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PERPETUAL INTEGRAL FUNCTIONALS OF BROWNIAN
MOTION AND BLOWUP OF SEMILINEAR SYSTEMS OF
SPDES

EUGENIO GUERRERO AND JOSE ALFREDO LOPEZ-MIMBELA*

ABSTRACT. We calculate the probability density of perpetual integral func-
tionals of the form [ e’<<"'WS’“SHI)JI{(JVVS,#SHIZO}ds7 z > 0, where
o > 0 and g > 0 are constants and {W;, ¢ > 0} is a one-dimensional
Brownian motion; we achieve this by a direct computation of the potential
measure of Brownian motion with drift. By means of the functionals above
we obtain bounds for the blowup times of systems of the form du;(t,z) =
[—(=A)2 20 (t,2) + Gi(us—i(t, )] dt + ru;i(t,z) dW; on a bounded do-
main with Dirichlet boundary condition and nonnegative initial values, where
0 < a <2 Kk >0is constant and G;(z) > 211Bi for z > 0 with 8; > 0,
i=1,2.

1. Introduction

Let D C R? be a bounded smooth domain, and let x1,xs € R, be given con-
stants. Denote by {W;, ¢ > 0} a one-dimensional standard Brownian motion
defined in some probability space (Q,F,P), and let f1, fo € C%(D) be two posi-
tive functions. In [6] lower and upper bounds for the explosion time of positive
solutions of the semilinear system of SPDEs

duy(t,z) = [(A+V)uy (¢, z) +ub (¢, 2)] dt + kiuy (¢, ) dW,

dug(t,x) = [(A+ Va)us (t,z) +uf (¢t,x)] dt + kous (t, x) AWy, (1.1)
ui(0,2) = fi(z) 20, xe€D,
ui(t,z) = 0, t>0, zeRI\D, i=1,2,

were obtained in the case V; = A\ + /{f/?, 1 = 1,2, where \; > 0 is the first
eigenvalue of the Laplacian on D and p > g > 1. It was shown that there exist
random times g4, 0** such that g.. < o < 0**, where p is the explosion time of
(1.1) and the laws of g, and ¢*™* are given, respectively, in terms of exponential
functionals of the forms
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for certain real constants a,b. Our aim in this article is to obtain lower and upper
bounds for the explosion time of positive solutions of the system of SPDEs

dui(t,z) = [Aqui (t,z) + Gr(uz(t, x))] dt + kiuy (¢, ) AW,

dus(t,x) = [Aquz (t,z)+ Ga (ui(t, )] dt + Kaus (t,x) dWs, (1.3)
u;(0,7) = fi(z) >0, z€D,
ui(t,z) = 0, t>0, zeRI\D, i=1,2

Here, A, is the fractional power —(—A)®/2 of the Laplacian, where 0 < o < 2,
and G is a locally Lipschitz positive function such that

Gi(z) > 2P 2 >0, (1.4)

with 5; > 0, i = 1,2. We assume (1.4) in Section 3.1 only; it is replaced by (3.14)
in Section 3.2. We refer to [7] for definitions of blow-up times, and for types of
solutions of SPDEs. Equations and systems of the above kind arise as mathemati-
cal models describing processes of diffusion of heat and burning in two-component
continuous media, where the functions uq,us are treated as temperatures of in-
teracting components in a combustible mixture. Hence, it is natural and relevant
to investigate properties of positive solutions of such equations. Since we do not
assume G; to be Lipschitz, i = 1,2, blowup of the solution of (1.3) in finite time
cannot be left out. One of the main contributions of this work is to show that there
are random times 7y, and 7*" such that 7., < 7 < 7**, where 7 is the explosion
time of (1.3). In this case, the distributions of the random times 7. and 7** are
given in terms of functionals of the form

‘ ¢
/ (eaW"“ Ae?Ws) e Msdr and / (eaWS v e!We) emHeds (1.5)
0 O

for some positive constants a, b, M and p, which depend on the parameters of the
system (1.3). Notice that the functionals (1.2) are a special case of (1.5), hence
the present paper can be considered as a generalization and an extension of [6].
Although the laws of the functionals (1.5) are not given explicitly in this paper,
we find random times 7, and 7 such that 7, < 7. and 7** < 7”. The random
times 7"/ and 7, are given in terms of random functionals of the form

t t
Fi(t) = / 6_("W‘*_”s)]1{aws—uszo}d7” and Fy(t) = / eaWs—Msd& t>0,
0 0

respectively, where ¢ and p are certain constants. The function F5 is known
as Dufresne’s functional and the distribution of its perpetual version Fy(0co) was
computed in [8] for g > 0. The density function of Fy(t) for 0 < ¢ < oo was
obtained by M. Yor using techniques based on hitting times of Bessel processes;
see [17], [3] and [13]. The function Fj is known as one-sided Dufresne’s functional.
We believe that the law of its perpetual version could be obtained by the method
of hitting times of Bessel processes as in the case of Fy, or else using the method
of Pintoux and Privault [12]. In the present work we calculate the probability
density function of Fj(00) by a straight analytical approach based on the explicit
computation of the potential measure of the process Xy = cW; — ut, t > 0. This
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allows us to obtain a related integral equation for the function

