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EXPONENTIAL CONVERGENCE OF THE STOCHASTIC
MICROPOLAR AND MAGNETO-MICROPOLAR FLUID
SYSTEMS

KAZUO YAMAZAKI

ABSTRACT. We study the micropolar and magneto-micropolar fluid systems
with random forces in two-dimensional case. The additional terms on the
equations that govern the time evolution of the velocity and micro-rotational
velocity vector fields are more singular than many other equations that have
been previously studied, for example Bénard or magnetic Bénard problem.
Following the approach of [2] via a coupling method, we prove the existence
and uniqueness of their solutions and the invariant measures as well as the
exponential convergence of its trajectories to the unique invariant measure.

1. Introduction

The theory of micropolar fluids (MPF) was initially introduced in a series of
papers by Eringen [15, 16], and subsequently the study of the magneto-micropolar
fluids (MMPF) by Ahmadi and Shahinpoor in [1] followed suit. In particular, the
MPF system models fluids consisting of bar-like elements such as liquid crystals
made up of dumbbell molecules and animal blood. Due to diverse applications in
real world, both systems have attracted much attention from engineers, physicists
and mathematicians (e.g. [23, 31, 36, 37]).

Let us denote by wu,w,b,p the velocity vector, the micro-rotational velocity
vector, the magnetic vector and the hydrostatic pressure scalar fields respectively.
Moreover, we let x represent the vortex viscosity, u the kinematic viscosity, j
the microinertia, v the spin viscosity, v the reciprocal of the magnetic Reynolds
number, all of which we assume to be positive. Under these notations, the two-
dimensional micropolar fluid (MPF) and the magneto-micropolar fluid (MMPF)
systems read as follows:

du+[(u-V)u+Vp—xV xw— (1 + x)Auldt = \/7dW1 (1.1a)
Jdw + [j(u- V)w + 2xyw — xV X u — yAw|dt = \/Q2dW>(t (1.1b)
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du+[(u-Vu—(b-V)b+Vp—xV xw— (u+ x)Auldt = \/Q1dW(t), (1.2a)
jdw + [j(u-V)w + 2xw — xV X u — yAw]dt = /Q dW2 (1.2b)
db+ [(w- V)b — (b~ V)u+ vV x V x bldt = \/Q3dWi(t (1.2¢)

The +/Q;dW;,i = 1,2, 3 represent random forces to be described in detail subse-
quently. In considering the two-dimensional case, we made the appropriate ad-
justment of

u = (U]_7'U/2,0)7 w = (070,11}3), b= (bl,bg,())

(see pg. 185 [31]). We remark already that as we will see (e.g. estimates that
led up to the bound in (3.16)), not only is x a physically important quantity that
plays the role of coupling u and w, manipulating estimates making use of y lies
at the heart of what distinguishes the MPF and the MMPF systems from many
other systems of equations in fluid mechanics.

To the best of the author’s knowledge, the existing results on the stochastic
MPF and the MMPF systems with noise is only a few, namely [40, 42]. Even
in the deterministic case with no noise, the MPF and the MMPF systems have
a unique feature that represents a serious mathematical problem. Indeed, with
same notations except the temperature scalar field 8, the Bénard problem which
has been studied intensively both in the deterministic and stochastic cases (e.g.
[3, 4, 13, 17]), is of the form, in the deterministic case for simplicity of discussion,

u+ (u-V)u+ Vp— ey — pAu =0, (1.3a)
O + (u- V)0 —us —yAO =0, (1.3b)

(see e.g. pg. 134 [38]) where we denote for brevity d; for 5; and (e1,ez) the
standard basis in R?. In particular, the YV x w and xV x u in (1.1a), (1.1b),
(1.2a), (1.2b) are more singular than fes and wus respectively and this leads to
many known results that exist for the Boussinesq system (e.g. [25] in R? case) to
be out of reach for the MPF and the MMPF systems (cf. [11, 41]).

Throughout the rest of the manuscript, we only consider the MMPF system
(1.2a)-(1.2¢); the necessary modification for the MPF system (1.1a)-(1.1b) is clear
(see e.g. Section 2.2 [40]) and analogous results for the MPF system (1.1a)-(1.1b)
certainly hold, essentially just considering the case b = 0.

2. Preliminaries and Statement of Main Results

We consider D, a bounded, simply connected and sufficiently smooth domain
and the divergence-free, initial and boundary conditions of

V-u=0, V-b=0,
(u,w,b)(x,O) = (Uo,ﬂ)o,bo)(l’), (21)
u|3D:w|3D:O, b-n|aD=O7 VXb|g)D=0.
For brevity, we write 0; for 7 i=1,2, [ ffor [, f p f(x)dr, and also assume j = 1
n (1.2b). Moreover, to emphasize the significance of the parameters on which the

constant ¢ depends, we write ¢ = ¢(a,b), while we may write A <, B to imply
the existence of such a constant c(a,b) such that A < ¢(a,b)B and if ¢ does not
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depend on any parameter of our interest, then we write A < B; analogously we
write A =, B, A~ B. We let Y £ (u,w,b) denote the solution for the MMPF
system (1.2a)-(1.2c) and list the standard notations in fluid mechanics literature
as follows (see e.g. [5, 38]):

H =Hs2{$pcl?:V-$=0,¢-n|pp =0}, Hy 212
VI2{peCP:V-$p=0}, Vi2{pcH,:V-¢=0}, Vo2H,,
2{peCr:V-¢=0,¢-nlop =0}, V32 {p€H*:V-¢=0,¢ n|op =0},

where Hy, HQ,H3 are endowed with inner products and norms of (¢,1) = E?Zl
Jp di(@)i(x)da, \¢|2 = (¢, 9), Vi with ((¢,9))1 £ 37, (9i, 0i¢b), and similarly
Vs with ((¢,%))s = (V x ¢,V x 1b). We denote by H = H; x Hy x H3,V £
Vi x V5 x V3 and also define

(A X', X% 2 —(u+)(AX, X3, D(A)) A H? NV,
(AY', Y2 2 (YL Y?) —4(AY'Y?), D(A2) 2H>N Vs,
(A3Z", 2% 2 u(V x V x Z*, Z°), D(A3) 2 Hin{beH*:V x blap = 0},
Bi(u,b) £ (u-V)u— (b- V)b, Ba(u,w) = (u-V)w, Bs(u,b) = (u-V)b— (b-V)u,
Ri(w) & —xV x w, Ra(w,u) £ xw — xV X u, (2.2)
so that we may consider instead of (1.23)—(1.2c),
du + [Ayu + By (u,b) + Ry (w)]dt = /Q1dW, (t) (2.3a)
dw + [Asw + Ba(u,w) + Ra(w, u)]dt = \/7dW2 (2.3b)
db + [Asb + Bs(u,b)]dt = \/QsdWs(t) (2.3¢)

We denote by W = (W, W, W3) a cylindrical Wiener process defined for a fixed
T > 0 on (Q,F,(Ft)epo,1),P) such that Wy, Wo, W3 take values on Hy, Ha, H3
respectively. Thus, W; = Y77, Bi(t)el where {e}}; is a complete orthonormal
basis of eigenfunctions of A;,i = 1,2,3 and {f3; } is a sequence of independent one-
dimensional Brownian motions. We denote by Cy, (0, T; H), the space of all func-
tions continuous in ¢ € [0,7] with values in L?(Q2, F,P, H) that are F;-adapted;
the spaces L%, (0,T;V) and L%, (0,T; V'), where V' is the dual of V, are defined
similarly.

