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THE FORCING RESTRAINED EDGE
MONOPHONIC NUMBER OF A GRAPH
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Abstract: For the connected graph G = (V, E) of order at least two, a chord of a
path P is an edge joining two non-adjacent vertices of P is called a monophonic
Path if it is a chordless path. Let G be a connected graph and M is a minimum
restrained edge monophonic set of G. A subset T < Miscalled aforcing subset for
M if M is the unique minimum restrained edge monophonic set containing T. A
forcing subset for M of minimum cardinality is aminimum forcing subset of M.
Theforcing restrained edge monophonic number of M, denoted by f.,, (M), isthe
cardinality of a minimum forcing subset of M. The forcing restrained edge
monaophonic number of G, denoted by fo, (G), isfey, (G) = min {fe, (M)}, Where
theminimum istaken over all minimum restrained edge monophonic setsM in G.
We determine bounds for if and find the forcing restrained edge monophonic
number of certain classes of graphs. For every pair a, b of integerswith0O<a<b
and b > 2, there exists a connected graph G such that fe,, (G) =f__ (G) =0, em(G)
=aandem (G) =b. For everyintegersa, bandcwithO<a<b<candb>a+1,
thereexistsaconnected graph G such that f, (G)=0,f_ (G)=a, em(G)=bandem
(G) =c. For every integersa, bandcwithO<a<b<candc>a+b, thereexistsa
connected graph G such that fe,, (G) =f_ (G) =a, em(G)=bandem (G)=c.
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1.INTRODUCTION

By agraph G = (V, E), we mean a finite undirected connected graph without loops
or multiple edges. The order and size of G are denoted by p and g, respectively.
The neighborhood of a vertex visthe set N(v) consisting of all verticesu which are
adjacent with v. The closed neighborhood of avertex vistheset N[v] = N(v) U {v}.
A vertex vis an extremevertex if the subgraph induced by its neighbors is compl ete.
A vertex vis a semi-extreme vertex of G if the subgraph induced by its neighbors
has a full degree vertex in N(v). In particular, every extreme vertex is a semi-
extreme vertex and a semi-extreme vertex need not be an extreme vertex. A chord
of apathu,, u,...., u inGisanedgeu u withj>i+2 Au—vpathPiscalleda
monophonic pathiif it isa chordless path. A set M of verticesis an edge monophonic
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set if every vertex of G lies on an edge monophonic path joining some pair of
vertices in M, and the minimum cardinality of an edge monophonic set is the edge
monophonic number em(G) of G. An edge monophonic set of cardinality em(G) is
called an em-set of G. The monophonic domination number of agraph G was studied
in[9]. A set M of vertices of a connected graph G is a restrained edge monophonic
set if either V=M or M is an edge monophonic set with the subgraph G[V — M]
induced by V —M has no isolated vertices. The minimum cardinality of a restrained
edge monophonic set of G is the restrained edge monophonic number of G, and is
denoted by em (G).

Theorem 1 Each extreme vertex of a connected graph G belongs to every
restrained edge monophonic set of G.

2. FORCING RESTRAINED EDGE MONOPHONIC
NUMBER OF A GRAPH

Definition 2. Let G be a connected graph and M is a minimum restrained edge
monophonic set of G. A subset T — M iscalled a forcing subset for M if M is the
unique minimum restrained edge monophonic set containing T. A forcing subset
for M of minimum cardinality is a minimum forcing subset of M. The forcing
restrained edge monophonic number of M, denoted by f., (M), isthe cardinality of
a minimum forcing subset of M. The forcing restrained edge monophonic humber
of G, denoted by foy, (G), iSfem (G) = min {f, (M)}, Where the minimum is taken
over al minimum restrained edge monophonic sets M in G.
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Figure 1: Thegraph G isForcing Restrained Edge M onophonic Number of a Graph

