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WATER WAVES DIFFRACTION BY A CIRCULAR PLATE IN
THE PRESENCE OF CRACKED-BARRIER NEAR IT

A. Aghili & A. Ansari

Abstract: In this article, we consider the velocity potential of water waves in the framework
of linear theory. The circular plate lies on the free surface of water of finite depth with the
circular cracked-barrier near it. The problem is reduced to a system of dual integral equation.

In order to solve this dual integral equation, we convert it into a Fredholm’s integral equation
of second kind. Representations for far diffraction field and for kernels of Fredholm’s
integral equation of deep or shallow water and long wave are given.

Keywords: Water waves, Dual integral equations, Fredholm’s integral equation.

1. INTRODUCTION

The circular plate with the radius r located on the free surface of water with finite constant
depth d. Water waves are scattered by a partly immersed circular plate and uniform wave
train is incident on the plate.

This train can be written by a complex value potential [5, 11] as

igng Coshky(z+d) ireoso
c cosh k,d

o= (1.1)
where 1, is amplitude of the wave train, g is gravitational constant, k is the wave number
and o the frequency, so that o= gk, tan h (k,d).

The velocity potential can be determined through complex—valued potential as Re [d)eict].
We consider the solution of the problem in the form

¢ =210 (@ + D) (1.2)
c
where @, @ are the dimensionless potential of the main and perturbed motion.

It can be noted that the distribution of the pressure in water p = # (p is density of

fluid) can be expressed through the potential as

p =0+ D (1.3)
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velocity potential of this problem [DP ( dock-problem)] will be obtained through boundary
conditions on free surface and condition of scattering waves at infinity.

2. FORMULATION OF THE DP IN PRESENCE OF A BARRIER NEARIT

By setting the cracked—barrier near the circular plate then, in cylindrical coordinate system
(r, 0, z) in which (r, 0)-plane coincides with the undisturbed free surface and z-axis is
oriented vertically upwards and center of the system is coincides with the center of the
plate.

(o}

By introducing parameter v =?2 and writing the Laplace’s equation in cylindrical
coordinates for0 < r< oo, -d< z<0, 0< 0 < we have

0 100 1 &0 '@
+ + =0

or? r or r*00* 07

@2.1)

Following conditions present the behavior of the waves on free surface and circular line
r=aand barrier r=bfor0<0 <2 -, 2+ <0-m, 0<a<n/2 (region. A)

oo ik rcos 0

6_=_k1 tanh ((kid) e ™V ™ O<r<a, z=0 (2.2A)
Z

oo ikyrcos

a—=—k2tanh((k2d)e 2 a<r<b, z=0 (2.3A)
Z

oD

oo =tk (od) @, b<r<ow, z=0 (2.4A)

and for /2 — a < 0 <7/2 + a (region. B)

oo ik,r cos 0
6_=_k1 tanh ((kid)e™ 7, O<r<a, z=0 (2.2B)
<
oD
6_z =k, tanh (k,d) O, a<r<o, z=0 (2.3B)
Next condition shows no flow through the bottom of the plate
oD
— =0, z=-d (2.5)
0z
The following conditions show finite potential in circular lines r=a, r=band r=0
d<ow, r>a b, z=0 (2.6)

O<oo, r—>0 2.7)
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And sommerfeld radiation condition at infinity which indicates no flow of water at far
diffraction field.

\/; (Zﬁ + ikzd)J —-0 r—>owo ForreA (2.8A)
r

\/; (Zﬁ + iqu)j —->0 r—> o Forre.B (2.8B)
r

Equations (2.2)-(2.8) indicate a mixed boundary value problem that has a solution with
following form.

Potential and Dual Integral Equation

We consider @, solution of the DP as a Fourier series [6, 7, 8] for region A:

D= i 0" (r,z) cosm0O (2.9)

=0

3

where

cosh[h(z+d)]

T, (Ar) di 2.1
hd *r) (10)

o"= 74,0050

We need to obtain the function s(A4) that satisfies in sommerfeld radiation condition and
asymptotic behavior as follows:

A, (M) )

N

-0, A>w (2-11)

defining s(1) as

k, tanh(k,d)(1-H(A —a)) +k, tanh(k,d)H (A — a)
k, tanh(k,d) — A tanh(Ad)

s(A) = (2-12A)

(where H(x) is unit step function).
It is bounded on range (0, ), near zero and at infinity, so that

_ Kk tanh(kd)

s(0) = ;
k, tanh(k,d)

s (0) = 0 and has a singular point A = k,.
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and for region B: the function has the following form

k, tanh(k,d)
k, tanh(k,d) — A tanh(\d)

s(\) = (2.12B)

Also, s (A) is bounded on range (0. ) and has a singular point A = k;.