H(z,z)=E [exp <z/ e(XSJr‘/”)]l{XSHJZO}ds)} , x>0, z>0,
0

(which gives as a special case the Laplace transform of F(c0)), and upon solving
it we obtain an explicit expression for H. By inverting the transform H we get
the distribution of the perpetual functional Fj(co) which is needed further to
obtain a lower bound for the probability of explosion in finite time. This is the
subject of Section 2. With the aim of getting suitable sub- and supersolutions
of (1.3) —from which we will obtain upper and lower bounds for 7—, in Section
3 we transform system (1.3) into a related system of random partial differential
equations. This procedure is similar to the one performed in [6] and is inspired in
a classical result of Doss [5]. In Section 3 we also obtain upper and lower bounds
for the explosion time 7. In Section 4 we give explicit non-trivial bounds for the
probability of explosion in finite time of positive solutions of system (1.3), under
the assumptions that 8; = S and the initial values are of the form f;(z) = Ly (x),
x € D, with L; > 0, ¢« = 1,2, where ¢ is the eigenfunction corresponding to the
first eigenvalue of A, on D. Such bounds depend on the functionals we found in
Section 3.

2. An Exponential Functional of Brownian Motion

Let {W, t > 0} be a one-dimensional standard Brownian motion. Let o and
w be positive constants. It is well known (see e.g. [8]) that Dufresne’s functional
fooo e“Ws=13ds has the following distribution for all ¢ > 0 :

24 2)

> oWs—pus _’y(?’ﬁ
P(/O e 'udS>C)—F(3-I;), (21)

where v (a,z) = [ e *s*"'ds and I (a) = v (a,00) for all a > 0 and = > 0.

Let X; = oW, — ut, t > 0. The motivation of this section is to study, from an
analytical point of view, some distributional properties of the exponential func-
tional

/ 67(Xt+z)]l{xt+120}dt7 x 2 0.
0

This kind of functionals, also named one-sided variants of Dufresne’s functional,
emerges for instance in the problem of explosion in finite time of systems of SPDEs.
In particular we calculate explicitly its Laplace transform and its distribution at
x = 0. Recall (see [2]) that the potential measure of the process {X;, ¢ > 0} is
the Borel measure U defined by

U(B):/OOO]P’(Xt € B)dt, BeB(R),

where B (R) stands for the Borel o-algebra in R = (—o0, 00).

Lemma 2.1. The measure U is absolutely continuous with respect to the Lebesgue
measure, and the density function of U is given by

1 1 u
u(z) = ;]1(,00’0) (z) + ;e_%xﬂ[o,oo) (), zeR (2.2)
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Proof. First note that the transition probability of {X;, ¢t > 0} is given by

(@ + put)*
202t

- , zeR, t>0.

p(t,z) = exp

2mo?t

From [14, page 242] we know that
u(xz) = / (t,z)dt
0

p
[ 2 [ [wae  [n)
= — — — d R
7T02u/0 exp[ < 20284— 2025)] s, x ek,

where we have used the change of variables s = /ut to obtain the second equality.
Now we note that for all s > 0,

2 (V)

wolu

— & (|z|+= 5
Rl I O V=S TRy o G VTN N T
24 VT 202 s2 202

T I (Ve Ve uly G T . S O
e ﬁe ’ ’ 207 2 T \[257 )] (23)

Integrating both sides of (2.3) with respect to s, we get for all z € R,

— L (lz|+=) oo
w@y= o2 [T R (B e
2u N 202 g2 202

uip 2 [T () e p
+ eo2 ﬁ/o e ( 252 202) — ﬁ?—*— ﬁ ds| .

Performing the change of variables

po |zl 1 ] t
t= /=2 [ B and t= /=04 [ 2
202 s 202" M 202 s + 202"

in the integrals of the right hand side renders

way = (N2l
2u 202 s 202

24 || ] H OO
+ eq? erf( @? + ﬁS . 5
where
F(z) = 2 / —*q eR
erf(z) =—= [ e s, z )
V7 Jo
is the error function. Since erf(c0) = 1 and erf (—oo0) = —1, it follows that
2p,
e 27" 2 2p 1 _2u
u(x) = 5 —erf (—o0) + ev2%erf (00) + erf (00) — ez erf (00)| = —e™ 027,
7 u

for all x > 0. Similarly, if x < 0 we conclude that u (z) = 1/ and the result
follows. O
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Define
H(z,z)=E {exp (—z/ e_(X”g”)]l{XS+rZO} ds)]
0
forall z >0, z € C.

