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1.INTRODUCTION

Theconcept of metric spaces has been generalized in many ways. The generalization
of metric spaces were proposed by several mathematicians like Gahler[5,6]
(2-metric space), Dhage 3,4] (D-metric space), Bakhtin [1] (b-metric space), K.S.Ha.
et al. [7], Mustafa and Simg[11,12] (G-metric space), Souayah, Mlaiki [13](S-
metric space), Sedghi et al. [14,15] (S -metric space using the concept of Smetric
space).

The dislocation in metric space was introduced by P. Hitzler [8] in which the
sdf distance of points need not be necessarily zero. Dislocated metric spaces play
vital rolein topology, logical programming and electronic engineering. Fixed point
theory is an important area of study in pure and applied mathematics and it is
flourishing area of research. The study of fixed point theory has been extensively
developed in the past decades. In the present paper we introduced a new concept
dislocated S, - metric space and some of its properties. Also we have proved a
fixed point theorem for a self mapping on a complete dislocated S, - metric space.

Throughout this paper R= (-0, ©), R" = (0, ©), R;* = [0, ), N denotes the set
of all natural numbers.

2. PRELIMINARIES

Definition 2.1

Let X beanon empty set. A distancefunction onaset Xisafunctiond: XxX— R *
satisfying the following properties.

(1) dix,y)>0,foralxyeX
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(2) dx,y)=d(y, x), foralxyeX

B) dx,y)=0=x=y, fordlxyeX

(4) dix,y)<d(x,2+d(zy),foralxy zeX.

Thend is called the dislocated metric (ssmply d-metric) in X and the pair (X, d)
is called dislocated metric space (or simply d-metric space).
Definition 2.2
A sequence {x } in d-metric space (X, d) with respect to d is said to be d-converge
tox e X provided that for all ¢ > 0 thereexists n, e N such that d(x , X) < ¢, for all
nxznyor)d-lim __d(x,x)=d-lim__d(x,x)=0.
Definition 2.3

We call a sequence in d-metric spaceis a d-Cauchy sequence provided that for all
€ > Othereexistsn,e Nsuchthat d(x , x ) <e¢, for al m,n>n,

Definition 2.4

A d-metric space (X, d) is called d-complete if every d-Cauchy sequence in X
converges with respect to d in X.

Definition 2.5

Let X bea nonempty set and b > 1 bea given real number. Suppose that a mapping
S: X — [0, ) is afunction satisfying the following properties:

@ S xYy.2>0foralxy ze Xwithx=y=z
(b) S (xy,2=0ifandonlyifx=y=z
() Sy, 2<b[SKxxa+S(.y.a+S((zza)foalxyzaeX

Then the function § is called S -metric on X and the pair (X, §) is called S -
metric space.

Definition 2.6

Let X be a non empty set. An Smetric on X is a function S X*— [0, «) that
satisfies the condition for all x,y, z, t € X

(i) Sxv,2=0ifandonlyifx=y=2z
(i) Xy, <X x )+ 8y, y, )+ 9z z1).
The pair (X, S) is called a S-metric space.
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3.DISLOCATED S-METRIC SPACE

Definition 3.1

Let Xisanon empty set and b > 1 beagiven real number. Suppose that a mapping
p : X*—> R is afunction satisfying the following properties:

@ pxy 2>0foralxy ze Xwithxzy=z

(b)) p(xy,2=0impliesx=y=z

© pXYy,D<bpxxa+ply,y,a)+p(zza)]foralxyzaeX

d pxy.)d=p¥.zX=pExY)=p¥.%2)=p Y, X)=p(X2Y),

© pxy)=p,x,x)foralxy zeX

Then the function pis called dislocated S -metric on X(simply dS -metric) and
the pair (X, p) is called dislocated S -metric space (sSmply d S-metric space).
Example 3.2

Let X = [0, 1]. The distance function d: XxXXxX — R* is defined as d(x, y, 2) =
max{|x—Y|, ly — 2, [z—x[}. Then d is dS -metric and the pair (X, d) is dS-metric
space.

Example 3.3

_ z-y-X if x<y<z
Let X =[O0, 1]. Define d: XxXXxX — R* by d(x, y, 2) = 2(x—y— 7),0therwise
Then (X, d) is not dS-metric but S§-metric with b > 4.

Definition 3.4

Let (X, p) beadS -metric space. Then for each x € X, r > 0 we define the dS - open
ball By, (X, r) and the dS- closed ball By, [X, r] with center x and radius r as
follows:

Bus, % 1) ={y e X[p (¥, ¥, ) <r}
Bug, X 1] ={y e X[p (y,y, ¥) <1}

Definition 3.5

A sequence {x } in dS - metric space (X, p) is said to be dS-converge to x € X
provided that for ¢ > O, there exists a n, e N such that p(x, x, X) < € (or)
p (X X, X) <e¢, for dl n>n and wedenoteasdS —lim X =X
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Definition 3.6

A sequence{X } indS - metric space (X, p) is said to dS -Cauchy sequence provided
that for € > 0, thereexistsan, e N suchthat p(x , X , x) <eforall I, m,n>n.