We denote by Q;,i = 1, 2, 3 linear, continuous, positive and symmetric operators
on H of trace class TrQ; < oo,i = 1,2, 3 satisfying

Qs — A% 1 @ 1) (2.4)
and also denote
A0 0 Q1 0 0
A é 0 AZ O ) Q é O QQ O )
0 0 Ag 0 0 QB

and consider the solution to

AW (t) + AWa(t)dt = /QdAW (t), W4(0) = 0; (2.5)



274 KAZUO YAMAZAKI

i.e.
AW, (8) + A\W 4, dt = /QrdW1(t), Wa,(0) =0, (2.6a)
AW 4, () + AW a,dt = \/QodW(t), Wa,(0) =0, (2.6b)
AWa, (t) + AsWa,dt = \/Q3dWs(t), Wa,(0) =0, (2.6¢)

which is of the form

Wa(t) = (Wa, (), Wa, (t), Wa, ()" = / te_A(t_“")\/@dW(s). (2.7)

0
It follows that (see (2.4) [2])

Wa € Cw ([0, T]; H) N (Liy ([0, 7] x D))*; (2.8)

in fact, due to (2.4),

E[  sup |Wa,(z,t)]*] < oo (2.9)
(z,t)eDx[0,T]

(see Theorem 2.13 [6], also (2.5) [2]). We now define a solution to the MMPF
system (1.2a)-(1.2¢).
Definition 2.1. Given (ug,wp,by) € H, a stochastic process (u,w, b) is a solution
o (1.2a) - (1.2¢c) on a time interval [0, 7] if P-a.s.,

(1) Y = (u,w,b) € C((0,T]; H) N Ly (0, T3 V),

(2) vielo,T],

u(t) + /O Ayu(s) + By (u,b)(s) + Riw(s)ds = ug + /Q1 Wi (t), (2.10a)
+ /0 Asw(s) 4 Ba(u, w)(s) + Ry(w, u)(s)ds = wo + /QaWa(t), (2.10b)

t
0+ / Asb(s) + Ba(u, b)(s)ds = by + /O3 W (0). (2.10¢)
0
We state our first result:

Theorem 2.2. Given any Yo = Y (0) = (ug,wo,bo) € H,T > 0, there exits a
unique solution to (1.2a)-(1.2c) on [0,T] such that the map H — L>(0,T;H) N
L?(0,T;V), (ug,wo, bo) = (u(t),w(t),b(t)) is continuous P-almost surely.

)
Next, we denote the solution to (1.2a)-(1.2c) with initial data Yy = (z,vy, z) by
Y(t,2,9,2) £ (ults 2,9, 2),w(ts 2,9, 2), b(t, 7,9, 2)) € L3 (0,T; V), and define the
Markov semigroup P; by

Pig(z,y,2) £ E[g(Y (t,2,y,2))] Vg€ Cy(H) (2.11)
in the space Cy(H), the space of uniformly continuous and bounded mappings on
H with a sup norm denoted by ||||p. This allows us to define a dual semigroup
Py in the space of probability measures on H, P(H), by (g9, P;3) £ (Pg,p).
We recall that a probability measure [ is invariant or stationary with respect to
Pi,t >0, if and only if P8 = 3: i.e.

/Pw(ay,z)ﬂ(dm,dy,dz)z/ g(x,y,2)B(dx,dy,dz) VY geCy(H). (2.12)
H H
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We now present our main result:

Theorem 2.3. There exists a unique invariant measure 3 for Py of (2.11) for
(1.2a)-(1.2¢) with support contained in V so that [, | (x,y, 2|3 B(dx, dy, dz) < .

Remark 2.4. We follow the approach of the coupling method as illustrated by
the authors in [2]. We also mention many important work in this direction of
research from which the current work was inspired: [8, 17, 20] in which the authors
showed the existence of an invariant measure for the stochastic Burgers’ equation,
Navier Stokes equations, and Bénard problem respectively, [18, 19, 22] in which
the authors showed the uniqueness of such measures by using the classical Doob’s
theorem from [12] and notions of irreducibility and strong Feller property (see
e.g. Theorem 4.2.1 [9]). We refer to the following important work concerning the
coupling method [27, 28, 26, 34, 35] and [7, 21, 24, 33] for more work concerning
ergodicity.

As a consequence of uniqueness, the invariant measure in Theorem 2.3 is ergodic
(see Theorem 3.2.6 [9]).

3. Proof of Theorem 2.2
We define
a(t) £ ut) — Wa, (), w(t) £ w(t) —Wa,(t), b(t) =b(t) = Wa,(t), (3.1)

where (Wa,, Wa,, Wy,) is a solution of (2.6a)-(2.6¢) and furthermore denote for
¢7(I) € Vlvwv\:[j € ‘/2;0;@ € VS,

(F1(9),®) £0(¢,0,®), (F2(0),®) £b(0,0,2), (F3(4,4),T) = b(d, ¢, \18” |
(Fi(¢,6),0) £ b(6,0,0), (F5(60,¢),0) £b(0,6,0), (3.2b)
(G1(9),®) 2 b(Wa,, ¢, ®) +b(¢, Wa,, ), (3:2¢)
(G2(0),®) 2 b(Wa,,0,®) + b(0, Wa,, ®), (3.2d)
(G3(0), ) 2 b(d, Way, ¥),  (Ga(¥),¥) £ b(Way, 9, V), (3:2¢)
(G5(9),0) = b(p, Way,0) — b(Way, ¢, 0), (3.2f)
(G(0),0) £ (0, Wa,,0) —b(Wa,,0,0) (32g)
where e.g. b(¢, ¢, ®) 2 [(¢- V)¢ - ® so that using (2.1), (2.2), (2.3a)-(2.3¢), (2.5),

(2.6a)-(2.6¢), (3.1), (3.2a)-(3.2g), we obtain

ot + Aju+ Fy (@) — Fo(b) + G1(u) — Ga(b)

+ F1(Wy,) — FQ(WAs) + Ri(w) + Ri(Wa,) =0, (3.3a)
Ow + Agw + F3(u, w) + Gs(u) + G4(w)

+ F3(Wa,,Wa,) + Ro(w, ) + Ro(Wa,,Wa,) =0, (3.3b)
Oib + Azb + Fy(u,b) — F5(b, 1) + G5(u) — Gg(b)

+ Fy(Wa, ,Wa,) — Fs(Wa,, Wyu,) =0, (3.3¢)

(ﬂ, w, B) (0) = (UO, wo, bo) (33d)
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Now we first prove the following proposition:

Proposition 3.1. Let Y, = (uo, wo,bp) € H,T > 0. Then there exists a unique
solution (u,w,b) € L2,(0,T;V) to (5.3a)-(3.3d) such that P-a.s.,

(1) (w,w,b) :[0,T) ~ V' is absolutely continuous on [0,T],
(2) (8yu, dyw, ;) € L*(0,T; V"),
(3) (w,w,b) € C([0,T]; H).

Proof. For a fixed w € (2, we consider an approximation system of

Ot + A1 + (U, We, be) + G1(ue) — Ga(be) + R1(we)

=-—F(Wa,)+ Fo(Wy,) — Ri(Wa,), (3.4a)
04w, + Agw, + (U, We, be) + G3(Te) + G4(W,) + Ro (e, u)

= —F3(Wa,,Wa,) — Ro(Wa,,Wa,), (3.4b)
Oibe + Azb. + O (Ue, We, be) + G5 (U) — G (be)

= —Fy(Wa,,Wa,) + Fs(Wa,, Wa,), (3.4c)
(e, We, be)(0) = (ugp, wo, bo), (3.4d)

where V ¢ € V1,9 € V5,0 € V3, we define

Fi(¢) — Fx(6) if [[(6, 9, 0)[I} < &,
D (h,10,0) =< P (b Fy . < 3.5
(000) {j“;f:;;;g;fg i (6,0, 0)F > &, (352
Fy(6,) it |[(¢, 9, 0)I% < &,
(o, 1, 0) = . , < 3.5b
ot {ezﬂi’ﬁ?@ it [[(¢,4,0)1% > &, (350)
F4(¢70)_F5(97¢) lf ||(¢71/}79)||%/ S %a
q)e 9 79 = 4 —I's 3 i 35
o0 {F;ﬁv@;;)ﬁ?) it (6, Ol > & )