The symbol I: stands for the contour integration in A-complnex plane whose path of
integration must run beneath the pole of the integrand. It can be shown that equations (2.9),

(2.10) satisfy Laplace’s equation.

Now, we need to obtain the function A4,,(A), by substitution of (2.9) into (2.2A), (2.3A)
and (2.4A) and using (A.1) that yields dual integral equation with Bessel kernel for region A.

Iy A, 01 = 5O, (ur)dh

=J, (kr)1-H(r—-a)l+J,,(k,r)H(r —a) O<r<b
=V, (r)
[0A,000,00)dr=0 b<r<ow (2.13B)

In the same way, for the region B:

[ :* A MW =sM ], Ardh=J, (kr)=V, (r) 0<r<a
[0 A0 7,0 dh=0 O<r<o (2.13B)

3. FREDHOLM’S INTEGRAL EQUATION

Now, we introduce r; =a, r, = b =and setting i =2 for region A and i = 1 for region B. The
method of solution (2.13) consists of finding a Fredholm’s integral equation for the auxiliary
function A,,(§) relatred to the required function A,,(A).

A = 5 [IVE A0, a0 (3.1

It can be shown that the equation (3.1) is satisfied identically by homogeneous equation
(3.13). In order to prove this identity, we consider the following integral

1= E [7A,00 7,0 dr= [ 00 1,00 ['E @), 1,08 dE (3.2)
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substitution of the representation for AJ,,_,,, by (A.2) and integration (3.2) by parts yields

I= j:ﬁ]m (Ar) {\/gAm 112 (RE)

g _I(I)E-’mﬂ/z‘]m”/z(;\.a)dia[amAm(&)]da}d}\, (33)

With (A.3) the quantity [ is equal to zero identically.

Now, we transform the inhomogeneous equation (2.13), and introduce a new function
V"(r) as:

V)=V + [ AW s J,,(hr) i, (3.4)
inhomogeneous equation (2.13) takes the following form,
[0A4,000,0m)d =V"(r), 0<r<r (3.5)
using inverse Hankel transform of (3.5), the function Am(l) can be expressed as v (r).
A, =4[ V") ], (hr) rdr (3.6)

Now, we insert the integral representation (A.4) for Bessel kernel into (3.5) and interchange
the order of integration, we get

W o . m+1/2 1
A, ) = x\/;jo V")l dr [, (08) [%) rz—dé,

_ §2
= [ 1) e ae [TV ) L 3.7)
T[ 0 m—1/2 3 m .
Comparison of formulas (3.1) and (3.7) yields expression for function v (r).
2 (i Am m d
A& = =g [V —=E (3.8)
T HZ _ az

Now, we rewrite expression (3.4) into the following form

V" () = ‘>’"(u)+\/§ Jo 2500 7, 000 d [INH AL GO T,n O dx (39)
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substitution of (3.9) into (3.8), yields Fredholm’s integral equation of the second kind [2, 3]
for the function A,,,.

A® [ K, &0 A, (Ddx=F,(©) (3.10)

Representation of kernel of this equation has the following form

2 o*
K, (& 1) = \/; V[T AR SO 0,100 L, (1, E) d (3.11)

where

1-m
_em (i M

the function F,, of the R.H.S is defined by

2 (7 ul—m —
F = = — V. 12
m(E) -G L} o Vi" (v dp (3.12)

where, for region B, R.H.S has the following shape

2
F,(©)=—L,(k,%)
T

Asymptotic Behavior of far Diffraction Field

Let’s determine asymptotic behavior of the diffraction field at infinity, now we apply
Cauchy’s theorem to the integral (2.10) and calculate it at singular point A = k;

cosh (k;,[z+d])

"= A (k)U (k) H? (k.r
k) U (k) H,7(Kr) cosh (k,d)

(3.13)

where

Ulhy = —omi K @D U= H K, — @)l ky anh o) H ks~ )
tanh (k,d) + (1 -tanh"K,d) k,

1
2k,d
+ . —
sinh (2k,d)

Uk, = —mik,
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the kernel of the integral equation (3.11), in this case the number wave is k;.

