-dimensional Wiener process. In the paper the same in-
tegral with the Gram determinant constructed by elements Aly, 4,7, i = 1,p — 1,
where the operator A is non-invertible will be estimated by the moments of local
time of Brownian bridge. Let ker A be the kernel of operator A and (ker A)* =
{y € Ly([0;1]) : ¥ z € ker A : (y,z) = 0}. Denote by L the subspace of all step
functions in ker A. Let {fx, k =1, s} be an orthonormal basis in L. Suppose that
0 <s1; <...<sy <1 are the points of jumps of functions fi,..., fs. Note that
any other orthonormal basis in L has the same set of the points of jumps. Really,
let fi,..., fs be also the orthonormal basis in L. Denote by K, K the sets of points
of jumps of functions {f;, j =1,s} and {f;, j =1, s} correspondingly. Then

S

Fi=> (Fisfi)fuy 5=T5 (1.3)
k=1
and
S
fi => (Fis fi)fns 5=T5. (1.4)
k=1
It follows from (1.3), (1.4) that K ¢ K and K C K. Consequently, K = K.
Consider independent 1-dimensional Wiener processes wy, ..., wxy1. Let us define
the process y(t), t € [0;1] via the operator A and wy,...,wyy;1 as follows
wi(t) — £w1(81), t € [0;s1],
wa(t —s1) — ;;_Ssll wa(s2 — 81), t € [s1;82],
TORRS (15)

wN+1(t—SN) — i:i%wl\/llrl(]. —SN), t e [SN;].].

Denote by A the restriction of operator A on (ker A)*. In present paper we will
show that for the continuous linear operator A which satisfies the conditions
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1) dimker A < 400
2) the operator A is continuously invertible
the following relation holds

[t
a, VGg(t),- . g(tp)) ~ pll|A=YP

The obtained estimate allows to prove the existence of local time and give a mo-
ments estimate for the local time of integrator generated by the operator A which
satisfies the conditions 1), 2).

This paper is organized as follows. In Section 2 we discuss sufficient condi-
tions on a continuous linear non-invertible operator that allow the local time of
corresponding integrator to exists at any real point. Moments estimate for local
time is introduced. In Section 3 we expand our result proved in [10] related to a
continuous dependence of local time of integrators on generating them operators.

E(¥)?, p>1.

2. Existence of Local Time for Gaussian Integrators and
Moments Estimate for Local Time

In present section we prove an existence of local time and give a moments
estimate for a local time of integrator generated by a continuous linear operator
in the space L2([0;1]) with a finite-dimensional kernel. Consider the Gaussian
integrator

x(t) = (Alljpy, £), t € [031],
where A is the continuous linear operator in the space La([0;1]). As in Section 1
A is the restriction of operator A to (ker A)L.

Theorem 2.1. Suppose that the continuous linear operator A in the space
Ly([0;1]) satisfies conditions

1) dimker A < +o0;

2) the operator A is continuously invertible.

Then for any u € R and t € (0;1] the Gaussian integrator x generated by the
operator A has the local time l(u,t). Moreover, for any p > 1 the following relation
holds

1
B(IPY < — =
p! AP

where the process y defined in (1.5).

E(ly)P’

Proof. Without loss of generality we can assume that u =0, ¢t = 1. Consider

1 22
fe(z) = ——e"2, >0, zeR

V2rme

and check that for any p € N there exists

L,-lim [/01 fg(x(s))ds} =: 1"

e—0

By V. denote fol f=(z(s))ds. Let us check that for any p > 1
E(Ve, = Ve,)P =0, e1,60 = 0. (2.1)
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Note that
l l —1
E( €1 Ezp_§ C p E )(sz)p .