Lemma 2.2. For allz >0 and z € C, H (x, 2) satisfies the integral equation

2

H(x,z)=1-— /flzef"‘x/ e_(1+%)“H(u,z) du — ,Lflz/ e “H (u, z) du.
T 0
(2.4)

Proof. For simplicity of notation, for any fixed z € C, let f.(z) = —ze "1 {z>0},
x € R. Define the function

v (z,2) =E [exp </tfz(Xs+x)ds>} , t>0, z>0.
0

Using that

/ot P </t Fo(Xu+ m)dU) Fo(X, + x)ds

= —/Ot d% [exp (/: f2( Xy +x)du>} ds = exp </Ot f(Xy +£U)du) -1

from the Dominated Convergence Theorem we get

w(@z) = 1+E [/Otexp (/t fz(Xu—i—x)du) fz(Xs+x)ds}
_ 1+/0t1@ [exp </t fZ(Xu—i—m)du) fz(Xs—i—a:)] ds.  (2.5)

Since f,(Xs + x) is measurable with respect to o(X,.,0 <r <s), 0 <s <t, then
t
E [exp (/ f(Xu + x)du) f(Xs + x)]

~ e[+ o e [ gaco o)

o(X,,0<r < s)” . (2.6)

Due to the independence of increments property of {X;, ¢t > 0} we get

E :eXp </t F(Xu+ x)du)

NI
= h(X, + ), (2.7)

o(X,,0<r< s)]

o(X,,0<r< s)}

where the function A is defined by

h(y) =E {eXp </t fo( Xy — X+ y)dU)] :
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Due to stationarity of increments of {X;,¢ > 0}, we obtain that

t—s

p) = feso ([ .06+ )| = v, (2.5)

Plugging (2.6), (2.7) and (2.8) into (2.5) we finally get

0

ve(x, 2) 1+ /tE [f2(Xs + 2)vp—s(Xs + 2, 2)] ds
0

1+E [/t J2(Xs + 2)vpo (X + x,Z)dS]
0

t
= 1- Z/ e_(x_‘—y)]l[O,oo) (z+y) (/ vi—s (x +y,2) P (X € dy) ds) .
R 0
Since the improper integral fooo e_(X5+x)]l{Xs+x20} ds is a.s. finite due to [9,
Theorem 1.4], using dominated convergence we get
ve(xz,2) = H(x,2) as t— oo.

The fact that
0<|ors(z+y,2) Ly (s)| <1
for all s > 0 implies, for all x > 0,

/Ref(ery)]l[opo) (x+y) </0 Vi—s (v +y,2) Lo (5) P (X, € dy) ds)

1—e* o2e % 1 o?

+ <S4 —
2 po?+2u? T p po? 4 2u?

< / e ) (@ +y) U (dy) =
R

Using again dominated convergence we get that for every z € C and every = > 0
the function H (-, z) satisfies the integral equation

H@) =12 [ o) @rn) H@+p V). (29)

From (2.2) and (2.9) it follows that for every z € C and every z > 0
H(z,z) =1~ 2/ e T g0y (2 + ) H (2 +y,2) 17 (oo ) (y) dy
R
2
= [ (o) H (a2 e g (0) dy
R

0
= —u’lz/ e THVH (z 4y, 2) dy

- ;flz/ eV (a4 y,z) ey
0

2

= fuflzefgz/ 6_(1+%)UH(U,Z) du—uflz/ e “H (u, z) du.
T 0

O
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Theorem 2.3. Let 6 € C be such that |0] < 1, and let
_ 28 —(1+&)u —u
I(z,u) =e-2"e o) g 00y (u) € Lo 2y (u), @, u>0.
Then the integral equation
g(x) = 170/ I(z,u)g(u)du (2.10)
0
possesses a unique solution

g(@) =) (=0)" ¢, (x) € Cy (RT),

n>0

where
Yo (z) =1, py1(x) = / I(z,u)y (u)du, n>0, x>0.
0
Proof. Consider the Banach space (Cy (RT), |||, ). We have that

o0 2/14 _
I du=1-— v
/0 (z,u) du 02—|—2,ue ,

which implies that the function
x):=1 —9/ I(z,u)g(u)du, x€R",
0

satisfies h € Cy (RT) for all g € C, (RT). Now we prove that the operator T :
Cy (RT) — Cy (RT), defined by T (g) = h, is a contraction mapping. In fact, for

91,92 € Cy (RT),
IT (61) ~ T (92)]. |9|H/ o (w)du— [ 16 0) g2 (0]
o[ rome

i.e., T is a contraction mapping. From the Banach fixed point theorem it follows
that (2.10) has a unique solution. To prove the power series representation of
g first we note that |4y, < 1 for all n > 0, which can be easily proved by
induction. Then under the assumption |6] € [0,1), the series

n>0

oo

IA

g1 — 92||OO =10 g1 _92”007

is absolutely and uniformly convergent. By Fubini’s theorem we finally get that

1—9/ (z,u) ( 0)" by, (u du—l—&—z "H/ool(m,u)zbn(u)du
n>0

n>0
=14+Y (0" s (@) =D (=0)" tu (2).
n>0 n>0

Therefore

g(@) = (=0)"vu (@)

for all z > 0. O
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From Lemma 2.2 and Theorem 2.3 we deduce one of the main results of this

section.