For simplicity of presentation, we only check the Lipschitz continuity in the case
(o', 0Nl < L, 11(¢2, 4%, 6%)||v < 1. We compute P-a.s.,

125 Lipvivy) Se 1 (3.6)
which follows from the estimate of
125 (0", w", 6Y) — @5(¢%, 9%, 6%)|lv;
< [(¢"-V)o! = (¢ - V)*[lv; + (16" - V)8! — (62 - V)6?||vy
S @ = 0*) @62 + (107 @ (8! — ¢?)]| 12
+ (0" = 0%) @0 22 + 67 @ (6" — 67)]| 2
SN0" = Pl (It pe + [162(12e) + (167 — 62| (16| Lo + 167 4)
Se (¢t = o vt —¢?,6" = 6%)|v

by (3.5a), (3.2a), Holder’s inequality and the following Gagliardo-Nirenberg in-
equality:

1 1
1fllsy <o 171311 o) (3.7)
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(see Lemma 6.2 in Chapter 1 [30] and [32] for a comprehensive discussion). Simi-
larly, if [|(¢', %", 0M)]lv < £, [(¢%,9°,6%)|v < ¢, then P-as.,

1951 Lip(v,vy) Se 'l (3.8)
as
”q);((bl’ 1/)1’ 91) - (I)S(¢27 ¢27 92)”‘/2’
SI@' = 6*) @ 9tz + [[6° ® (¥ — %) L2
Slot = 2 llpallllzs + 167 allt — | s
Se (6" =% 0" =92, 0" = 07|y
by (3.5b), (3.2a), Holder’s inequality and (3.7). Finally, if |[(¢', 4,60 ||y < 1,
||(¢2?¢2302)”V < %a then P-a.s.,
195 Lipv,vy) Sel (3.9)
as
||(I)§(¢1’ ¢17 61) - (I)ie’)(¢2’ ¢2’ 92>||V3’
Sl@ —¢*) @ 0" + ¢ @ (0" = 0%) — (0" = 0%)¢" — 07 @ (¢" — ¢”)|1
Slot = @ lla(lO s + 1162112) + 116" = 6%[[La(llo* s + 167 24)
Se (@' —¢* 0t =42, 0" = 67|y
by (3.5¢), Holder’s inequality and (3.7). Next, P-a.s., we can compute that
[G1() = G2() + Ri( )l Lip(vivy) Se 1 (3.10)
as
IG1(8") = G1(¢?) = (Ga(0") — G2(6%)) + Ra(¥") — Ru(v?)llvy
SIWa, @ (6" = )2 + [Wa, @ (01 = 0%)ll22 + [ — 9°|| 2
Sl = 6% 0t = 92,01 = 0*)[la (W, llzs + [ Woagllzs + 1)
S (6" = ¢* vt —v%, 0" = 0%y
by (3.2¢), (3.2d), (2.2), (2.9) and (3.7). Next, P-a.s.,
[G5(-) + Ga(:) + Ra (- )l Lip(v,vy) Se 1 (3.11)
as
1G3(¢") — G3(¢?) + Ga(¢') — Ga(¥®) + Ra (¢, 6") — Ra(4?, 6|y
SN = ") Wayllpe + [Wa, (0" = 92|22 + [[0" = 9[22 + [|¢" — 6%
Slo' = S lLalWasllips + IWayllpallo? = ¢?lpa + 19" = 9?2 + |6 — ¢l 12
Se ||(¢1 - ¢271/}1 - 11[}2701 - 92)”‘/

by (3.2e), (2.2), Holder’s inequality, (2.9) and (3.7). Finally, we can also show
similarly that P-a.s.,

1G5(-) = Ge (M Lipev,vy) Se 1 (3.12)
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as

1G5(¢") — G5(¢%) — [Ge(0") — G (67)]llv;
SN = 6%) @ Wag 2 + (187 = 6%) @ Wa, || 2
Sl = ¢%,0" = 0%l ll(Way, Wa, ) s
Sell(@! = 0?0t — ¢, 0 = 6%)|lv
by (3.2f), (3.2g), Holder’s inequality and (3.7).

Now we define

]:e(¢7 wa 0) £ (I)E(Qﬁ’ 1)[)’ 0) + G3(¢) + G4(1/}) + RQ(d)v (rb) ) (313)
5(, 1, 0) + Gs(9) — Ge(0)
_Fl(WAl) + FQ(WA?,) - Rl(WAz)
Ge(t) & | —F3(Wa,,Wa,) — Ro(Wa,, Wa,) | .
_F4(WA17WA3) + F5(WA37WA1)

(3.14)

Due to (3.6), (3.8), (3.9), (3.10), (3.11), (3.12), we have already shown that F, €
Lip(V,V'). Moreover, P-a.s.,

T
1G22 000y < / |=(Wa, - 9)Wa, + (W, - )W + 3V x Wa |2, (3.15)

+=(Wa, - VI)Wa, = xWa, + XV X Wa, |3
+ ||_(WA1 : V)WA3 + (WAs . V)WAI ||%/d’dt

T
< / (Woay © W, |20+ Wy © Woay |22 + Wy |22
0

+ ||WA1 & WA2||%2 + ||WA1||%2 + HWAI ® WASHZL?dt
T
< / L Wty [+ 1Woag 4 + [Woay [2dt < 1
0

by (3.14), (3.2a), (2.2) and (3.2b).
Next, in case [|(¢, ¢!, 0%) v < 1,[[(¢% ¢2,6%)|ly < 1, we can use the following
cancellations

[ 901 = 6201 =62 =0, [(62- D)1~ v2) - (01— ) =0,
JOWa D= wa) = v =0, [ (62 V)61~ 62) - 61~ 62) =0,
J a6~ 02) - 61~ 82) =0,

[ (62916~ 62)(1 — 62) + (62 V) (61— 2) 61— 62) =0,

JWas 9361 = 62)(61 — 62) + (W, - 9)(61 — 02)(61 ~ 62) =0,
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to deduce

(Fe(o1,91,01) — Fe(@2,2,02), (1 — 2,91 — 12,61 — 02))y, v

((p1 — #2) - V1 + (2 - V)(p1 — ¢2) — (01 — 02) - VO,

—(b2- V) (01 — 02) + (Wa, - V)(¢1 — ¢2) + (¢1 — p2) - VW4,
—(Way - V)(01 — 02) — (601 — O2) - VW4, — XV X (1 — ¥2), 01 — ¢2)
((¢1 = ¢2) - Vo1 + (d2 - V) (Y1 — 2) + (¢1 — ¢2) - VWa,
+(Wa, - V)1 = ¥2) + x(1 — ¥2) = XV X (¢1 — ¢2), %1 — ¢a)
((p1 — @2) - VO + (¢p2 - V)(61 — b2) — (01 — 02) - Vi
—(02-V)(d1 — h2) + (¢1 — ¢2) - VW4, — (Wa, - V)(¢1 — h2)
(61— 6) - VW, — (Wa, - V)01 — 62). 61 — )

by (3.13), (3.5a)-(3.5¢), (3.2a)-(3.2g), (2.2) so that applications of Hélder’s and
Young’s inequalities, (3.7) and (2.9) as in the previous estimates (e.g. (3.6)) lead
to

(Fe(o1,91,01) — Fe(@2,12,02), (91 — P2, 91 — 12,61 — 02))y, 1
Sell(@1 — d2, 101 — b2, 61 — 62)|| 2
X (L4 [[(¢1 — d2,th1 — ¥a, 01 — 02)||lv) + |[¥01 — 2|32
0
§§||(¢1 — o, 1 — 2,01 — 02)[[3 + c(e) (1 + [[(d1 — da, o1 — b, 01 — 62)|| ).
Moreover, in case || (¢, %!, 0Y)[|y < 1,[/(¢?,¢?2,6%)|v < 1, we may compute
||]:6(¢7¢70)||V’
Slé @ llrz + [100] 2 + [Wa, @ ¢z + [[Wa, ® 6|2 + |9l 2
e @Yz + |6 @ Wa,llzz + [[Wa, @ Y|z + (¢l 2
+ 19002 + ¢ @ Wagllpe + (10 @ Wa, |12
S+ [Waylls + [Wasllzs + [[Wagllza + 1(6, ¢, 0) ) 1(¢, 4, 0) lv

by (3.13), (3.5a)-(3.5¢), (3.2a)-(3.2g), (2.2) and (3.7). Due to (2.8) and (2.9), these
properties of F., G, in (3.13) and (3.14) are sufficient to guarantee the existence
and uniqueness of the solution

(e, We, be) € CW([O,TS];H)QL‘Q/V(O,TG; V) such that 0 (T, w., b.) € L%,V(O,TE;V’)

to (3.4a)-(3.4¢) on [0, T¢] for some T, = T'(¢), (cf. [5, 30]).