Hence, to check the relation (2.1) it sufﬁces to prove that there exists the finite
limit E(V.,)!(V.,)P~" as e1,e2 — 0. Using the relation

Fon \/>f\F

one can get

B0 =p(2) T [ PR (22)
where
z(s1)
~ 1 llz11? z(s1)

fe(z) = Greypr2¢ 7002 eR? ()= [\ /2a(si41)

\/Z.x(sp)

Calculating the expectation of the integrand in (2.2) one can obtain that (2.2)
equals

51 2 N
,(7 / d3, 2.3
P €2 (2m) p/Q . Vdet(B:(s) + Ie1) (2:3)
where B.(s) is the covariance matrix of the Vector Z.. Let Gi(s) be a sum of all
possible Gram determinants constructed from k elements of the set

faton)coesato ot 2ot}

Gol) = Gaten).--- 9600y [ L)ooy [ L)

€2

Note that

Using a linearity property of a determinant one can conclude that
det(B.(s) + Iey) Zal Gi(s (2.4)

Here G(5) = 1. It follows from relation (2 4) that (2.3) equals

51 2

P(g 27Tp/2/ \/ZP - )

ds

p/2/ \/
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Note that for any 1,65 > 0

1
\/G(g(sl), coog(sp)) + (2%)1’*1 P 511’—ka(8)
1
~ VG(g(s1), -, 9(sp))
and
ds

converges to

\/G(g(sl)’ cee 79(810))

as €1,e2 — 0. To apply the Lebesgue dominated convergence theorem we need the
following statement which is proved in Appendix A (see Theorem A.2).

Theorem 2.2. Suppose that continuous linear operator A in Lo([0;1]) satisfies
conditions

1) dimker A < +o0;

2) the operator A is continuously invertible.

Then for any p > 1 the following integral

/ dt
A, VG(g(t1), -, 9(tp))

CONVETGES.

Applying the Lebesgue dominated convergence theorem and Theorem 2.2 to
(2.3) one can finish the proof of the existence of

1

Using the same arguments as in the proof of Theorem 2.3 (see Appendix A, The-
orem A.2) one can obtain the moments estimate for the local time [*. Really,

1 ds
E(I")? = p! / ) (2.5)
(2m)P/2 Ja, \/G(g(s1), .., 9(sp))
Denote by P a projection onto ker A. Then (2.5) equals
dg
i (2.6)

1
p! / .
(2m)P/2 Ja, \/G(A(I — P)lgsar), -, AL — Pl )

Let us applying the next theorem which is proved in Appendix A (see Theorem
Ad).
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Theorem 2.3. Suppose that A is continuously invertible operator in the Hilbert
space H. Then for any elements eq,...,e, of the space H the following relation

holds
1

o Aey) > ——
G(Aey, ..., Ae,) > A1

Ger,...,en).

It follows from Theorem 2.3 that (2.6) less or equal to

ol 1 1 / ds
! 5T .
(2m)P/2 | A=YP Ja, \/G((I — P)ljgayy, .-, (I — P, )

Using the same arguments as in the proof of Theorem 2.2 (see Theorem A.2 in
Appendix A) one can check that (2.7) less or equal to

1 1
——————F(Y)P.
(2m)P/2 || A=t =

which proves the theorem. O

(2.7)

3. On Continuous Dependence of Local Times of Integrators

Suppose that continuous linear operators A,, A in space Ls([0;1]) generate
integrators x,(t), x(t), t € [0;1]. Let "~ (u), {*(u) be the local times of inte-
grators x,, x correspondingly at the point u € R. In our work [10] we showed
that if the sequence of continuously invertible operators A, converges strongly to
continuously invertible operator A, then the sequence of local times [*» converges
in mean square to the local time [”. The next statement improves the previous
result. We will check that under the same conditions convergence of local times
holds in Lsg,, for any m > 1.