H (x, z) is the unique solution of the integral equation
(2.11)

Theorem 2.4. For all x > 0 and all z € C such that |z|u~! < 1, the function
/ e~ (1 28)up (u, z) du — ;flz/ e “F (u, z)du.
T 0

2
zea2 "

F(z,z)=1—-p"
In order to get a closed expression for H, we proceed by induction over n > 0

to prove that
n 2
i1 () =Y Brthngi—k (2) 4+ Bpyq [ 1 - — e~ (vDz ) 2.12
Yy () ;wﬂk() +1< g (2.12)
(D' (%) ()
Bklz 02 a 5
KT (k+ 25)
2u
—x

For n = 0, under the convention 22:1 = 0 and the fact that B; = 1, we get
0-2
€ b
142

2% 7(1+%)u]l[x,oo) (u) —|— e_"]l[o,m) (u)) du = 1 -

oo
:/ (eﬁwe
0
which shows that (2.12) holds for n = 0. Assume that (2.12) is true for some

2u

ke N.

where

Y1 (x)
n > 0. Then
b ( >::j§ 1 (2, ) thn () du
27;21.
i % "“)) du

/OOO I(x,u) <z_: Byt (u) + By, <1
k=1

n—1 00
SB[ 1w (w)du
k=1 0

oo 27# o0

+ B, / I(z,u)du— —= / I(z,u)e ""du
<0< e [ )

n—1
= Z Bytny1-k (x) + Bpiby (2)
k=1
2 2
?FQL 1 _ UigL —(n+1)z
27"\ n+1l (n+1)(n+1+ %)
%
o e (n+1)x ,

Brtpi1—i () + By, 1-—
kUn1—k () +1< n+1+(27‘2‘
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where in the second equality we have used the induction hypothesis, the definition
of 1, for the fourth one and the fact that

e

Bn+1 - —

S LR
(n+1) n—l—%)

—~

for the last equality. This proves (2.12). Moreover, notice that

Z (_M_lz)n Un (3;‘)
Z (7/1712)" <i Blﬂ/}n—k (SC)

n>1 k=1

2u
+B 1— o2 e~ N
n( n—!—%

- ZBk Z (—M_lz)nwn,k(x)

E>1  n>k+1

2u
E (- )

n>1 + o2
= 2By (n ) @)
k>1 7j>1
27,1;
+ -1 an 1— o —nz
% s 1 )
= ZBk (—lflz)k Z (—/flz)j ¥ (2)
k>1 i>1
27/,21,
-1_\" o —nx
+n§1(7:u‘ Z) Bn<1n+ige )a

from which we conclude that

Z (_Nilz)n Pn (37)

n>1

(2.13)
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From the definition of B,

Z (_ 7lz)nB % e T
: "\n+ 2

n>1
AL WEANE 2p
:Z(_M—lze—z) ( )' (022)M(02) < 022M>
"1 n.F(nJr—z) n+ 25
2u_ (21 (2§€_$)
=1-=I(—= g
o? <02)nz>%nlf(n+l+i’§)
2(272673.)1/2 2n+%
. -
=1 o2 <02€ > F(0>nz>:0 nll (n+ 1+ 24)
2u (22 _, o2 2u 2z _, 1/2
-5 (%) F(a>fis<2(aze> |
where
(E)2k+ll
o 2
IV(Z)'_kzmk!F(k+1+1/)’ 2e G

(2.14)

(2.15)

is the modified Bessel function of the first kind of order v € R. Similarly, it can

be shown that

Z 24 22\ 272 2:\ /2
—1 n _

I

H(z,z2)=2po""! (22)71/26 T2

for all z > 0 and 2 € C such that |2| x~! < 1. In particular we obtain

Theorem 2.5. The equality

E {exp < z/oo e_X‘]l{ }dt>} i H (
- X;>0
0 ' 0\/872.[2

"
o2

£

N

N

holds for every z € C such that |z| p=! < 1.

Let F' be the distribution function of the random variable

00
/ €_Xt]1{Xt20} dt
0

(2.18)
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Let { j 2 n} be the increasing sequence of all positive zeros of the Bessel
o ’ n>1

function of the first kind of order i—’; — 1> —1, and let

(_1)m (%)27714'%71

J z) = , ze€C.
%71( ) mz>0 m!T (m-i—%)
From the fact that
J2;t ( ) 9 —1 .
el Bl Gt T INSEE LN (AR

n>1

(see [10, formula 7.9(3)]) and the relation J, (2¢) = ¢“I, (z), which holds for all
v,z € R, it follows that

,1/2 I% (21/2) 22 1 ZG(C\{ .2 } (2 19)
z _— = _ —J5u . .
I%—l (21/2) n>1 z +J%u ]%—1,71 n>1

= —1n
Notice that the function
—1/2 12;1./0'2 (Zl/Q)

= Y
Zz I2/t/02—1(21/2)

z € C,

has no poles in the region
{weC:Rew >0, |w| < p}.