Example 3. For the graph G givenin Figure 1, M= {v,,v,, V;}, M, = {v,, v,,
Vet M, ={V,, v, v}, M, ={V,, v, v, .}, M. ={v,, v, v.}, and M = {v,, v,, v}, are
the only six minimum restrained edge monophonic sets of G. It is clear that
fam, (M) =1, fer, (M) =1, fer, (M) = e, (M) = fery, (M) = ey, (M) = 2 sO that
fom, (G) = 1.
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Theorem 4. For any connected graph G, 0 <f,, (G) <em (G)<p
Theorem 5. Let G be a connected graph. Then

(@ fan, (G) = 0 if and only if G has a unique minimum restrained edge
monophonic set.

(b) fa, (G) = 1if and only if G has atleast two minimum restrained edge
monophonic sets, one of which is a uniqgue minimum restrained edge
monophonic set containing one of its e ements,

(©) fan (G) = fo, (G) if and only if no minimum restrained edge monophonic
set of G is the uniqgue minimum restrained edge monophonic set of
containing any of its proper subsets.

Proof. (a) Lét fay, (G) = 0. Then, by definition, fe,, (M) = 0 for some minimum
restrained edge monophonic set M of G so that the empty set ¢ is the minimum
forcing subset for M. Since the empty set ¢ is a subset of every set, it follows that
M is the unique minimum restrained edge monophonic set of G. The converse is
Clear.

(b) Let foy, (G) = 1. Thenby Theorem 5(a), G hasatleast two minimumrestrained
edge monophonic sets. Also since fo, (G) = 1 there is a singleton subset T of a
minimum restrained edge monophonic set M of G suchthat T is not a subset of any
other minimum restrained edge monophonic set containing one of its dements.
The converse is clear.

(C) fem, (G) =em (G). Then f, (M) =em, (G). for every minimum restrained
edge monophonic set M in G. Also, by Theorem 5, em (G) > 2 and hence fe,, (G)
> 2. Then by Theorem 5(a), G has atleast two minimum restrained edge
monophonic sets and so the empty set ¢ is not a forcing for any minimum
restrained edge monophonic set of G. Sincefe,, (M) =em, (G) no proper subset of
M is a forcing subset of M. Thus, no minimum restrained edge monophonic set
of G is the unique minimum restrained edge monophonic set containing any of
its proper subsets. Conversly, G contains more than one minimum restrained
edge monophonic set and no subset of any minimum restrained edge monophonic
set M other than M is a forcing subset for M. Hence it follows that fe,, (G) = em
(G).

Definition 6. A vertex v of a connected graph G is said to be a restrained edge
monophonic vertex of G if v belongsto every minimum restrai ned edge monophonic
set of G.

Example 7. For the graph G givenin Figure 2, M, = {v,, v,, v.} and M, = {v,,
v,, V.} aretheonly two restrained edge monophonic sets of G. It isclear that v, and
v, are restrained edge monophonic vertices of G.
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Figure 2: Thegraph G is Restrained Edge M onophonic Vertices of a Graph

Theorem 8. Let G be a connected graph and let J be the set of relative
complements of theminimum forcing subsetsin their respective minimumrestrained
edge monophonic sets in G. Then n__, F is the set of restrained edge monophonic
vertices of G.

Proof. Let W be the set of all restrained edge monophonic vertices of G. We
show that W= __, F. Let v is a restrained edge monophonic vertex of G that
belongs to every minimum restrained edge monophonic set M of G. Let T < M be
any minimum forcing subset for any minimum restrained edge monophonic set M
of G.Weclaimthatv ¢ T.1fve T,thenT' = T—{Vv} isaproper subset of T such that
M is the unique minimum restrained edge monophonic set containing T' so that T'
isaforcing subset for M with [T" | < [T], which is a contradiction to T is a minimum
forcing subset for M. Thusv ¢ T and sov € F, where F in the relative complement
of TinM. Hencev e n._, Fsothat Wc n__, F. Converdly, letve m__, F. Thenv
belongs to the rlative complement of T in M for every T and every M such that T
< M, whereT isaminimum forcing subset for M. SinceF isthereative complement
of Tin M, we have F — M for every M, which implies that v is arestrained edge
monophonic vertex of G. Thusv e Wandson._, F < W. HenceW=n__, F.