Theorem 3.1. Suppose that A,, A are continuously invertible operators in
Lo([0;1]) such that
1) for any z € Ly([0;1])

|Anz — Az|| = 0, n = o0

2) sup,>q [ A7 < +o0.
Then for any m > 1

E/(lx” (u) — 1%(u))*™du — 0, n — oo.
R
Proof. Note that
2m
E / (17 () = 1% (u)*du = Y CE, (~1)*""E / 17 ()17 (u)* ™ F du,
R =0 R
Consider two cases. Suppose that 0 < k < 2m. Let us prove that
E/ 177 (u)F1® (u) ™ *du — E/ 1% (u)?™ du
R R

as n — 0o0. One can check that the following relation holds

A (u) =" (U)H[min[g;l] T3max(o;1] x) (U) (31)
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Really, note that

1 1
2% o Wy csute) (2(t))dt
1 1
= % 0 H[u—s;u+a] (x(t))dt]l[min[g;l] z—€;maxio;1] T+e] (U) (32)

Passing to the limit in mean square at the right hand side and the left hand side
of equality (3.2) on can obtain (3.1). Formula (3.1) allows to discuss properties of
random variable {*(u) defined on measurable space

Q={(w,u):weQ, ue [I[n‘ir]lx(w,t),r[%%)]{x(w,t)]},
—~ —~ — maX[o;l]w
F={ANQ:Ac FoBR)}, PA) :E/ A (w, w)du.

mingg;1] ©
One can check that P is non-probability measure but finite. Really,

~ maxio;1) &
PQ) = E/ du = F(maxx — minz) = 2F max x(t).

ming, 1] (01] [01] [051]

Let us check that for any p > 0

E ) < .
(%;alfx( )P < 400

That can be achieved using estimate
1

WE(I(t) —2(s))? < B(w(t) —w(s))® (3.3)
and the following Sudakov—Fernique form of the comparison principle.
Theorem 3.2. [14] Let ¥ = (¢1,...,9,) and n = (n1,...,Mn) be centered Gaus-
sian vectors such that the inequality

E(9; —0;)* > B(ni — n;)?

holds for any i # j. Let g : Ry — R be a nondecreasing convex function. Then

Esupd; > Esupn;  and  Eg(sup(¥; — ;) = Eg(sup(n; — 1;)).
) 1 2,7 2]

Applying (3.3) and Theorem 3.2 one can conclude that

2p < _ 2p
E(r[lg;alfx(t)) < E(s,grgfggl]x(t) z(s))

< NAIPPE( meax w(t) —w(s)* < +oo.

The representation for the local time (3.1) implies the relation

maxg;1] T
E/l””"(u)kl””(ufm*kdu:E/ 170 (w) 1% (u) ™ du.
R

mingg;1]

In [10] we proved that under conditions of the theorem

E/R(lx”(u) —1"(u))*du — 0, n — oc.
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It implies that [*~ L [*, n — oo. Therefore, to prove the theorem it suffices to
check that the sequence {({%7)*(1*)?™~k}, 51 is uniformly integrable, i.e. for p > 1
maxm:l] x
sup F (1% (u)*17 (w) ™) 2P du, < 4-00.

n>1 mingg;1]
Applying Holder estimate one can obtain the following relation

maX[o;l] T
’E/ 1=n (u)2kpl:v (u)(mek)deu‘

mingg;1]

max[g;1] T maxg;1] ¥
<.|E / = (w)*?du, | E / 1% (u)4P(2m=FK) dy,
mingg;1] mingg;1]

Denote by 4kp = ¢1, 4p(2m — k) = g2. Then

maxpg;1]
E 1 (u)Bdu < E/ 1% (u) " du.
R

minj;1]
Further we need the following statement which is proved in Appendix B (see
Theorem B.1).

Theorem 3.3. Let f1,..., fn be the linearly independent elements in Lo([0;1]).
Then

[ TL (58 = = TG = fe.9) (3.4
k=1 k=1

where the equality (3.4) is understood as equality of generalized functionals from
white noise [19].