Using an analytic continuation argument we conclude that

0 apulzy (52
E [exp (—z/ e_Xt]l{XtZO}dt>}
0

ity 1 ()

for all z € {w € C:Re w > 0}. In particular we get that the Laplace transform

of the random variable -
/ e ML x,>0ydt
0
is given, for all z > 0, by

E exp(—z/ e Xt y, dt)}— =
B S

n>1 o2 —1,n
o2 .2
811 R *<Tﬂzg,1n>y
Sy [T | g e
2 8
n>1 0
2
~ —<%122u71 n)z/
= e p) e o2 dy,
0

where we used the fact that
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for any v > —1 (see [4, formula (32)]). In this way we have proved the following
result.

Theorem 2.6. F' is absolutely continuous with respect to the Lebesque measure.
Furthermore, if y > 0 then

F(dy)=p | exp {— (‘;23%5_17“) y} dy. (2.20)

n>1
3. Bounds for the Explosion Time

In this section we obtain upper and lower bounds for the explosion time of the
semilinear system (1.3). For this, we first construct a suitable subsolution of (1.3)
by means of the change of variables

v; (t,x) == exp{—kWi}u; (t,x), t>0, xze€D, i=12,
which transforms a weak solution (uy,us) of (1.3) into a weak solution of a system
of random parabolic PDEs. Proceeding as in [6] (see also [5]) one can see that the

function (v (¢, ), v2 (t,x)) is a weak solution of the system of RPDEs

2

i1 60 = (B (00) = on (0)) + G (@ (1),

o 2
avg (t,z) = <Aav2 (t,z) — %UQ (t,x)) +e Wi, (e“lw‘vl (t,x)) , (3.1

v; (0,z) = f;i () >0, x€ D,

vi (t,z) =0, t>0, z€RI\D, i=12,
with the same assumptions as in (1.3). Notice that v;(t,-) is non-negative on D
for each t > 0 and ¢ = 1,2, which follows from the Feynman-Kac representation
of (3.1); see e.g. [1]. Hence

u;i(t, ) = exp{r; Wi v;(t, )

is also non-negative on D for each ¢ > 0 and ¢ = 1,2. Moreover, it is clear that
if 7 is the blowup time of system (1.3), then 7 is also the blowup time of system

(3.1). Let X\ and % be, respectively, the first eigenvalue and eigenfunction of A,
in D, with ¢ normalized so that [, v (z)dz = 1.

3.1. An upper bound for the explosion time. In order to get an upper bound
for the explosion time 7, we first show that the function

t|—>/ v(t,z)Y (z)dx, t>0,
D
satisfies the differential inequality
d 2
—/ vi (t,2) 1 () do > — (A+ ”")/ oi (t,2) 0 () da
1+8;
+ el HBi)rs—i—ri)Ws </ va—; (t, ) ¥ (x) d:z:) )
D
(3.2)
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for i = 1,2 and ¢ > 0. In fact, since v; (¢, ) is a weak solution of (3.1) and
Gi(z) > 2P z>0,

then in particular we have
/D’Ui (t,x) ¢ (z)dx > /Dfi (x)w(x)da:—&—/ot /D’UZ' (s,2) Agt) (z) dzds
t
- '%212/0 /Dvi (s,z) ¢ (z) dx ds (3.3)

t
—|—/ / e((l"’ﬁi)"‘*i_”")wb‘v;f? (s,z) ¢ (x) dx ds.
o JbD

Since v; and ¥ are non-negative in D, by Holder’s inequality we get that

[oiav@de = [ w0 6™ @00 @) do
D D

( /D vs (s, 2) 1 (2) dx) i . (3.4)

IA

Using the fact that
At (x) == (z) on D,

we finally obtain

/Dmmw(x)dxz/Dfm)wx)dx—(A+*’f) /Ot/DmS,x)w(x)dxds
+ /Ot e((LBi)rs—i—ri)Wa (/D vs_; (s,2) ¥ (x) dcc) o ds,

whose differential form is (3.2). Using now (3.2) and a comparison theorem (see
e.g. [16, Lemma 1.2]), we deduce that the function h; determined by the equation

d 2 .
Shi(t) = - (A * 2> i (£) + l0F0Oms i mrOWep LB )

h; (0) = /D fi ()¢ (2) dz,

is a subsolution of v;, i = 1,2. We define

K2
mz)\—&—n_lax{;}, M; = m

1=1,2 i

ng {e((l‘i’ﬁi)’is—i*’ii)wt} ., t>0,
and consider the system of random ODEs
d
dt
By the transformation

zi(t) = —mz; (t) + Myza T2 (1), 2 (0) = h; (0), i=1,2.