Next, on (3.4a)-(3.4¢c), we obtain explicit bounds independent of € > 0 to sub-
sequently take the limit ¢ — 0. We take L?-inner products with (., ., b.) re-
spectively, sum and use cancellations of

/[Fl(ﬂs) — BT + /Fg(m,wg) T+ /[F4(a€,56) — By(5.,7)] B =0,
/ (Wa, - V). 7. = 0, / (Wa, - V)@, - . = 0, / (Wa, - V)b, - B. = 0,

/ (W, - V)b - + (Wa, - V), - b =0,
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and that [ @, - (V x w.) = [(V X T.)w, to obtain

1 _ = _ . _ T
50 (@e, we, b)|* + (4 ) [¥, + min{x, Y}Hwe 1%, + vlIbell3,
<- b(ﬂéa WAUﬂé) + b(gév WAsvﬂé) - b(ﬂéa WA27E€) - b(ﬂév WA3756) + b(gev WAugﬁ)

+2X/(V X ) - We — X[We|”
- b(WAl ) WAuﬂe) + b(WA3a WA?,vﬂé) + /X(V X E6) Wa, — b(WAUWAzaEE)

- /XWA2 We + X(V xWe) - Wa, —b(Wa,, Wag,be) +b(Wag, Wa, , be)

Il v W i Bl s V- -+ [l W
g Bl Vg L+ Bl Bl V2 L+ 20 s, — P
W 2 s+ W I s+ XIW s, IV 1
W 5] X1 el + Wy i W g el

<l + P e 1 Y7,

el PIWoay [+ B2 W g e [ PIWoas [+ 12 W1

+ e IWay e + 1Was s + Wag 24 + IWas [ 1a + W llZa + [@e|* + [Wa, )

by Hoélder’s inequalities, (3.7) and Young’s inequalities. In particular we used
that due to the vector calculus identity of V x (V x f) = V(V - f) — Af, |V x
u|? = ||ﬂ€||%,1, and 2x|We|||[Te|lv, — x|[we]? < X||ﬂ€||%/1 due to Young’s inequality.

After subtracting (4 + x)|z|}, + %HEEH%@ + 51/be||3, from both sides and
multiplying by 2, by Gronwall’s inequality we obtain

T
sup | (e, e, ) 2(t) + / T2, + min{x, Y@ |2, + v]b |2, ds
t€[0,T] 0

5 |(u07 wo, bO) |2€foTH(W41 Way 7WA3)||i4ds. (316)
Moreover, we may estimate

195 (@, We, be) vy + (|95 (Te, De, be)llvy + | R (e, We, be) v (3.17)
G (@) llvy + 1G2(0) vy + G (@e) v
HIGa@)llvg + 1G5 (@e)llvy + 1G6(be) vy + 1 Ra(@e)llvy + [ Ra(@e, Te) vy
U el + el + @l Za + IWay 7 + IWag 1 Zs + W, ||
1 [Tl [[Tellvi + [Bel1bellva + [@el [@ellve, + (Way, Wa,, Wa,)lI7 € L*(0,T)

by (3.5a)-(3.5¢), (3.2a)-(3.2g), (2.2), (3.7), (3.16) and (2.9). The bounds of (3.16)
and (3.17) imply that for a fixed w € Q with € = ¢(w),

(@, w",b) = (u,w,b) weak® in L>®(0,T; H), weakly in L*(0,T;V), (3.18)
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and for some Wy, Uy, U3,

A
SN
—~

S

,We, be) — W, weakly in L2(0,T;V"),i=1,2,3 (3.19)
¢) = Gi(u) weakly in L*(0,T;V7),

) — Ga(b) weakly in L?(0,T;V/),

¢) — G3(u) weakly in L*(0,T; V),

) — Gy(w) weakly in L?(0,T;Vy),

) = Gs(u) weakly in L*(0,T;V3),

¢) = Gg(b) weakly in L?(0,T; V),

¢) = Ri(w) weakly in L?(0,T;V}),

o, Te) — Ro(w,u) weakly in L(0,T;Vy),

Q2

K8
SIS

gl

D
N

g

gl

L8
=l

gl

—
e e T e s s T s

&

&

as € — 0. Therefore, from (2.6a)-(2.6c), (3.18) and (3.19) we obtain for a.e.
te€0,17,

oru + Au+ ¥y + G1(u) — Gz(b) + R1(w) = —Fl(WAl) + Fz(WA3) — R1(WA2),

(3.20a)
dw + Agw + Vs + Gs(u) + Ga(w) + Re(w, u) = —F3(Wa,, Wa,) — Ra(Wa,, Wa,),

(3.20b)
0:b+ Asb + U3 + G5 (u) — Ga(b) = —F4(WA1 s WA3) + F5 (WAS, Wa, ) (3.20C)

Moreover, from (3.4a)-(3.4c) we estimate
|| (atﬂea atwm 8t56) ||2L2 (0,T;V7")
<||Alﬂe||2L2 orvy) T HA2we||%2(0,T;V2’) + ||A3be||2L2(0,T;vg)
+ Z”‘D TUe, We, b ||L2(0 vyt ||G1(Ue)||L2 orvy) T G2 (b )||L2(0T V)

+ ||R1(w€)||L2(O7T;V1’) + ||G3(ﬂ6)||%2(0,T;V2/) + ||G4(EG)H%2(O,T;V2’)
+ ||R2(E67ﬂe)”%2(0,T;V2’) + ||G5(UE)||%2(O,T;V3/) + HGG(EE)H%%O,T;VB’)

T T T
b [y @ W ade+ [ Wy @ W [ade + [ 1Wa, e
0 0 0

T T T
[ IWa, oWt [ Wy [ade+ [ [Wa, W et <1
0 0 0

by (3.4a)-(3.4¢), (3.16), (3.17) and (2.9). This implies that together with (3.16),
(e, We, be) € L0, T; H) N L2(0,T; V) and (d;c, 0., dbe) € L*(0,T; V")

and hence due to the well-known compact embedding result (cf. Lemma 8.6 [5]),
we see that

(e, We, be) — (u, w,b) strongly in L*(0,T; H) (3.21)
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as ¢ — 0. Moreover, V¢ € C([0,T]; D(A1)), due to (3.5a) and (3.2a), we may

write

T
/0 (O (@, ., ), 0)dt

7/ B /[(ﬂE V), — (be - V)b| - pdt
{te[0.T]:|(@e,We be) 15, < 5 }

76 : 75 - Be : BE
+/ /[(“ QV)fL — (. Z) }~¢dtéI€1+I€2 (3.22)
{t€[0,T):| (e be) 1> 5 } e[| (e, we, be) [I5

where we may compute
T
/ | / (@ - V). — (e - V)B] - 6 - / (u- Vyu— (b- V) - Bldt
0
T 1 T 1
Slloorpneam( / e — ull22dt) / @eli2, + lul2, do?