Theorem 9. Let G be a connected graph and W be the set of all restrained edge
monophonic vertices of G. Then f,, (G) <em (G) — W]

Proof. Let M be any minimum restrained edge monophonic set M of G. Then
em (G) = M|, W< M and M is the unique minimum restrained edge monophonic
set containing M —W. Thus fe, (G) < [M—-W|= [M|-W|=em (G) - W]
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Theorem 10. For acycleG = G (p=6), fem, (G) = 2.

Proof. Let em (G) = 2and by Theorem 4, 0 <f,, (G) < 2. Suppose0 < f,,, (G)
<1 Sinceem (G) = 2, the restrained edge monophonic set of G is not the unique.
Henceby Theorem5(b), fer, (G) = 1. Let M ={u, v}, bearestrained edge monophonic
set of G. Let usassumethat f,,, (M) = 1. By Theorem5(b), M is the only restrained
edge monaophonic set containing u or v. Let us assumethat M is the only restrained
edge monophonic set containing u. u is adjacent to more than two vertices of G,
which is a contradiction to G is a cycle. fq, (G) = 2.

3.REALIZATION RESULTS

Theorem 11. For every pair a, b of integerswithO<a<band b > 2, thereexistsa
connected graph G such that fe,, (G) =f_ (G) =0, em(G) =aandem (G) = b.

Proof. Let P, : u, v, beacopy of order 2, andlet K, . bethe complete bipartite
graph with bipartite sets X = {x, x,} and Y={y,, ,,..., ¥, .} . L&t G be the graph
obtained from adding the new verices z , z,,...,z_, and joineach z (1<i<a-1)to
v, and joinx, and X, to u,. The graph G is given in Figure 3.

Figure 3: Thegraph G in Theorem 11

Let Z={z, z,...,, z_,} betheset of all end vertices of G. Z is a not an edge
monophonic set of G. Z, = Z u {x,, X,}. Thenit is clear that Z is the unique edge
monophonic set of G so that em(G) = a and f_ (G) = 0 by Theorem 5(a). By
Theorem 1, Z is a subset of every restrained edge monophonic set of G. We see
that Z, is not a restrained edge monophonic set of G. Now, it is easily seen that
W=2Z Uy, Yy, istheunique restrained monophonic set of G so that em
(G) = band fy, (G) = 0 by Theorem 5(a).

Theorem 12. For every integersa, band cwithO<a<b<candb>a+ 1,
there exists a connected graph G such that f,, (G) =0, f_ (G) = a, em(G) = b and
em (G)=c.
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Proof. let C, : u, v,, w, y, beacycleof order 4, and let K, _ bea star withthe
cut vertex xand K, . ={x 2, z,..., z_}. Let G bethegraph obtained from adding
the new verticesl|,, |,...,I_, and joineachl (1<i<c-b)toeachy (1<i<a)and

joineachu, (1 <i <a)tox Thegraph G is shownin Figure 4.
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Figure4: Thegraph G in Theorem 12