yi (t) :=e™z (1), t>0, i=1,2,

it follows that
d s . ‘
Vi () = e ™ Muys B (1), i (0) = hi (0), i=1,2. (3.5)
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By a comparison argument it follows that
For t > 0 we define

B =mn®+n@) v B0)=Y [ @@

We present the main result of this section, where

A= rllinz {(1+ B;) ka—i — K4} -

Theorem 3.1. Assume that A > 0 and let T be the blow-up time of system (1.8).
(1) If By = B2, then T < 7', where

t
7' = inf {t >0: / e” AW L mpissoyds > 29187 (B (o)~

0
(3.6)
(2) Suppose 81 > B2 > 0. Let
— B1=B2
. hs (0) = 9—(1+82) (E (0))1+52 s
€p0 — min ]., W s AO y
with
_ 1489
Ay = (1+61> -7 By — B
0 1+ s 1+6
Assume that
14871
27 P26y (B (0))7 — 1772 Ay > 0, (3.7)
and let
ﬁ11t6§2
Co=2P2¢y — ‘0 Ao .
(E(0)"+7
Then 7 < 7", where

)

t
T”:inf{tZOI / AW iy gsoyds > Co By (B (0) 7
0
(3.8)

Proof. Recall that
LA + y1+51 > 9—b1 (IL‘ + y)l“’ﬁl

for all z,y € [0,00). Therefore, from (3.5) we get

%E (t) > 27 Fre MM EITA (1)

Using a comparison argument as before, it is clear that I is a subsolution of E,

where

%I (t) =2 Pre=mBNL TP (), T(0) = E(0).
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The solution of this equation is given by

t B
I(t) = (1—51 (0) —2"3161/ e—mﬂlsMsds> , tefo,m),
0
with .
7 = inf {t >0: / e Mds > 251 A (0)} ) (3.9)
0

The inequality 7 < 7* is clear since [ is a subsolution of v; +wvo. There remains to
show the inequality 7* < 7/, where 7/ is defined in (3.6). This follows easily from

the fact that
efmﬁlsMS > efmﬁlseAWs]I{Wszo}
and
{AWS - mﬂl Z O} g {Ws Z 0}

for all s > 0. We conclude that

t t
/ eimﬂlsMst > / ei(AW57mﬂls)]l{AWb»*mBlsZO}dsa
0 0

and the assertion follows. Therefore 7 < 7/.
We now prove part (2) of the theorem. According to Young’s inequality,

§PaP  §yd
_|_
p q
for all z,y € [0,00), § > 0 and p,q € (1,00) such that % + % = 1. Taking Ag as in
the statement and setting

xy < (3.10)

1+Bo

z=¢ y=yst @), 0= (112;)1%1 and ¢ = 11?;
in (3.10), it follows that for all € > 0,
Yt (1) 2 it (1) — i A, £ 0,
Using (3.5) we get
%Ewzew%ma@ﬁ@umfﬁwww—ﬁﬁ%%). (3.11)
Suppose € € (0,1]. Using Jensen’s inequality we conclude that

WOl 0 2 2 [p O+ eTmn©)]
> 2 e[y (1) +yo ()2 = 27P2eB 1 (1),
hence
%E (t) 2 ™M, (27F2e BN (1) — G%AO) .
Take ¢y as in the statement. We claim that
E(t)> E(0)>0forallt>0.
In fact, let J be the solution of the differential equation

J'(t) = e "PIMf (I (1), J(0)=E(0),
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where

1+81
f(z) = 2 P2eqptthz — €' 2 Ay, x>0.
By comparison E(t) > J(t) for all ¢ > 0, and therefore it suffices to show that
J(t) > E(0), t>0.

Notice that f is increasing and has only one zero at

1482 1
B, — B T
To = (Zﬁzﬁél [QA()) 1+62 > 0,

with zp < E(0) due to (3.7). Let
T=inf{t>0:J() < EQ)}.

Then T > 0 because J is strictly increasing around 0, and J(¢) > E(0) for all

€ (0,T). Suppose that T' < oo. Being J continuous on [0, T'] and differentiable on
(0,T), Rolle’s theorem yields that J'(¢) = 0 for some ¢ € (0,T). Hence J(c) = zo
which implies that xo > E(0). This contradiction says that T' = oo and

E(t) > E(0) for all t > 0,

which proves the claim. Therefore,

1484
B1—B2
€y AO

(E(0)'*7

d
— B> e MM B2 (1) |27 P2 —

Let Cp be as in the statement and let I be the solution of the equation

%I (t) = e ™M IR (1) Cy, te[0,77); I(0)=E(0),

where 7°* will be defined below. Then I(t) < E(t). The expression for I is given
in this case by