T T
+</0 ||be—b||%zdt>f</0 BellZ, + [bl12,)3] = 0

as € — 0 by Holder’s inequality, embeddings of H! — L* V; — L* V3 — L* due
to the well-known facts that Vi, V2 have equivalent norms as H!-norm (cf. [14]
Theorem VII 6.1 for the Va-norm case), (3.18) and because @, — u strongly in
L?(0,T; Hy),b. — b strongly in L2(0,T; H3) as € — 0 due to (3.21). Thus, we see
that after relabeling a subsequence if necessary,

Ji@ = 6986 [l Va9 -6
as € — 0 a.e. t € [0,T]. Moreover,
[ 95 = 68 0| S el + el € 20,7

by Holder’s inequality, (3.7) and (3.16) where the integrability is independent of
€. Thus, by the dominated convergence theorem, we obtain

I %/OT/[(u-V)u—(b-V)b}ﬁdt, (3.23)

as € = 0. On the other hand,

112] S(sup [uc(t)] + IBe(t>|)/ [@ellvy + [[bellvydt
te[0,T {te[0,T):||(ue ,we, <1

N 2
512>

T
Se [ @ m Bl S e 0 (3.24)
0

as ¢ — 0 where we used Holder’s inequality and that (T, be) € C([0,T); Hy %
H3), (U, W, be) € L?(0,T; V) by (3.16). Thus, U1 = Fy(u) — Fy(b).
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Similarly, V ¢ € C([0,T]; D(As2)), due to (3.5b), (3.2a),

T
/ (<I>§(ﬂe,m,56)7w)dt:/ /(m.vmd)dt
0 {t€[0,T:)| (Te me be) |13 < &5 }

+/ /%Wtilﬂﬂ
{telo. 1L @ew. 5 12> 51 € (e, We, be) 3
(3.25)

where

T
/O /( Ue - V)W) — /u wa’dt
3 T 3
Slélleqom;p [(/ lze — u||L2dt> (/0 ||w€||%/2dt>
T 3 T 3
+(/O IIUIzvldt> (/0 ||w6—w||2det> ]—>0

as € — 0 by Holder’s inequalities, and embeddings of Vo < L* Vi — L*, (3.16)
and (3.21). By relabeling subsequence if necessary, this implies

/(ﬂE -V)wep — /(u -V)wyp

as € — 0 for a.e. ¢t € [0,T]. Moreover,

_ _ [ R S SR o
]/we - ww] < [} e 4 [l el € 20, T)

by Holder’s inequality, (3.7) and (3.16). Thus, by the dominated convergence

theorem,
T
I§—>/ /(u-V)wwdt (3.26)
0

as € — 0. On the other hand, similarly to (3.24), it can be shown that
12| S/ _ el L4 [Vl L2 [[We [ Ladt S € = 0 (3:27)
{t€[0, T (@e, e be) 13> &

as € — 0 by Holder’s inequality, (3.7) and (3.16). Thus, ¥y = F3(u,w).
Finally, V 0 € C([0,T]; D(A3)), due to (3.5¢) and (3.2b), we may write

T
/ (O (e, We, be ), 0)dt
0

:/ - /[(ue V)b — (be - V)] - Odt
{te[0,T):|(@e . B.) 12 < L}

+/ / [(we .QV),bE: (bf : VQ)UE] At 2T+ 18 (3.28)
(LE10.T] (T e )12 > 5 ) €2[|(@e, we, be ) Iy
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where

T 7 7 —
/0 | / (@ - V)b — (be - V)] -0 — / (- V)b— (b~ V)u] - 6ldt

r NN ;
<olleqomipmm | | [ 1 —ul2adt Belizaae) + ([ elz,ae
0 0 0
- bl b }
+</ ||be—b||izdt> (/ ||u2‘vldt> +</ ||ue|%1dt> }ao

as € — 0 by Holder’s inequalities and embeddings of V3 «— L* V; — L* By
relabeling subsequence if necessary, we obtain

/[(ﬂE-V)Be—(EG-V)He]-0—>/[(u-V)b—(b-V)u]-9

as € — 0 for a.e. t € [0,T]. Moreover,
[~ G Vo] S B, € 2 0.7

by Hoélder’s inequalities, (3.7) and (3.16). Thus, by the dominated convergence
theorem,

I — /T/[(u-V)b— (b-V)u] - 0dt (3.29)
0

as € = 0. On the other hand, similar computations to (3.24) shows that

s/ s Bl VBl e S 0 (330)
{t€[0,T):|| (T, We,be) 13> & }

2
as € = 0 where we used Holder’s inequality, (3.7) and (3.16). Thus, U5 = Fy(u,b)—
F5 (b, U)
Therefore, (u,w, b) solves the equation of (%, w, b); i.e. we have for fixed w € Q,

6tu—|— Aju+ Fl(u) — Fg(b) + Gl(u) — GQ(b)

+ F1(Wa,) — Fos(Wy,) + Ri(w) + R1(Wa,) =0, (3.31a)
Orw + Asw + F3(u,w) + Gs(u) + G4(w)

+ Fs(Wa,,Wa,)+ Ra(w,u) + Re(Wa,, Wy,) =0, (3.31b)
Ob 4+ Asb + Fy(u,b) — F5(b,u) + Gs(u) — Gg(b)

+ Fy(Wa, ,Wa,) — Fs(Wa,, Wa,) =0, (3.31c¢)

from (3.4a)-(3.4c). On the other hand, for any w € Q, (3.20a)-(3.20c) has at
most one solution in the regularity class of C([0,T]; H) N L?(0,7;V). Thus,
P-a.s., (Ue,We,b.) — (u,w,b) weakly in L2(0,T;V) as ¢ — 0. Hence, (u,w,b)
is adapted with respect to J; because (%e,w.,b.) is adapted to F;. Therefore,
(u,w,b) € L%, (0,T;V) and (dyu, Oyw, d;b) € L3,(0,T;V’). This completes the
proof of Proposition 3.1. (]
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3.1. Conclusion of the Proof of Theorem 2.2. For brevity, we consider the
case (T, e be) 2 < 2, (e, we, b3 < . Defining

Ue £Ue+ Wa,, we 2Te+ Way, be 2be+ Wa,, (3.32)
)

due to (3.32), (3.4a)-(3.4d), (2.6a)-(2.6¢), (3.5a)-(3.5¢), (2.2), (2.5), we obtain

due + [Ague + B (ue, we, be) + Ry (we)]dt = /Q1dWh,
dwe + [Aswe + PS5 (e, we, be) + Ra(we, ue)]dt = /QadWo,
db, + [Agbe + ®5(ue, we, b)|dt = /Qzd W,

uc(0) = ug, we(0) =wp, b(0) = bo.

(3.33)

By Ito’s formula with f(¢,z) = sc2, summing and taking expectations gives
t
E[|(te, we, be) (£)|*] + QE[/O (4 ) luell¥, + min{x, v}Hwell3, + vIIbe[lF, ds]
t
<I(uo, w0, b)? = 28 | (e @5 e e, b) + s (w)ds
0

t t
+ / <’wea q)2(u67w67 ) + RQ(wE,u5)>d8 + / <b5, (I)g(umwea b€)>d8]
0 0
+tTr(Q1 + Q2 + Q3)

where we may estimate
t
- QE[/ <u67 (I)i(uevwev be) + Rl(we)>d3
0
t t
+ / <U/ea (I)Z(Uev We, be) + R2(wev U6)>d5 + / <b67 (I)g(um We, b5)>d8]
0 0

t t t
= — 28] Ps) + 0L | (7 e w)as] < 2L [ el s
0 0 0

due to (3.5a)-(3.5¢c), (3.2a)-(3.2b), (2.2), that (ue,xV X we) = x(V X ue, w)
and Youngs inequality as we estimated to obtain (3.16). Thus, subtracting
2xE fo [[well3, ds] from both sides, we obtain

t
E[|(ue, we, be) (8)[*] + QE[M/O el + min{x, v}Hwel[3, + v[|b][7, ds]
<|(uo, wo, bo)|* + tT7(Q1 + Q2 + Q3). (3.34)

Therefore, by weak compactness we obtain the convergence of (uc,we,be) —
(u,w,b) weakly in LZ,(0,T;V) as € — 0 and by (3.1) this implies (u, we,be) —
(W+Wa,, W+ Wa,,b+Wa,) weakly in L2 (0,T;V) as e — 0 where (u,w, b) solves
(1.2a)-(1.2¢).