Definition 3.7

A dS-metric space (X, p) is caled completeif every dS - cauchy sequenceis dS -
convergent in X.

Lemma 3.8
Every converging sequence in a dS -metric spaceis a dS, - Cauchy sequence.

Proof: Let {x} be a sequence which converges to somex € X. Let ¢ > 0 be
chosen. Thenthereexistsn, e N suchthat p (x , x , X) < €/3b, for all n>n,. For mn
>n, wehavep(x , X, X) <b[p (X, X,X)+p (X ,X ,X)+p(X,X,X)] <e. Hence{x }
is a dS-Cauchy sequence.

Remark 3.9

If asequence {x } in dS- metric space (X, p) is dS-Cauchy sequence then for for
€ >0, thereexistsan, e Nsuchthat (i) p (x, X , X ) < e for all m, n>n,, (ii) p(X ,
X.» %) < eforalm nxn;areequivalent.

Lemma 3.10
Limits in dS - metric space are unique.

Proof: Let {X } be the sequence in dS -metric space having the limits x, y and
z Thenasn— oo, p(x, X, X) = 0, p(x, X ,y) = 0and p(X , X, 2) = 0. Now p(X,
Y, 2) <0.But p(x, Yy, 2) > 0. Therefore p(x, y, 2 = 0 which impliesx =y = z. Hence
the limits in dS, - metric space are unique.

Definition 3.10

Any set containing a ball with center a is sometimes called dS, neighbourhood in
dS -metric space (i.€) N, (X) ={y € X|p (¥, X, X) < ¢} wheree > 0.

Theorem 3.11

Let (X, p) beadS-metric space. Thenfor all x e X, p(x, X, X) = 0iff N  (X) = &, for
al x e Xand e > 0.

Proof: SinceN, (X) ={y € X|p(y, X, X) < ¢} wheree >0isanopenball indS -
metric space (X, p) with center x. Suppose that p(x, x, X) = 0, for all x e X and for
€ >0, wehave p(x, X, X) < e impliesx € N o (X). Hence N  (X) # @, for all x € X.
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Conversely, supposethat Ny (X) # D for e>0 wehaveN o (X) = {y € X|p(y, X, X) <
€}. Then there exists a € X such that p(a, x, X) = r/b < e. By rectangular property
and symmetry property it follows that p(x, X, X) <b[p(x, X, @) + p(X, X, &) + p(X, X,
a) ] = 3r <e. Hencefor all € >0, p(X, X, X) < ¢ this shows that p(x, X, X) = 0.

Theorem 3.12

Let (X, p) be adS-metric space. Then p is S-metric iff N (X) # G, for all x € X
and e > 0.

Proof: Let p be §-metric. Thenwehavep(x, x, X) = 0, for all xe X. By Theorem
3.11, it followsthat N, (X) # @, for all x e Xand e > 0. Conversely, let N (X) = @
for all x e Xand e > 0. Since N, (X) ={y € X|p(y, X, X) < €}, then p(X, X, X) < e.
Hencep(x, x, X) =0 for all x € X, p(x, x, X) = 0 and then p(y, X, X) = 0 iff x=y. Also
the rectangle inequality holds. Therefore p is a S-metric.

Definition 3.13

Let (X, p) and (Y, p') be dS-metric spaces and let f: X—Y be afunction. Then f is
said to be dS -continuous at a point p € X if for every € > 0 thereisa s > 0 such
that p' (f(X), f(X), f(p)) < € whenever p(x, X, p) < d.

If f isadS- continuous at every point of a subset A of X, we say that f is dS -
continuous on A.

Theorem 3.14

A mapping f: X — Y of adS metric spaces (X, p) and (Y, p') is dS -continuous at a
point x, € X if andonly if X — X, = f(x ) — f(x,).

Proof: Assume that f is dS -continuous at x,. Then for given € > O thereisa
6> 0 suchthat p' (f(x), f(x), f(p)) < e whenever p(x, X, p) < 3. Let {x } beasequence
in X 'suchthat X, — x,. Thenthereis n, € N suchthat p(x , x , X)) <défor al n>n,
Hencefor all n>n,, p' (f(x ), f(x ), f(x,)) < e. Thisshowsthat f(x ) — f(x,). Conversely,
assume that f is not dS -continuous at x,. Then for given 5 > O such that

1 1
p' (f(X), f(X), f(x,)) = e. Choosing 8 = o thereis an x_ satisfying P(X1 %5 %) < P
But p' (f(x,), f(x)), f(x))) = €. This contradicts that f(x)) — f(x). Thus f dS is
continuous at .