1

t T B2
I(t)= (I‘52 (0) — Co B2 / e—mﬁISMSds> ,
0
for all t € [0,7**), with 7** given by
t
T = inf {t >0: / e~ M ds > Cyl By TP (0)} : (3.12)
0

Taking 7" as in (3.8) and proceeding as in the proof of Part 1, we get 7 < 7 <
T, O
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Remark 3.2. When k1 = ko = 0 and 81 = B2 > 0, from the inequality 7 < 7% it
follows that

P(r < o0)

v

P (i > b =h (0))

P (i > (511}?2 {/D fi ()% (2) da:}>_61>

1 if AP < min {/Dfi(x)w(x)dx},

= i=1,2

Y

0 otherwise,
which is the deterministic result given in [11].

3.2. A lower bound for the explosion time. Suppose that {Y;, ¢ >0} is a
spherically symmetric a-stable process with infinitesimal generator A,. Let

P i=inf{t>0: Y, ¢ D}
and consider the killed process { YP, t> O} given by
v - {Yt if t <7D
o if t> 7P,
where 0 is a cemetery point. Let T"> 0 be a random time. Recall that a pair of
Fi-adapted random fields
(v1 (t,z),v9 (t,x)), €D, t>0, i=1,2,
is a mild solution of (3.1) in the interval [0,T] if

2 t 2
v; (t,x) = e_%itPthi (x) +/ e_“’iW"e_%(t_T)PﬁT [G; (e~ Wrus_; (r,2))] dr,
’ (3.13)
P-a.s. forallt € (0,7T],i = 1,2, where {PtD, t> 0} is the semigroup of the process
{EQD ,t > 0}. In what follows we will assume that G; is a locally Lipschitz positive
function such that
Gi(z) < 2P 2>0, i=1,2. (3.14)
Moreover, we set

A= min {(1+ fi)rz—i —#;}  and B = max {(1+f;)rs—; — #i} -
Theorem 3.3. Let 5 = max {B:} and

¢(t) — e*(ﬁ1/\nz)2t/2 max{ sup HPSDflnoo} , t>0.

i=1,2 s€0,t]
Assume that A > 0. Then
vi(t,z) < ¢(t)B(t)
forall 0 <t <7, x €D andi=1,2, where

B(t) = (1 ﬁ/ot (et \/eBWT')im:% {o” (T)}dr)

=
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and
! 1
. A AW, BW,. i
T*:mf{tZO./o (e Ve )11121?35{¢5 (r)}drzﬂ}. (3.15)

Proof. Notice that B (0) = 1 and

d A t t 7

%B (t) = (e v P max {gi)ﬁ (t)}BlJrﬁ (t)y, t>0,
hence

t
B(t)=1+ /O (eA™r veBWr)g%{Mi (r)} B (r) dr.
Now let V : [0,00) x D — R be a non-negative continuous function such that
V(f,-)ECO(D), t>0,

and satisfying
Vit,x) <p(t)B(t), t€[0,7.), z€D. (3.16)
Define the operator F; by

2 t 2
F,(V(t,z)) := e’T’/tPthi (x)—i—/ e’”iw"e’%(t”)Pgr [Gi (6”3*"W"V (r, x))] dr,
0

for i = 1,2. Using (3.14) and that the semigroup {PtD,t > O} preserves positivity
we get

t K1 AR 2
Fi (V (t,x)) < (1) +/0 e((1+,8¢)n371:—m)wre—7( L (t—r)Pt?T I:V1+Bi (r, m)] dr

t
< B(t) +/ 6((1+Bi)’i37i*’€i)wr677(51252)2 (t*T)(lerBi (r) BltBi (r)dr,
0

where we have used (3.16) to obtain the last inequality. Notice that if ¢ € [0, )
and 7 € [0,t] then

_ (k1nko)?
2

(=g (r) < (1),

e
and since B(t) > 1,
B (r) < B™E(r), 0<r<t

Therefore, for all t € [0,7) and z € D,
t
F(V(ta) < ¢() {1 + /0 (e v ePr) max {¢™ ()} B (r) dr
= o(t)B(1).

Now we will define increasing sequences which will converge to the mild solution
of (3.1). Let

){,2 h‘,2
v (tz) =e PP (), wao(t,x)=e ZPPfy(x), (t,z)€(0,7)x D,
and for any n > 0 define

V11 (62) = Fi (van (6,2),  vensr (t,2) = Fa (v (t,7)),
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for (t,z) € [0,7.) x D. To prove that (v, (t,7)),s, and (v2y (t,2)),~, are
increasing for all ¢ € [0,7.) and z € D, note that

2
it

v, (t, ) < e_étPthi (z) + /t e_mw"e_T(t_r)PtD,r [Gi (e”?’*iw"vgfi,o (7, x))] dr
=} (t,x), i= 1,2.0
Suppose that, for some n > 0,
Vin = Vip—1, ©1=1,2.
Then