It follows from Theorem 3.3 and Theorem A.1 that
q1—1

B [ mdu=atp [T dulealtin) - eat)ir
R Ag =1
1 dt
=q! 11
(271') 2 Alll \/G(An]l[t1;t2]7 ceey An ]I[tql—l§tq1])
1 AZY|n -
<ql— 47 g
(271') 2 Aql \/G(H[tl;t2]7 ey H[tql—l;tql])
q1—1
< Q1!Slip A E/ H So(w(ti) — w(tiy1))dt < +oo.
nzl Agy =1
Using the same arguments one can conclude that
q2—1
E/ 1% (u) 2 du < ||A;1Hq2E/ H So(w(tip1) — w(t;))dt < +oo0.
R Agy =1

Therefore, the sequence {(1%")*(1*)?™~k},>1 is uniformly integrable. It implies
that in the case 0 < k < 2m

E / 10 (u)*1% (w)?™ *du — E / 1% (u)*™du
R R
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as n — 0o. Let k = 2m. Let us check that for any m > 1

E/lx"(u)zmdu%E/lz(u)deu
R R

as n — 00. Applying Theorem 3.3 one can obtain relation

2m

E /R 177 (u)?>™du = (2m)\E /A [T 00@n(ti1) — wn(ts))df

2m j=1

— eml—L dt

2m—1 / N
(27{') 2 Ao \/G(An]l[tl;tg]v ey An]I[tZM,—l;t2n7,])

Note that the integrand tends to
1

\/G(A]I[t1;t2]7 cee ’A]I[th—l;t27n])

as n — o0o. Since for any n > 1

)

1 sup,, >, [|4; 7

<
\/G(Anll[tl;tz]’ RS A”]I[tszl;hm]) \/G(]I[tl;tQ]’ AR ]I[tszutzm])

and
/ dt
2m—1
Azm (27T) 2 \/G(H[t1§t2]7 ) H[tzm—l;tQm])
2m—1
=F H 60(w(ti+1) — w(t,))d{< +00,
Aom =1
then the Lebesgue dominated convergence theorem ends the proof. O

Appendix A. Properties of Gram Determinant

In this appendix we collect properties of Gram determinant G(Aljgy,), ...,
Aljg,s,)) sufficient for the existence of moments of local time of integrator gen-
erated by the continuous linear operator A in the space Ly([0;1]) which satisfies
conditions

1) dimker A < 400

2) the restriction of operator A on (ker A)* is continuously invertible operator.

Let us start from a general Hilbert space H and a continuous linear operator
Ain H.

Theorem A.1. Suppose that A is continuously invertible operator in the Hilbert
space H. Then for any elements eq,...,e, of the space H the following relation
holds

1

G(Aey, ..., Aep) > ——
)2 A

G(el, .. .,en).
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Proof. Let Hy be the linear span generated by elements e, ..., e,. Denote by A
the restriction of operator A on Hy, i.e. A: Hy — H. The polar decomposition [2]

for operator A is the following A=U T, where T =V A* A and
U: Hy — A(Hy) = A(Hy)

is isometric operator.

Consequently
G(Aey, ..., Ae,) = G(Aey, ..., Aey) = G(UTey, ..., UTe,)
= G(Tey,...,Te,) = (det T)*G(ey, ..., en). (A1)
Since T is the self-adjoint operator, then there exists an orthonormal bases
g1,---,9n in Hy consisting eigenvectors of T. Denote by A1,...,\, eigenvalues
of T. Then
det T =] \i. (A.2)
i=1
The continuous invertibility of 7" implies estimate
1
1Tl = [Nl = - (A.3)
7]
It follows from (A.1)-(A.3) that
1
G(TGl,...,T@n) Z WG(617...,67L). (A4)

Since A = UT and _
|Az|| = [|T'2||, z € Ho,

then
ITY = sup |lz)l= sup |lz]l= sup |z (A.5)
IT=||=1 |lU-1Az||=1 [Az]|=1,
z€Ho
On other hand
A7 = sup |z]|. (A.6)
|Az]=1

It follows from (A.5) and (A.6) that
1T < AT (A.7)
(A.4) and (A.7) imply that

G(Aey,..., Aey,) Ger,...,en).