2
K" (&)= J; kit kU ) T n (k) A Ly (K, &) (3.14)

Substitution of the kernel into (3.10) yields the integral equation with separable kernel
0 2 Ti o
M@ =kl UU) Ly (K,8) [T AL GO Ty () e d = F,(©) - (B.15)

for solving this equation, by multiplication of (3.15) by k; 1/% \/E Ji_1/2(k;E) and using
(3.1) and integration over the range & € [0, ;] gives the closed form for A,,(k,).

A, (k) = E,(ky) (3.16A)
{1 - \F U(ky) L, (kz)}
T

where

. 2

L, (k) = J; kol [ L, (k. €) T, 10 (ke) E d

. k

Fy (k) = ko[22 [ FLEIE 1,2 (ko8 d
and

A, (k) = Ly (ko) (3.16B)

{1 - \F U (k, )ﬁm(kl)}
T

that is,

~ 2 a
Lm(kl) = \/;kn/kT _[0 L, (k, &) Jmfl/z(klé)\/z dg

4. TRANSFORMATION OF KERNEL

Let’s transform the kernel (3.10), in this case we have symmetric kernel. We use (A.4), the
integral representation for Bessel kernel in L, (A, &) and interchange (r, £) — (W, €) in it and
introducing a new variable of integration y = “2 we obtain
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2\ o
L, &)= ,/7 [0 G (&), 120 Ve de (4.1)
where
1 r
G(& 0= > ()" ] <4 v c 42)

V=) (r-e)
we have the following closed form representation for the function G,,(m =0, 1, 2, ...)
(\/(riz—§2+\/riz—82) ‘é\/(nz_gz_\/nz_éz‘
Je-2 Jlg -2

2 g2y 2 2 _ 24 g2
- 2)(n s>(§8)m2+<2m2 3) (& ;s)Gml_(m_z)sz “3)

Gy&, e)=1n G e)=In

G,(& ¢ =

Itis clear that the function G,, is symmetric with respect to the parameters where (€, €) and
possesses a weak integrable singularity on the diagonal & = ¢ of the square (§, €) €
[0, r] x [0, r].

The kernel of integral equation (3.11) can be expressed through the function G,,
K, &0 =] G, &L, (e k) de (4.4)

where

2 0"
IT,, (3. & ky) = - JXE IO A T 1n (M) 12 (M) AdN 4.5)

The function I1,, is a symmetric with respect to the parameter 7, € and reduce it as:
I, = I, + I}, (4.6)

where I1,, is principle-value integral and I17 is the pole of the integrand, and we have

\4 2 @

M= —\xe PV [ 500 Jan 0 Jyop ) b 47)
P 2k12

I = = 5o U) J,in (ki) J, 12 (k) (4.8)

Also, we may note the quantity f,m (k;) of the asymptotic representation (3.16) through G,,.

~ 2 .
L) = =K [ G ) i (68 Ty hie) e Ve dde 4.9)
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Incase m = [0] and using (A.5), the function f,m (k;) can be expressed as two dimensional
1
Fourier transform for the functio G,,(E, ¢).

Luth) = % k['[G, e [COS k"é] (COS kie

sin k,§ )\ sin ke

j dtde (4.10)

5. DEEP WATER APPROXIMATION

Transformation of the Kernel

For this case k,d, k,d > 1 and the functions s(A) and As(A) take the following form In
region A:

k[1— H O\ —a)]+ k,H(\ — a)

s(h) = Ty (5.1A)
As(M) = —{k[1-HA -a)]l+ k,H(A—a)} {1 + . kzk } (5.2A)
2
in region B:
__k
s(h) = ) (5.1B)
As(A) = —k; 1+ k (5.2B)
s(A) = —k, Py .

and relation (4.7) yields

) 2 w k
I, = T Ve (k +ky) P.V~I() [1 + ﬁ} i) I p(he) hdh (5.3A)
2

v 2 — - k
1L, = T xe kIP.V.IO 12 ) J 112 (RE) [1"' k—lk ]dl (5.3B)
1

using 8-function expansion for Hankel integral transform (A.7) for IT,,

v 2
I, (x, &) = —; (k, + k) \/% 0(e—y)—(ky + ky) kR, (. €, ky) (5.4A)