Vint1(t, ) = F; (v3-3 n(t,2)) > F; (V3—in—1(t,x)) = vin(t, x)

for all (¢,2) € [0, 7) x D, where we have used the monotonicity of F;, i = 1,2. By
induction, this shows that both sequences (v1, (t,2)), v, and (v2, (t,7)),~, are
increasing. Therefore the limits - B

vy (t,x) = nh_)ngo o (t,x)  and  wg (t,x) = nh_)n;o vy (t,x)

exist for all ¢ € [0,7,) and € D. From the Monotone Convergence Theorem we
conclude that

v; (t,x) = Fos—; (t,x), i=1,2,
for all t € [0,7,) and € D. Moreover,
vi (t,x) < P(t)B(t), i=1,2,
for all t € [0,7.) and = € D, and the result follows. O

Corollary 3.4. Under the assumptions of Theorem 3.3, if

5/0 (eAW'" Vv eBW’") ngzlné {gb'gi (r)} dr <1,

then the mild solution of (3.1) is global.

4. Bounds for the Probability of Explosion in Finite Time

Throughout this section we make the following assumptions:

(1) p1=pP2>0,

(2) the initial values in (1.3) are of the form
filz) =Liy(x), zeD, i=1,2,

where L1 and Lo are positive constants,
(3) G(z) = 2P 2> 0.

As above we denote

A= 1111%112{(1 +B1)k3—i —Ki}, B= m%{(l +B1) Ka—i — Ki},

1=

and assume that A > 0. We also abbreviate A := %
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4.1. An upper bound for the probability of blowup in finite time. Con-
sider the random variable 7., defined by

t
1 1
Tex :=Inf <t >0 / (eAWr \% eBW*) e M gy > — min " .
0 Bullvllse =12 | Lg

It is easy to see that 7., < 7. Furthermore, noticing that

/t (6AWT V 6BWT) e*Aﬁlrdr
0

f t
:L/‘€AWQ_A&T1{W@<0}dr4‘j/ eBW%_ABﬂT{WGZO}dT
0 0

o t t
1
S/ eiAB”dr-l-/ 6BWT*Aﬁ”dr=7—|—/ eBWr=ABr gy
0 0 A o

it follows that

1 i 1 1
Ty = inf<{¢ Z 0: r +/ eBWT_AﬁleT Z 7& mln ? (41)
B Jo Brllvllse =12 | Ly

satisfies 7, < Ty, as long as A > 0.

[ !
A S A

Theorem 4.1. Assume that

Then
’y 2%’21; ( 2
2t (ot mind e ok
P(r < 00) < Brlvles =12 Ly ' (4.2)
r (2/\31)
BZ

Proof. From the relation 7, < 7 and the continuity of paths of Brownian motion,
it follows that

P(r<oo) < P(r <)

e 1 1 1
1—-P / eBW7'7A’81Td’)" S 5 mln 7 _
0 Bulwl =12 | Lt ) AB

> 1 1 1
P / eBWr=ABT g — min vl el I8
0 Bullvllee =12 | Ly Ab

The result follows from (2.1). O

Remark 4.2. Notice that P (7 < 00) < 4 for any given § > 0 provided that the
positive constants L1, Lo are sufficiently small, i.e., for sufficiently small initial
conditions, the system (1.3) explodes in finite time with small probability.
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4.2. Lower bound for the probability of explosion in finite time.

Theorem 4.3. If m = A+ 5 (k1 V Ka)? then

exp {— A%20 J3
8mf3 861(L1+La)P1 ||y 371 7 285 1,
P(r < o0) > e 3 - A . (4.3)
n>1 A _1n

Proof. From the relation 7 < 7/, the continuity of paths of Brownian motion and
Theorem 2.6, it follows that

P(r<o0) > P(r' <o0)
251
B (Ly + La)™ || 3™

[e’e) A2 o
/ 251 mﬁlZeXP{— (8122511’,1) y} dy.

23
B1(L1+L)P1 w271 nzl

P / AW vy, mpspds >
0

exp A%2P1 jz
- 28 2m
8mp Z 861(L1+L2)P1 [|y)371 7 225 —1,n
A2 -2 ’
n>1 ‘7727;51 —1,n

where we used the Monotone Convergence Theorem to obtain the last equality. [

Remark 4.4. Notice that for sufficiently large L; and Lo, the relation

€Xp 4§ — A%201 j2 1/2
8mp 861 (La+L2) [0 37/ 2281 —1.m . V3mBy/?261/2
Py T T Ar (L L) )
n>1 Zélfl,n ™ 1 2 2

holds; see [4, formula (39)]. Therefore P (7 < c0) > 1 — € for any given € > 0
provided that the positive constants Ly, Lo are sufficiently large, i.e., for sufficiently
large initial conditions, the solution of system (1.3) explodes in finite time with
high probability.
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