>_ -
s
O

Theorem A.2. Suppose that the continuous linear operator A in Lo([0;1]) satis-
fies conditions 1), 2) formulated at the beginning of Appendiz A. Then the following
integral

—

dt
Ak \/G(A]I[O;tl]v ey A]I[O;tk-])

COnverges.
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Proof. Denote by P a projection onto ker A. Then
G(A]I[O;tl]7 ceey A]I[O,tk]) - G(A(I - P)H[O;t1]7 PP ,A(I — P)]I[O,tk]) (A.8)
Applying Theorem A.1 one can conclude that (A.8) greater or equal to
_
[0 S

In proving the theorem we need the following statements which are of interest by
itself.

G((I - P)H[O;tl]a ceey (I - P)]I[O;tk,])' (Ag)

Lemma A.3. [9] Let dim L < 400, ey,...,e, be an orthogonal basis in L. Then
for any g1,...,grx € L2([0;1]) the following relation holds

G((I— PL)gl,...,(I— PL)gk) = G(gh...,gk,eh...,em).
Proof. Note tat
G((I = Pr)gr,...,(I = PL)gr) = G((I = Pr)gr,...,(I = PL)gk, €1, ., €m).
Put

= ((I_P)giv(I_P)gj glvgj Z ekvgz ekvgj
k=1

Then
C11 oo Clg 0 ... 0
Ck1 ... Ckk ... 0
G((I = P)g1,....(I = P)g,e1,...em) =9 - 0 1 .. 0p
0 0 0 1
On other hand
(91,91) - (91,9%) (g1,e1) .. (91,€m)
T T (9r:91) o (gr98)  (grser) oo gk em)|
(g1 gk €1 em) (e1,91) ... (e1,9%) 1 0
(em 1) --- (em,gk) 0 1
(A.10)
Multiplying (k + 1)-th column by (g1,e1),. .., (k + m)-th column by (g1, e,,) and
subtracting from 1-th column, ..., (k + 1)-th column by (gx,e1),..., (k + m)-th
column by (gx, e,,) and subtracting from k-th column we get that (A.10) equals
C11 C1k (gl,el) (gl,em)
k1 oo Ckk (gk,e1) oo (gk,em)
o ... O 1 ... 0 ’ (A.11)
0 0 0 1
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Multiplying (k+1)-th row by (g1, e1), - . ., (k+m)-th row by (g1, e,,) and subtracting
from 1-th row, ..., (k + 1)-th row by (g, ex), .- ., (k + m)-th row by (gx, en) and
subtracting from k-th row we get that (A.11) equals

ci1 ... cx 0 .00

Ck1 oo Ckk 0 ... 0

o ... 0 1 ... 0

0 0 0 1
which proves the lemma. ([
Let q1,...,q, be an orthonormal basis in ker A. Then it follows from Lemma

A.3 that the Gram determinant in (A.9) posesses representation
G((I - P)H[O;t1]7 ) (I - P)]I[O,tk]) = G(H[O;t1]7 ) H[O;tk]a qi, ... 7q;0)'
Let us describe the set
{FE Ak? : G(H[O;t1]> ERRE H[O;tk]7 q1y-- - an) = 0}
Note that
G(H[O;t1]7 ) H[O;tk]aqla R 7QP) =0
iff there exists aq, ..., ay such that af +...+a? > 0 and f31,..., 3, which satisfy

relation

k P

Zoéz‘]l[o;ti] = Zﬁj%‘- (A.12)

i=1 j=1
Relation (A.12) implies that if G(1lj;,],. .., Most,],q15---,9p) = 0, then step
functions belong to ker A. Let L be the subspace of all step functions in ker A
and {fx, ¥ = 1,5} be an orthonormal basis in L. Suppose that eg,..., e, is
an orthonormal basis in the orthogonal complement of L in ker A. Note that
fi,---y fs,€1,...,em is an orthonormal basis in ker A and for any Sq,...,0m :

> iz Bjej L L. Let us check that
dt
Ay \/G(H[O;tl]v ceey H[O;tk]7f17 L) fSa €1y, em)

To prove (A.13) we need the following statements.