Finally, the uniqueness of
forward: suppose (u!,w! bl)
L2-inner products with (u!

(u,w,b) as a solution to (1.2a)-(1.2c) is straight-
(u?,w 2 b2) both solve (1.2a)-(1.2c). Then taking
u?), (wl —w?), (b' —b?) on the difference of equations
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respectively gives in sum
%8t|(u1 — 2wt — w?, bt — 5|2
+ (4 x)[Jut = w?|f5, +min{x, VHlw' —w?|7, + 2x|w —w?? + bt — 7|3,
< (Bt -2, + e

2 2
+ef| (wh 08 wh) [ (u' —u? wh —w?, bt =)

1%
lt — w3, + 2ot 573,

by Holder’s inequalities, (3.7) and Young’s inequalities, in particular,

2x|w' — w?|lut —u?|ly, — xJw' — w?|* < xllut — P},

After subtracting 4|ju' —u?||3, + %le —w?||3, + 5Ib" — b*||3, from both
sides, the uniqueness follows due to Gronwall’s inequality. This completes the
proof of Theorem 2.2.

4. Proof of Theorem 2.3

4.1. Existence of Invariant Measure. We let (u, w, b)(t,z,y,2) € L%,(0,T;V)
be the solution to (1.2a)-(1.2¢) with initial value (u,w,b)(0) = (x,y,z). Here,
for example u(t,z,y,z) is a solution u at time ¢ that initiated from (z,y,z) at
time t = 0. As we obtained the estimate (3.34) for the system (3.33), identical
computations show that for (1.2a)-(1.2¢), V (zo, yo,20) € H,

]EH(’U,(t, Zo, Yo, Z0)7 U)(t, Z0, Yo, Z0)7 b(t7 Z0, Yo, ZO))|2] (41)

t
+ QE[/ /,LHU(S,Z‘o,yo,Zo)”%/l + min{x,7}|\w(s,xo,yo,zo)||%/2
0

+ v||b(s, 20, Y0, 20) I3, ds] < [(zo,y0, 20)|* + tT7(Q1 + Q2 + Qs3).

We let II;(Y (z,y, 2), ) be the law of the process Y (t) = (u(t, z,y, 2), w(t, x,y, 2),
b(t,x,y,z)). ThenV g € Cp(H),

Ptg(xayaz):/g(xlvylazl)Ht(Y(m,yaz),d‘xladyladzl) V(ﬁ,y,Z)GH.
H

In order to prove the existence of an invariant measure, it suffices in view of the
corollary of Krylov-Bogoliubov theorem (see Corollary 3.1.2 [9], also Corollary
11.8 [10]), that the family of measures {Br}r>1 = {F fOT IL(Y(z,y, 2), - )dt}r>1
is tight in B(H). Let us fix (29, y0,20) € H and denote by Bpr the ball in V' of
radius Rsothat VR >0, T > 1,

C
Br(Bg) < @(\(xo,yo, 20)]* +Tr(Q1 + Q2 + Q3))
by Chebyshev’s inequality and (4.1). Therefore, {Sr}r>1 is tight. Next, denoting
by 3 the cluster point of {fr}r>1, integrating (4.1) over H with respect to § gives

/H (., 2) |12 Bda, dy, dz)

< im 7 [ (e (@ ) + TT0(Qu + Qo + Qo)A dy. ) < .
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2. Uniqueness of invariant measure. In order to prove the uniqueness, we
start with the following lemma:

Lemma 4.1. For the solution (u,w,b) to (1.2a)-(1.2¢c) subjected to (2.1), there
exists ¢ > 0 such that

—_

min{in 7. VEL| w0 ds] < 3lun.wn o)+ ET7(@+ Q@) (42
Tr(Q1+ Q2+ Q3).

c*

Bl (s w, b)(®)’] < ™| (s, wo, bo)” + (4.3)

Proof. From (2.3a)-(2.3c), by Ito’s formula with f(¢,z) = 22, we obtain in sum
d(u, w, )] + [2(n + X)lull T, + 4x|w|2 +29|[Vwl® + 2v[bl3Jdt - (44)
=4x(V X u, w)dt + 2(u, \/Q1dW1(t)) + 2(w, \/ Q2dW3 (1))
+2(b, /Q3dWs(t)) + Tr(Q1 + Q2 + @s)dt

s (u, (b-V)b)y + (b, (b- V)u) = 0. We integrate over [0, ], estimate 4y fg(V X
u,wyds < 2x fg||u||‘2/1 + |w|?ds, subtract fot 2x||ull}, + 2x|w|*ds from both sides
and take expectations to obtain

E[|(u, w, B)()[2] + 2 min{p, x, 7, v} E| / | 0, B) 2 ]

<|(uo, wo,bo) > + tT7(Q1 + Q2 + Qs).

In particular, this implies

—_

t
. t
min{ s, X, Y, V}E[/ 1(w w, B)[¥-ds] < 5 1o, wo, bo)|* + 5 T7(Q1 + Q2 + Q3);
0

[\

thus, (4.2). Next, let us fix ¢* > 0 such that ¢*|(u,w,b)|* < 2min{u,x,v,v}
||(u,w,b)HV, which is due to Poincare’s inequality. We use Ito’s formula with
f(t,r) = e tx on (4.4) to obtain

d( C*tl(u w,b)|?)

(1, /QrdW1) + 2(w, /QadWa) + 2(b, \/QsdW3) + Tr(Q1 + Q2 + Q3)dl]
where we used that

¢ (u, w, b)* = 2(ulully, +min{x, v}wl[F, +v[bl},) <0

due to our choice of ¢*. Integrating over [0,t] and taking expectations allow us to
obtain (4.3), completing the proof of Lemma 4.1. O

Lemma 4.2. For any po,p1 > 0 such that |z, |y, |2z| < po, there exists o =
alpo,p1) >0 and T =T (po, p1) > 0 such that

P(max{ sup [|u(t,z,y,2)],
te[T,2T]

sup |w(t,x,y,z)\7 sup |b(t,x,y,z)|} < pl) > Oé(p07p1). (45)
te[T,2T) te[T,2T)



288 KAZUO YAMAZAKI

Proof. We go back to (1.2a)-(1.2¢) and (2.6a)-(2.6¢) and define
U2u—Wa, WEw—Wa,, BE2b—Wy, (4.6)
so that deriving the equations of 0,U,0,W,0,B, and taking L?-inner products
with (U, W, B) respectively gives P-a.s.
SO BYP + (u+ )T, +min{x, I3, + vIBI,
<IUNzallT v IWay s + 1Wa 21T va + Bl za[Ulva Wl 4
HWagll7allUllvy + 1T oW llva [Woagllpa + I1Way e [W v, W || s
F N a1 Bllvs [Wagllza + Wa, | e | Bllvs [Wag | 2o
+ 1 Bllzal|Bllvs [Way lza + [Wagllpa | Bllve [Way [ o + XIWI[TU v,
F XU [ Wa, | = XIW1? + 2xIWa, [[W] + x| Ulv; [W] + x[[W v, [Wa, |