Theorem 3.15

Let f: R*— [0,3™) benonincreasing function. Let (X, p) be complete dS, metric
spaceand let T: X — X be a ds, continuous mapping such that
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p(Tx, Ty, T2) <f(p(X, ¥, 2) [p(X, X, TX) + p(Y, Y, TY) + p(z, 2, T2) ]... (3.1) for all
XV, Z € X. Moreover if f is a constant function then T has a unique fixed point.

Proof: Let x ,, = Tx for eachn € N. Assume that p(x , x , X ,,) # O for each
n € N. Then by (1) we get,

P(Xnt1, Xns2s Xna3) = P(Tx TXnyr, TXnyo)
< f(l)(xru Xn+1, xn+2)) o (tn X, Txn) + P (i Xpats TXna1) + P(Xns2s Xna2s TXna2)]

1
=< 3 [o(xn, X Xne1) + P(Xnar, Xna1s Xna2) + P(Xns2, Xnazs Xnea)]

Thisimpliesthat p(X ,,, X ,,» X.,2) < p(X, X, X ,.).

Hence {p(x, X, X ,,)} iS anon negative non increasing sequence.
Thus there exists a. > 0 such that p(x., X, X ,,) — a.asn — oo.
Now we claim that o = 0. Supposethat o > 0. Then,

P (X1 Xnazs Xngz) < f(@)[pQen, X, Txy) + Pty Xn1, TXns1) + P (s Xz, TXi2)]

< 3af(a)

1
This is impossible since f(a) < 3

Thusa=0(i.€)dS—lim _x =x_ =TX.
Now we have to provethat {x } is adS Cauchy sequence.
From (1) we have,
p(X, X, X)=p(TX, TX , TX)
<f(p(x,x,x)) [p(X, X, TX)+ p(X, X, Tx )+ p(X, X, TX)]

S%[p(xn,mexn) + P(Xis Xy %) + P(X 5 %, X,1)]

Thereexistsn, e Nsuchthat for I, n, m=n,, p(x, X, X,,) < € p (X, X Xa) <
e and p(x, X, x,,) < €

1
Hence p(Xn,X,n,)ﬁ)Sg(26+€)=€

This provesthat {x } is adS Cauchy sequence.
Since X is complete, there existsa € X suchthat x — aasn — .

Now lets provethat ais afixed point. (i.€) Ta = a.
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(i) If TisdS, continuous then, Ta=lim __Tx =Xx . = a, then ais a fixed
point of T.

(ii) If fis a constant function then we have,
p(a a Ta)<b[p(a a x,)+p@ax,)+pTaTax,)]
=b[2p(a, a, x ,,) + p(Ta, Ta, TX )]
<b[2p(a, a,x,,,) + f(p(a & X)) [p(a, & Ta) + p(a, a Ta) + p(x,, X, Tx)I]
Letting n — o we get,
p(a, a, Ta) < b[f [2p(a, a, Ta)]].
Similarly, p(Ta, a, @) < b[f[2p(a, a, Ta)]] as n — .
Hence|p(a, &, Ta) — p(Ta, @, @) | < 0.
Thus Ta = aand aisthefixed point of T.
Finally we have to prove that the uniqueness of the point.
Assumethat Ta=aand Tb=bwitha=b, a, b e X.
Now, from (3.1) we have,
p(Ta, Ta, Ta) <f(p(a, a, @) [p(a, a, Ta) + p(a, a, Ta) + p(a, a, Ta)]
=f(p(a a a)) [3p(a &, a)] (3.2)

Since f: R* — [0, 3™) be non increasing function, so the inequality (3.2) is
possibleif p(a, a, a) = 0.

Similarly we can get p(b, b, b) = 0.
Consider,
p(a, a, b) =p(Ta, Ta, Th)
<f(p(a, a, b)) [2p(a, a, Ta) + p(b, b, Th)]
=f(p(a a b)) [2p(a, &, a) + p(b, b, b)]

This shows that p(a, a, b) = 0 and so a = b which proves the uniqueness of the
fixed point of T.

Example 3.16

Let X =[0,1]. Definep : X* > R by p(x, ¥, 2 = x+y+ z Thenp isadS-
metric and (X, p) is a complete dS -metric space. Definef: R * — [0, 3™) by f(u) =
(u+2)tand T: X > X by T(x) = x/2. Here f is non increasing function and T is
continuous in X. For all x, y, z e X we g,
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p(Tx, Ty, T2) <f(p(x ¥, 2)) [p(%, X, TX) + p(y, ¥, TY) + p(z, 2, T2)]

p(%%é) < f(x+y+ z)[p(x, x,§)+ p(y, y,%)+ p(z, zg)]

zZ_ 1 [5(x+ y+ z)]
2 X+y+z+2 2

Xy,
2 2

x+y+z<3 foralxy zeX

T satisfies the condition (3.1) and satisfies the hypothesis of Theorem 3.15 and
x = 0 isauniquefixed point.
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