< +00. (A.13)

Lemma A.4. [9] Let M be a set of step functions with the number of jumps less
or equal to a fized number. Then M is a closed subset of La(]0;1]).

Proof. Suppose that M is a set of step functions with the number of jumps less or
equal to n. Let {fx, k > 1} € M and fr — f, k — oo. Check that f € M. Assume
that the function f, has jumps at points 0 < t¥ < ... < tfnk <1, 0<my <n.
If my = 0, then fr does not have jumps. By considering subsequence one can

suppose that mp = m and

(R = (t, . b)), k— oo,
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where t) = 0 < t; < ... <ty <1 = tp41. Denote by 7, a projection onto
Lo([asb]). If t; < tiy1 for some ¢ = 0,m, then for any «, 8 such that t; < a < <
t;+1 the following convergence holds 7y g fi — ma,gf, k — co. Consequently f is
a constant on any [a; ] C [t;, ti+1]. It implies that f is a constant on [t;;¢;41].
Using the same arguments for any t¢; < ¢;;.1 we conclude that f € M. (]

Lemma A.5. [9] There exists a positive constant ¢ such that the following relation
holds

G(]I[O;tl]7"'7]I[O;tk]af17"',f8aela' "76771) 2c: G(H[O;t1]7"'a]I[O;tk]7f1a"'7fS)'

Proof. Note that
G(H[O;t1]7"'7]I[O;tk]7f17"'7fsaelv"'7em)
G(Wogey)s -+ -5 Wiogey]s f1s -5 fs)
_ Gyt -+ Wosty)s f1,- -5 s ) " G(Mo.,), - -5 Wosey)s f1,- -+ fsr €1, €2)
G(Wostrys - Mpoeys frr o o) G(Wostrys - Moy 1, foner)
G(Moiy)y -+ Wiogty)s f10- -+ fsnets oo em)
G(Moyy7s -+ > Wiy )s f1o0 - for€1sevesmot1)’

X e X

Denote by
%: LS{]I[O;M], ey ]I[O;tk]a f17 [N ,fs,el, “ee ,ei}7 1= l,m.

Here by LS{g1,...,9s} we mean linear span generated by elements g1,..., gs.
Put
K" = Ugep, Ki-
Let r; be a distance from e; to K?, i = 1,7 — 1. Then to prove the lemma it suffices

to check that for any i = 1, m r; > 0. Suppose that it is not true. Then there exists
j =1, m such that r; = 0. Let j = m. It implies that there exists the sequence

k S m—1
{Za?ﬂ[o;tm +Y B Y e n> 1}
i=1 j=1 =1

such that

k-1 s m—1
Hem - Za?ﬂ[o;t?] - Zﬂyfj - Z 'yl”elH — 0, n — oo.
i=1 j=1 =1

Therefore, the question is when

k s m—1
ZQ?H[O;t?] + Zﬁ?fj + Z vie +em
i=1 =1 =1

tends to zero as n — oo? Consider possible cases:
1) Suppose that

m—1

lim H Z e +emH < +oo0.
=1

n—oo
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Considering a subsequence assume that for [ = 1,m —1 " = v, n = oo. It
implies that

k s m—1
Z a?H[O;t;L] + ZB;’fj — — Z Yiel — €m, M — O0.
i=1 j=1 1=1

Note that Zﬁ;l vi€; + €, is not a step function. On other hand

k s
(Y arip + 38015, n>1}
i=1 j=1

is a sequence of step functions with the number of jumps less or equal to a fixed
number. It follows from Lemma A.4 that the case 1) is impossible. Let us check
that the case 2) is also impossible. Considering a subsequence one can suppose
that

m—1
an = || Z'yl”el—i—emﬂ — 400, B — 0
1=1
and
1 m—1 m—1
n
a( Z% el—|—em) — Zpgel, n — oo,
I=1 1=1
where || Zﬁ;lplelH = 1. Using the same arguments as in the case 1) one can get
a contradiction. O
Lemma A.6. [9] Let 0 < 81 < ... < sy < 1 be the points of jumps of
functions f1,...,fs. Then there exists a positive constant cg which depends on
§=1(s1,...,8Nn) such that the following relation holds