LetZ={z,z,..,2 )} betheset of all endverticesof G. Itisclear that Zis not
an edge monophonic set of G. For 1<i<a, let N = {v. u, w}. We observe that
every edge monophonic set of G must contain at least one vertex from each N. so
that em(G) >b—a+a=b. Now, W=Z U {y, Y,,..., y,} iSan edge monophonic set
of G so that em(G) = b. Next, we show that f_ (G) = a. Since every restrained
monophonic set contains Z, it follows from Theorem 9 that f_ (G) < em(G) — (b —
a) = a. Now, since em(G) = b and every edge monophonic set contains Z, it is
easily seen that every edge monophonic set M of theZ U {d,, d,,..., d.}, Where
deN (1<i<a). LetTbeany proper subset of M with [T| < a. Then there exists
dj (1 <] < @& such that dj e T. Let g bethe vertex of N distinct from dj. Then
W=(M-—{ dj}) ) {eJ} is an edge monophonic set properly containing T. Thus M is
not the unique edge monophonic set containing T so that T is not a forcing subset
of M. Thisistrue for all edge monophonic sets of G so that f_ (G) = a. Next, we
show that em (G) = c. Now, W=Z U {l, L,...1_.} U {y, Y,.... Y.} isthe
unique restrained edge monophonic set of G sothat em (G) = candf, (G) =0, by
Theorem 5(a).
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Theorem 13. For every integersa, band cwithO<a<b<candc>a+ b,
there exists a connected graph G such that fo, (G) =f_ (G) =a,em(G) =bandem
(G =c

Proof. let C : u, v,, w, be acycle of order 3. and let K, _, = be the complete
bipartite graph W|th b| partite sets X = {xl, X} andY={y, yz, ,ycba} Let Gbethe
graph obtained from adding the new verices z, z,,...,z _ ,, t,, t,,..., t,, and join each
y (1<i<a)toeachv (1<i<a)andjoineachz (1si sb—a 2) tov, and join
X, and x, with u,. The graph G is given in Figure 5.
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Figure5: Thegraph G in Theorem 13

LeZ={z,2z,..,2 .} betheextremeverticesof G. ThenZ =Z U {x, X}, it
isclear that Z, is not an edge monophonic set of G. For 1<i<a, letN ={v}. We
observe that every edge monophonic set of G must contain a vertex from N, so that
em(G) >b-a+a=hb.Now,W=2Z u{v,V,,..., v} isan edge monophonic set of
G so that em(G) = b. Next, we show that f, (G) = a. Since every edge monophonic
set containing Z U {v,, v,,,..., V.}, it foIIowsfrom Theorem 1, that f_ (G) <em(G) -
(b—a) = a. Now, since em(G) = b and every edge monophonic set contains Z, it is
easily seen that every edge monophonic set M of theZ U {d,, d,,..., d.}, Where
deN (1<i<a). LetTbeany proper subset of M with [T| < a. Then there exists
d (1 <] < a) such that d e T. Let g bethe vertex of N distinct from d Then
W (M- {d}) ) {e} is an edge monophonic set properly contal ning T. Thus Mis
not the unlque edge monophonlc set containing T so that T is not a forcing subset
of M. Thisis true for all edge monophonic sets of G sothat f_ (G) =

Next, we show that em (G) = c. Z, isasubset of every restrained monophonic
set of G. Itisclear that Z, is not arestrained edge monophonic set of G. We observe
that every edge monophonic set of G sothatem (G) >b—-a+c—-b-a=c. Now,
W, =WuU LY, Yprer Yo of VAV, V.o, V} IS @restrained edge monophonic set of
G so that em (G) = c. Next, we show that fo, (G) = a. Since every restrained
monophonic set containing W U {y,, ¥,...., Y., .} » it follows from Theorem 1, that
fem (G) <fe, (G)—(b—a+c—-b)=c-b+a-c+b=a Nowsnceem (G)=cand
every restrained edge monophonic set contains W it is easily seen that every
restrained edge monophonic set Mis of theformWou {y,, ¥,,.... Y., .} W{P, P,y .
P}, wherep € M, (1<i<a). Let T beany proper subset of M with [T| < a. Then
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there exists P, such that peT Lete be the vertex of M, distinct from p; Then
W= (M- {pj}) ) {eJ} is a restrained edge monophonic set properly containing T.
Thus M is not the unique restrained edge monophonic set containing T so that T is
not a forcing subset of M. This is true for all restrained edge monophonic sets
containing G so that fe,, (G) = a.
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