264 A. Aghili & A. Ansari

v 2 €
l—‘[m (X’ &, kl) = - ; k] \/; 6(8 - X) - klsz (X? &, kl) (5'4B)

where

2 o )
R, (% & k)= ;«/XS PV Ty T2 (he) — d (5.5)

i

by considering (A.6) for components m = [0] , the function R,, has the following form
1

4
Rm(x,s,ki)ngm(x,s,ki) (5.6)
where
T ( k) PVJ.DO cos Ay |[cosAe) dr 5.7)
.6, k)=PV. ) ) —_— .
ik O \sinAy J\sinie ) A —k;

The function T, is symmetric with respect to the parameter , € and can be treated as
Hilbert transform. By considering (A.8) the function 7,, for m = [0] can be expressed as
1

follows,

T, (x, €)= —%Zl;)(—l)(/#m)m{sin(ki|Ej|)[ﬂ:+si(ki|Ej|)}+cos (kE))ci (k,.Ej)} (5.8)
P

where
E=y+(1)Ye
The functions I1,, [17, K,, can be re-written for ;= (0] as following
1
v 2 3 4
I, (%, €, k) = —; (k, + k) ; o(e—y)— n_2 ky(k, + k)T, (%, & ky) (5.9A)
2 € 4
0,0 e k)= ——hk J;S(S—x)—?kf L,(x & k) (5.9B)

T2 = — 4ik2 \Jye (k1 — H(ky — )]+ kyH(ky = @) T 12 (ko)) o (ko) (5.10A)

I, = - 2ik13\/% 12k X) J-12 (ki8) (5.10B)



Water Waves Diffraction by a Circular Plate in the Presence of Cracked — Barrier Near It~ 265

2 4
K& = == (48 Gy &) = halk +K) [ G, (66 T, (6 ) e

8 itk (= H kg —a)+k, H K, —a)]( OSkZXJ [ me(i,s)[C_OSkngds G.11A
b 0 sink

C

sink,y, »€
2 4 2 a

K& 0= = kG, G0 -k |G, Ee) T, (1 ek de

s [C.OS leJ (16, s)[c.oslflg] de (5.11B)

Now, we want to obtain K,, for m > 2 substituting (A.7) into (5.5) the function R,, can be
expressed in the following form

R, (1, & k) = %(\/ﬁ )2 Py.[" 7‘;11‘ 2‘; dn Illel(r)% (5.12)

1

where

C= x>+ —2yet

calculating (5.12), R,, is reduced into the following relation

R, (& k) = I_Qm (X, &)+ sz\’m (. & k) (5.13)
where
= 2 (&9)" I'(m) v 4
R (y.€) = F| m, m;2m; 5.14
n () mr (o +€)*" T(m+1/2) {m e e (x+8)2} .19
- 2
R,Goek) = e [\ T,0) Pml(r)% (5.15)
and

T, (k;C) = {cos k;C [ + si(k;0)] — sin (k;C) ci (k;C)}

F is the Hyper — geometric function and P,, _; is the Lergendre polynomials of the first
kind. In this case for m > 2, (5.4) and (4.4) lead to the following relations

v 2 D
I, (x, &) = —;(k1 + k) \/%5(8 —x)—ky(k, + k) R (%, €)

—k (k, + k) R, (1. &, ky) (5.16A)
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v 2 € — A
I, (x, & k) = —;kl \/;5(8—)()—](12 R, (x,&)—k' R (1 k) (5.17B)

K (& x) = —%(k1 +5)G, (& )~k (ky + ) [ G, (& )R, (. €) de
i (ky +K,) [, G, (& &)R, (.. k) de—Kilk, (1 H (ky — a))
+hoHky = OI1 T, n kD) [ G, (&), (ke) e de  (5.17A)
Ku(6 0 = = kG (& D~ K [} GG 0)R, o) de
-k [ G, (& eR, (6 k) de
=20 iYL 12 ) [ Gu(E, 80T, (KiE) Ve de (5.17B)