G(H[O;t1]7 ) ]I[O;tk]a fla ) fs) > cge G(]I[O;tl]a RN ]I[O;tk], ]I[O;sl], ) ]I[O;SN])'

Proof. Note that for any i = 1,s, f; € LS{Ilj,,), i = 1,N}. Let us prove
the statement of the lemma by induction. Let a;; be a distance from 1o, to
LS{MWo,t,. 175+ - s Tjosee]s f1, - - -5 fs} and pgy be a distance from 1) to LS{I[oy, 3,
ey H[O;tk]a H[O;Sl], ey H[O;sN]}- Then for k=1

G(H[O;tl]vfla"'afs) = d%lG(fl""afS)

2 H[0;81] H[81;52] ]I[SN—NSN]
Z pllG ) 9ty
V81 /82— 51 VSN — SN—1
= Cs- p%lG(H[O;sl]a H[s1,82]7 B H[stl;sN]) = Cs- p%lG(H[O;sl]v H[O,sz]v SRR H[O;SN])
— Cs- G(H[O;tl]’ ]-I[O,sl]a sy ]-[[O;SN])'

Assume that the statement of lemma holds for an arbitrary k. Let us prove that

G(]I[O;tl]v ceey ]I[O;tk+1]7 fla cey fs) >cse G(]I[O;tl]v ceey ]I[O;tk+1]7 ]I[O;sl]v ceey ]I[O;SN])'
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Really,
G(H[O;t1]7 B H[O;tk+1]7f17 SRR fé) = d%k—&-lG(H[O;tzb ) H[O;tk+1]7f17 SRR fé)
> Cg- p%kJrlG'(]I[O;tz]7 T ]I[O;tk+1]7 H[0;51]7 cr ]I[0§SN])
=cs- Gy, -+ 5 Mosty 1] Liogsa]s - - - 5 Mjossn)-
O
Lemma A.3 — Lemma A.6 were proved in our work [9] but for the sake of clarity

we recalled all the main steps of proofs. It follows from Lemma A.3 — Lemma A.6

that to finish the proof of Theorem A.2 one must check that
/ dt

Ak \/G(H[o;tl], oo WMoy a1y Wiossy]s - -+ > Ljoysn])

Consider the following partition of the domain Ay

< +o0. (A.14)

Ak = Uk=ng+...4+nndng..nns
where
Ing.omy ={0<t1... <tpg <81 <tngt1-- <tpgn; <82<...<8, <
Stogtotnn a1 <o S g <11
Note that
Ing..ny = Dng(0581) X Ay (81582) X oo X Ay (83 1). (A.15)
It follows from (A.15) that to finish the proof it suffices to check that
dt’
Ak(sl,sz) Vit —s1)(ta —t1) ... (tk — tr—1)(s2 — tk)

The change of variables in the integral implies the following relation

—

< 400

dt
/Ak(sl,sz) Vit —s1)(ta —t1) ... (tk — tr—1)(s2 — tr)
dr
=¢(8, k)
Ar Vit —t1) oo (b — te1) (1 — tg)
dt
=¢(5, k)
A \/G(H[o;t1]7 ]I[O;tz]’ B H[o;tk}» ]1[0;1])

—

e k)/ dt
Ax \/G((I — P)gt,], -, (I = P)gz,)

(A.16)

where ¢(§, k) is the positive constant which depends on s1, s2, k and Pisa projec-
tion onto linear span generated by Wg,).
One can check that (A.16) equals

c(5, k)
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Here w(t) = w(t) — tw(1), ¢ € [0;1] is the Brownian bridge. To finish the proof it
suffices to check that

sup B(I”)* < 4o0.
k>1

Really, note that
E(I®) = EE((I™)* /w(1) = 0).
It is known that joint probability density of random variables I and w(1) has the
following representation [3]
1