I — min{x, v} — V=
<& 001, + My Yy,

+c(|(U W, B)? + D) (| (Way, Way, Wag)ll7a + |(Way, Wa,)[?)
where we used Hoélder’s inequalities, (3.7) and Young’s inequalities. Subtracting
(& + )T3, + 22 W12, + LB, from both sides, we obtain for some
Co Z 07
(U, W, B)I* + ul| U}, +min{x, YW, + vIIBIY,
<co(|(U, W, B)[ + 1)([[(Way, Way, Way )l 1o + [(Wa,, Wa,)?).
Using the fact that V n > 0,

P( S[;Jll;T]”(WANWAw WAs)(t)H%4 + ‘(WA17 WA27 WAS)(t)| < 77) >0 (47)
te|0,

(see (6.5) [2]), we obtain on some I'y, with P(T",) > 0,
0T, W, B)]? + ul|U|}, +min{x, }|WI, + B, < co(|(U,W,B)* + 1)y
for a.e. t € [0,2T]. Taking n > 0 sufficiently small so that by Poincare’s inequality,
there exists § > 0 such that

3T, W,B)? < pll U}, +min{x, v} W, + v B, — el (T, W, B)*n
with which it follows that

2
co7
V't € [0,27] P-a.s. on I';) where 6 > 0 is independent of T" and P(I';)) > 0 due to
(2.1), (2.6a)-(2.6¢). Thus, for any fixed pg, p1 > 0 such that |ug|?, |wol?, |bo|* < po,
taking T' > 0 large and 1 > 0 small so that

|(U7W7§)(t)|2 < e_5t|(u07w0’ bO)|2 +

2
CoT)

—6T
3
e po + 5

< p1 (4.9)

2
77 W B - C
sup (U, W,B)(1)]> < sup_ e~ (ug, wo, bo)[> + % < p1

te[T,2T) te[T,2T) d



STOCHASTIC MICROPOLAR & MAGNETO-MICROPOLAR FLUID SYSTEMS 289

on a set I';, of positive probability. Taking n > 0 small enough, this implies

sup [u(t)]> < p1,  sup |w(t)]* <pi,  sup [b(t)]* < pr,
te[T,2T) te[T,2T) te[T,2T)

due to (4.6) and (4.7) on a set I, of positive probability. This completes the proof
of Lemma 4.2. O

Lemma 4.3. Suppose g € Cy(H) and ||g|lo < 1. Then for any t > 0, there exists
0 > 0 such that for P, defined in (2.11),

|Pig(x,y,2) — Pig(z1, 91, 21)| < (4.10)

|

fO’f' any (m,y,z), (xlayluzl) € H such that max{|x|, |y‘7 ‘Z|7 |$1|’ |y1‘7 ‘Zl|} <.

Proof. We denote by Y = (u,w,b) the solution to (1.2a)-(1.2c) with initial data
(x,y,2) € H and by DY, the Gateaux derivative of Y:

Dzu Drw Dzb mo 72 N3
DY = | Dyu Dyw Dyb|=1|ns n5s e (4.11)
D,u D,w D,b L)

where D, Dy, D, are Gateaux derivatives with respect to z, y, z respectively. From
(2.3a)-(2.3c) with the notations of Fy, Fs, F5, Fy, F5 from (3.2a), (3.2b), we have

O + A+ Fi(u)m — Fy(b)ns + Ry (w)n2 = 0, (4.12a)
Oyma + Aama + [Dqu(u, w) + DuR2(w7 U)}nl + [Dng(u, w) + DwRQ(wa u)]n2 =0,
4.12b)
Oin3 + Asnz + [Dy Fy(u, b) — Dy F5(b,w)]m + [DeFa(u,b) — Dy F5(b,u)]ns = 0,
(4.12¢)
n1(0) = 1,72(0) = 0,13(0) = 0, (4.12d)
Oyma + Avma + Fi(u)na — F(b)ns + Ry (w)ns =0, (4.13a)
atﬁs + A2775 + [DuFd(ua ’U}) + DuRQ(wv u)}774 + [Dng(’LL, w) + DwR2(w7 u)]775 = 0,
(4.13b)
8t7]6 + A3776 + [DuF4(ua b) - DuF5(b7 U)M4 + [DbF4(u7 b) - DbF5(b7 U)]UG = Oa
(4.13¢)
74(0) = 0,75(0) = 1,76(0) =0, (4.13d)
Onz + Arnr + F(u)nz — F3(b)ne + Ry (w)ns = 0, (4.14a)
8tn8 + A2778 + [D’UF3(ua ’U)) + DURQ(wv u)hﬁ + [DwF3(u7 U)) + DwRQ(wa U)]’IS = Oa
(4.14b)
Oimo + Asng + [DyFu(u,b) — Dy F5(b,w)|nr + [DoFa(u,b) — Dy F5(b, u)]ne = 0,
(4.14c)
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Taking L%-inner products of (4.12a)-(4.12c) with (11,72, 13) respectively, we obtain

1 .

2010172, m8) [ + (i X) 13, + min{ox, VI 1%, + vlnslli,

S—/(m~V)U~771+/(773-V)b-771+2X/(VX771)-772
—/(m ~V)w-nz—x\nzl2—/(m -V)b-n3+/(773-v)u-n3

<lmallZallullv, + lnsllzallbllvalmlla + 2xlmaliva Inz] + lnall pallwllvs 172l s — x|m2l>

2
F lmallallollvs nsll s + llnsllzallullvy
1 1 1 1 1 1 1 1
<c([mulllmllva llullva =+ |nsl2 1nsll3 [0llva [na 2 [l ll 3, + [nal2 Inall v, llwllve [nz] 1212,

1 1 1 1 2
+ 2 a9, [16llvs [nsl 2 [[ns 18, + [nsllinsllvs lwllve) 4+ xlim v,

min{x, v}

M
<(5 0l + =

14
H772||%/2 + 5”773”%/3 + C‘(n177]21773)‘2”(u7w’b)'l%/

where e.g. 11; is the ith component of 71 = D,u and we used that in particular,

/(U'V)nz-n:s:O, /(b~V)n3-m+/(b-V)m-?73:0,

Hélder’s inequalities, (3.7) and Young’s inequalities. Thus, after subtracting (§ +

X)ImllE, + %HWH%@ + %HU&H%@ from both sides, we obtain

t
t 2 .
|(77177727773)(t)|2 + / “(7717772) 773)||%/d5 5 eCIO bl ds (415)
0

as |(n1,m2,m3)(0)|? = 1. Similarly, we obtain

t
t 2
| (14515, m6) (£) | +/ (14,715, 76) |3 ds S e Jolllwwbllvds, (4.16)
0

t
> [ (w,w 2 ds
\(77777787779)(t)|2+/ (17,18, m0) |3 ds S e Jolllwwdllvs, (4.17)
0

In the rest of the computations, the distinct structure of the MMPF system
in comparison to the MHD system is rarely used; hence, the computation in [2]
goes through via a straight-forward modification; we sketch it for completeness.
To estimate E[g(Y (¢, z,y, 2)) — g(Y (¢, 21,1, 21))], we let ¥ be a smooth function
with compact support that satisfies

=1 if r € [0, k],
Up(r){ e [0,1]  ifr € [k, 2], (4.18)
=0 if r € [2k, o],
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with k to be determined subsequently. We write
Elg(Y(t, 2,y,2)) — g(Y (t, 21,91, 21))] (4.19)

—E[g(Y (t,2,9, 2)) Ui ( / 1Y (52,9, 2) 3 ds)]
CE(Y (£, 21,51, 22)) Ui / 1Y (5,21, 91, 2) |3 ds)]
0
FEG(Y (ta,y,2) (1 -l |Y<s,z,y,z>vds>)1