Approximation of the Kernel in Long Wave Region

Now, we need to obtain an asymptotic solution of integral equation (3.10) in the region
k; << 1. Upon substituting (A.8) into (5.8) the function T, for m = (0] can be expressed as
1

a power-logarithmic series

T,= le i S g Ej [(g,, +B,Ink)+B, 1n|Ej|] (5.18)
j=0

n=0
where B, B, are as following

éo,s =-0,2886; —1,5718; -0,2307; 0,2618; —0,04675; —0,0262

B (_l)m+1 _

B, =1 2 " m=0,12. (5.19)

0 n=2m+1

Also, (5.18) can be represented as:
o0 1 n . ) . _ _
Tm = Z Z z ki”(_l)(]er)m C";(_l)jrxn—f gT |:(Bn + Bn lnki) + Bn In | E]|:| (520)
n=0

j=0t=0

where ¢, are binomial coefficients.
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Substituting (5.20) into (5.11) K, for m = [0] leads to the following
1

2 4 < : j+m)m < it T, n—1
K, (& 1) = _E(kl _kz)Gm(a’X)_?kz(kl +k2)z ky Z (_1)(] ) z =D cpx

n=0 j=0 =0
A - . 8
x{(B, + B, Ink,) G, (%) + B, G (&, 1)} - ~~holk(1-H(k, ~a)

1

2m)!2DH!
-1 n+lk2(n+l) 21
A K& st o | (521A)
25 Gl ()
2n+D!21+1)!

G;" (&)
+k,H(k, —a)li

n

s

2 4 < n . i+m)m - iT T _.n—t
K, & 0=-=KkG, &0 -—k 2k X DV Y (D el
e " n=0  j=0 =0

x{(B, + B, Ink,) G, (&) + B, G* (& )}

1 "
4 = (2n)!(21)! ' ©
Ry DI G ) L ‘ 1‘ (5.21B)
T n,l= n+
" G"'(®)

Crn+D!I2I+D)!
where

Gh©&) = | 0 G, (& ¢ elde

GL € =[Gl (& e)im|E)|e'de

In order to obtain K,, for m > 2, by substituting (A.8) into we get

['e]

T,(kQ) = Y (k&)'[ D, + D, In (k&) ] (5.22)

n=0

bn, D, are known numerical coefficients of the expansion, and substituting (5.22) into

n

(5.15) the function IAQm can be obtained.

['e]

. 2 WFoA = . R
R,(x.&.k) = = (xe) 2. k' [(D, + D, Ink,) W (1, &) + D, V" (,8)| (5.23)
Y

n=0
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where

e = [ 7R, (v

Pr (e = [ 'GP, (Ddr

Also, substitution of (5.23) into (5.17) and using (A.9) and introducing transformation of
G,, wegetK, formz=2

2 _
K,(& ) = _; (ky + k)G, (& 1) —ky(ky + k)G, (E, %)

2 . n -~ =~ An N S
~S Rk =k 2k [(D, + D, nk,)G (&) + D, G (x,¢) ]

n=0
—4mik; [k,(1- H(k, — a))+k,H(k, —a)]

(_1)n+l k12m+2(11+1)—lxm+2n—1/ZGlr;ll+21—1/2(g)

5.24A
n,,z:o 222 DL I (n+m + 1/2)T (L +n +1/2) ( )
2 =
K, (& 1) = = kG, (&%) —k G, (& 1)
2 3 . n -~ =~ An N S
-k > k'[(D, +D, Ink)G" (& x)+ D, G (1, 6)]
n=0
© _ 1\t . 2m+2(n+)-1, m+2n-1/2 ~m+21-1/2

w0 22D P+ m+ U2)T (U +n+1/2)

that
(_;m = I(r)’ G’” (a’ 8) Em (X7 8) de
GuE) =[!G, (& e) W)y, e)ede

G =[G, (&8 ¥, (1, e)ede

Relations (5.21) and (5.24) indicate K,, can be expressed as a power-logarithmic series
with respect to the wave number k,.
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KoG) =k 3 IME () + N2 (&) In k] & (5.25)

n=0
where M,,, N, are known function that can be determined from (5.21) and (5.24). Also for
wehave N, =0,n=1,3,5, ...
6. SHALLOW WATER APPROXIMATIN

In this case, we have k,d, k;d << 1 and the functions s(A) and As(L) have the following
representation

_ KIl-HM\-a)]+kHM - a)