1 2
——(|b| + a)e zPFD" 4 >0, beR.
V2T

p(a7 b) =

Then

+oo 400 _y2?
B (1) = 0) = Jo_ VP 0y _ [Ty e by r(k+1).

f0+00 p(y,0)dy f0+oo ye’%dy 2
where

“+o0
I'(z) = / t*te~tdt, z€ C, Rz >0
0

is the gamma function. One can check that

—

/ dt
A(siosa) V(1 —s1)(t2 —t1) oo (b — ti—1)(s2 — tr)

1 —
= SEnEBQT ),

were
~ t— S1
W15, (1) = w(t = 51) = w(sy —s1), t € [s1;52]
S9 — S1
and w(t), t € [0;1] is a 1-dimensional Wiener process. O

Appendix B. Some Relations Between Generalized Functionals

In this appendix we discuss conditions on elements r; € Ly([0;1]), j=1,n—1
that allow to establish relation

n n—1
/R TT 60((f,€) — wydu = [ do((r5€)),
k=1 j=1

which is understood as equality of generalized functionals from white noise [19]
and will be checked using Fourier—-Wiener transform [8].

Theorem B.1. [9] Let fi1,...,fn be the linearly independent elements in
Lo([0;1]). Then

n—1

J Tl = wydu = [T (s = ie6) (B.1)

k=1 k=1
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Proof. To prove the statement let us calculate the Fourier—-Wiener transform of
the left-hand side and the right-hand side of equality (B.1). Denote by T («)(h)
the Fourier—Wiener transform of random variable «. One can check that

_ 1

n—1
T o3 N = s s

(see [8, 7]). Let us find the Fourier—-Wiener transform of [ [T do((f%,&) — u)du :

R k=1
7( [ TLoo(06) ~ wyiw)

e~ 31 Prir 1 Bl (B.2)

k=1
_ / 1 BB e fr = uE=a) g, (B.3)
R (271-)% G(f1seesfn)
where
1 (f17 h)
€= , a= ;
By integrating (B.3) over u one can get
1

(27) T VG fa) (B (f1seeesfn)ese)

1 —1 o (Bil(fla-“,fn)ave)Q
xexp{ = S (B (fr,.. fa)a,a) T e e )} (B.4)

It is not difficult to check that
(B7'(fi,-- - fa)a,a) = || Pyy.p, bl
Consider function f € LS{f1,..., fn} such that (f, fx) =1, k= 1,n. Then
(B~ (f1y- 1 )& @) = | Pros F12 = L1,
(B_l(fh LR fn)57 57 = (Pf1~~-fnh7 f)
Therefore, (B.4) equals

1
(27T)77T_1 V G(f177fn)||f||
fr={veLS{fi,...,fa}: (v, f) =0}

e~ 3 (I1Pry . hIP =11 Ps Py g BI1?)

Denote by

Then

1 o SIP LR

g TToo((fe©) = ) 0) = e (55)

By comparing (B.2)-(B.5) we obtain the following conditions on elements ry, k =
I,n—1

].) LS{Tl,...7’I"n_1} = fJ'

2) G(r1y...yrn1) = G(f1,..., f)ll fII*
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Let us check that r; = f;j41 — f; satisfies conditions 1), 2). Really, put M =

LS{fo— fi,--, fu— fn—1}. Then f L M. Denote by r the distance from f; to M.
One can see that

G(flv"'?fn) :G(f17f2_f17"'afn_fn—1)
:rzG(f27fl7"'7fn7fn—l)~

Since

(51 757) = il cosa =

1

then r = i Consequently,

10.

11.

12.

13.

14.

15.

16.
17.

||f||2G(f17---7fn—1) = G(f2 - fl?"'afn - fn—1)~

Lemma B.1 was proved in [9] but for clarity we recalled the proof.
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