—Elg(Y (¢, 21, y1,21)) (1 - \Ilk(/o 1Y (s,21,v1, Z1)|%/ds)>]
A, (t) + Ha(t) + Hs(2)

where
[Ha(t)] + [Hs(t)] (4.20)
<Ilgllo - (1@ 2 + (1,90, 20) 2 + 26T (Qr + Q2+ Qa)

2k min{y, x,v, v}

due to (4.18), Chebyshev’s inequality and (4.2). To estimate #Hi(t), we denote
oy 2 A+ (1= Nz, yn = Ay + (1 — Ny, 2a = Az + (1 — \)z; and rewrite

Hl(t):/o ;\E[g(Y(t,x,\,y,\,Z)\))\I/k(/o 1Y (5,20, 50, 2)|[Bds)]dA. (4.21)

Now we denote h £ (x — x1,y — y1,2 — 21). Then, using Bismut-Elworthy-Li
formula (see e.g. [10]), that <& (zx, yx, 2x) = h, letting

t
oAk =inf{t >0: / 1Y (5,25, Y, 22)||3-ds > 2k} (4.22)
0
so that for k large, t A oy = t, we can compute

1 1 tAoN K N %
|'H1(t/\o>\,k)\§/ - (E[/ |Q_2DY(s,x,\,y,\,zA)~h|2ds]> d\
0 s 0

1 tAO A K 9 %
I / (E[ / ||Y<s,a:%yk,zx>||vd51)

tAC A K %
X (E[/O IDY (s, 2x,yx, 2x) - h||%/ds]> d\

due to Burkholder-Davis-Gundy and Hélder’s inequalities. Thus, using

t
/ |Q " 2DY - h|?ds < |h|? (4.23)
0
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which is due to (2.4), (4.11), (4.15), (4.16), (4.17) and (4.2), we obtain

1
tAoxk

X (|(96A7yx7zx)| + VEAN AT (Qr + Q2 + Q3)) d\.

Hence, together with (4.19) and (4.20), using that max{|z|, |y, |z|, |z1], [v1], |z1]} <
4, and that

1 tAOA Kk
Ha(t A o) < / (RJdA + Wl (E[ / IDY (5,27, 92, 23) - hH%dsJ)
0 0

tAC A K
/ IDY (s, 2, yn 22) - hll%ds < %6
0

due to (4.11), (4.15), (4.16) and (4.17), for § > 0 small and k > 0 appropriately
chosen, we obtain

N =

[Elg(Y(t,2,y,2)) = g(Y (£, 21,91, 20))]| < [Ha(0)] + [Ho(t)] + [Ha(t)] <

This completes the proof of Lemma 4.3. (|
We now let

FAinf{t = kT, k € N: [Y(KT,a,y,2)[> > MK}, K, 2 ci*Tr(Ql Q2+ Qs). (4.24)

Then from Lemma 4.1 and the Markov property of {Y (kT)}ren, we obtain §p >
0, cp > 0 such that

IE[e‘;OT] <co(14|(z,y,2)]?) Y (x,y,2) € H (4.25)
(see (6.15) [2], also [35]).

Lemma 4.4. For P, defined by (2.11) for the system (1.2a)-(1.2¢c), for any
(x,y,2), (x1,y1,21) € H, there exists & > 0 such that for any T > 0,k € N
and any g € Cp(H),

|PkTg(I7y7 Z) - PkTg(xla Yt Zl)l S ||g||067£kT(1 + ‘(‘Tvy7 2,1, Y1, Zl)‘z)'

Proof. We fix T > 0,6 > 0 as in Lemma 4.3. We let v 2 (z,v, 2), v1 = (71,1, 21),
Y(t,v) & (u,w,b)(t,v), Y(t,v1) £ (u,w,b)(t,v1). Then, Vv,v; € Bs, a ball of
radius § > 0 in H, by (2.11) and Lemma 4.3, we obtain

[ (Y (v, ) = (Y (01, ) [7v (4.26)

2 sup  [B[g(Y(T,0))] ~ Elg(Y(T,u))]| <
llgllo<1,9€Cy (H)

N | =

where we recall that II;(Y (z,y,z,-)) is the law of the process (u,w,b)(t) with
initial data (x,y,2). It can be shown (see Appendix [2]) using Kantorovich-
Rubinstein Theorem (e.g. pg. 34 [39]) that there exists a maximal coupling
(Z1(v,v1), Za(v,v1)) of (Y(T,v),Y(T,v1)) which depend measurably on v, v1; that

D(Z1(v,v1)) = U7 (Y(v,7), D(Za(v,v1)) = (Y (v1,-)), (4.27)
P(Z1(v,01) # Z2(v,01)) = U (Y (v, ) = Hr (Y (v1,)) 7y (4.28)
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(see [28, 29] for definition of coupling) and hence by (4.26),
1
5

P(Z1(v,v1) # Za(v,v1)) < (4.29)
Moreover, by (2.11) and (4.27),
Prg(v) — Prg(vi) = E[g(Z1(v,v1)) = 9(Z2(v, v1))]. (4.30)

We define
(Zi(v,v1), Z3(v,v1)) ifv,v1 € Bs,v # vy,
(X1 (v,v1), Xg(v,01)) = { (Y(T,0),Y (T, v1)) if v =y, (4.31)
(Y(T,v),Y(T,v1)) otherwise,
w@erej’(l} v) is a solution to the system (1.2a)-(1.2c) with a Wiener process W £
(W1, Wo, W3) independent of W £ (Wy, Wy, W3). We define recursively,
(X7 (v, 01), X5 (0,01)) (4.32)
:(Xll (X{C(% v1), Xg(v7 1)), X21 (Xf(vv v1), Xg(’l}, v1)))
sothat V k € N, (XF(v,v1), X§(v,v1)) is a coupling of (Y (kT,v),Y (kT,v;)). Thus,
[Elg(Y (KT, v))] = Elg(Y (KT, v1)]| < 2llglloP(XT (v, 01) # X3(v,01)).  (4.33)

We furthermore define

Ky 2inf{k e N: X7, X5 € By}, po2 MK, (4.34)
Kip1 2 inf{k > K;: X}, X5 € B, }. (4.35)
Due to (4.32), (4.3) and (4.24), it follows that
E[ X7 P\ Fir] S e TIXTP + K, (4.36)
and similarly
E[| X5 2| Fer] S e 7| X52 + K. (4.37)
By (4.24), (4.25), (4.34), (4.35), we obtain V o < 2¢*T,
E[e®®T] < e(a, T)(1 + |(v,v1)]?). (4.38)
Moreover, by Lemma 4.2, (4.32), we obtain Ky € N, a(pg, ) > 0 such that
P(| X <6, |X50 < 6) > alpo, ). (4.39)
By the strong Markov property, (4.38) and (4.32) we obtain
Ele* "t =ROT | Fie r] < oo, T)(L+ [ X117 + 1 X5 ). (4.40)
Thus, there exists Ko > 0 such that
E[e?®T] < KLE[e**T] < (o, T)KL(1 + | (v, v1)|?) (4.41)

by (4.38). Now we define recursively a sequence of stopping times to enter By,
Kip1 2 inf{k > K : | X{] < 6,|X5] < 6}.
As we found a(pg,8) > 0, we see that there exists £ > 0, K3 > 0 such that
E[eKT] < KL(1 + | (v, v1)]?). (4.42)
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We set [y £ inf{l € N : X{alﬂ = Xf’“}. Again, due to (4.32) and (4.26) we get

POXF 2 xF) < o (4.43)
Moreover, P(ly > 1) < 27! and hence
POXY # X5) < e (1 |(w,0)P) (4.44)
by Chebyshev’s inequality. Therefore,
|Pirg(v) = Perg(v1)] S llglloe™ (1 + (@, y, 2, 21,51, 2) )
by (2.11), (4.32) and (4.44). This completes the proof of Lemma 4.4. O

The uniqueness of the invariant measure as claimed in the statement of Theorem
2.3 follows from the asymptotic behavior of Lemma 4.4.
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