A 6.1A
sOV) e (6.1A)
2 2
As(h) = ki [1—H(x—a)]+k2H(x—a)[ Lo, ] (6.1B)
2 A=k, A—k,
2
09 = ki . (6.2A)
2_
k(1 1
As(L) = ) [—k—kz + x+k2J (6.2B)

for I1,, (4.7), in this case we have

= — % ekl +B)PY. | X (ﬁ + ﬁ] J1n ) 12 (h€) AdA
=—(ki+k)R, (6.3A)
I = kR, (6.3B)
where
R, (. & k) = % e PY. [0 () T 10 (1) % . (6.4)

i

for m = (0] , R, has the following form
1

R,= L py [o[FK|feoshe) L (6.5)
s 0 \siniy J{sinie ) A" —k;
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by considering

oot 1
Mok 2\A-k  h+k,
relation (6.5) can be expressed as Hilbert and Siltjes transform of cos LE;. as aresult for R,,
we have
-iiGMWWFmHEH@mwy@WDH%HEyQWM}(M»
2 5 I i 2SR |5 i =ilen | =g :

T j=0

R, = -

In this case K,,,, (4.4) has the following form

K,(& 0=~ +k) [ G,E )R, (1 ek de

2r1_ _ 2 _ k k

8,k H(kzk @)+ H(k,~a)( cos sz ['G, (g’s)(@s 28}18 67
b ky+ 2 (1-K2d?) ksmkzx sink,&

d

2[4 2 5. [cosky)ca cosk,e
K,(& 1) = —k IOGm(ﬁ,s)Rm(x,s,kl)ds——klz _ IOGm(g,g) ' de (6.7B)
T sinky, sink,e

At this point, we need to obtain K,, for m > 2, upon substituting (A.7) into (6.3) we get

R,= R, +kR, (6.8)
where
_ " 4
R,(x.8) = — 2 o) 2 Lom) F| m,m;2m; xe 2 (6.9)
(o +e)?" T(m+1/2) (x +¢€)
A 2y € ¢l d
R, =22 ThOP, (0 (6.10)
T ¢
and

T, (kG) = _gcos (k; €) — cos (k; €) si (k; §) + sin (k; ) ci (k; ©)
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in this case for m > 2, and (4.4) leads to
b - b R
K& 0=~ +k) [ G, &R, (o) de k(i +K) [ G, (&) R, (1.&k) de

_gg2 KU-Hy—a)l+hs

H —
(k,—a) \/; J. (k) j :)]Gm(&’g)_]mil/z(ks)\/g de

k
k2+32(1—k22d2)
(6.11A)
K, (&%) =~k [G, &R, (Le)de—k [ G, &) R, (18k)de
=ik T2 k0) [ G 8) T, ys (i) e de (6.11B)

7. CONCLUDING REMARKS

In this article, we have presented an extension of dual integral equation for the Dock —
Problem in presence of cracked — barrier near the plate. For solving, we reduce dual integral
equation into Fredholm’s integral equation and approximate the kernel of integral equation
for deep (shallow) water and long wave region. Also, we can extend this problem for two,
three barriers with the specified boundary conditions.

APPENDIX

1. A Fourier series with Bessel function components

e*reesd = > f",(kr) cos m6
m=0
=1, m=0: 2" m>1)

2. An integral representation for Bessel functions

08 =" e, 00)]

3. A integral relation for a multiplication of the Bessel function [1, 9]

[77,,.0:8)J,0rnd = \E PHE - 1)
’ T
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4. Integral representation for Bessel functions

" . m+51
J, (hr) = - r" jo' ﬁ -y (RE)dE

e

\/Z sin(x)

Ji% (x) = X
\/Z cos(x)

X

6. A representation of the Dirac delta function through Hankel transform [1, 9]
[70,000 7,080 2. = ~5 (6 —)
X

7. An integral representation for multiplication of Bessel function

5y 0, 08 = L e | ‘l%f:ﬂ(r) gt C= e -2y
2 2 TE -

8. Series and integral representations for sine and cosine integral

ci(x)=y+Inx+ i (GO (Ci (x)j - (I:’(COS (t)J ﬂ}

=gesles) si (x) sin (1) )

o 1y 20+
LZL

si(x) = —
2 S@i+nl2j+D

9. Series representation for Bessel function

. 1\ 2n+m
T (k) = ZL[E)

o T (n+m+1n!\ 2
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